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Preface 


The volume “Analytic Number Theory, Approximation Theory, and Special 
Functions” consists of 35 articles written by eminent scientists from the 
international mathematical community, who present both research and survey 
works. The volume is dedicated to professor Hari M. Srivastava in honor of his 
outstanding work in mathematics. 

Professor Hari Mohan Srivastava was born on July 5, 1940, at Karon in District 
Ballia of the province of Uttar Pradesh in India. He studied at the University of 
Allahabad, India, where he obtained his B.Sc. in 1957 and M.Sc. in 1959. He 
received his Ph.D. from the Jodhpur University (now Jai Narain Vyas University), 
India, in 1965. He begun his university-level teaching career at the age of 19. 

H. M. Srivastava joined the Faculty of Mathematics and Statistics of the 
University of Victoria in Canada as associate professor in 1969 and then as a full 
professor in 1974. He is an Emeritus Professor at the University of Victoria since 
2006. 

Professor Srivastava has held several visiting positions in universities of the USA, 
Canada, the UK, and many other countries. 

He has published 21 books and monographs and edited volumes by well-known 
international publishers, as well as over 1,000 scientific research journal articles 
in pure and applied mathematical analysis He has served or currently is an active 
member of the editorial board of several international journals in mathematics. It 
is worth mentioning that he has published jointly with more than 385 scientists, 
including mathematicians, statisticians, physicists, and astrophysicists, from several 
parts of the world. Professor Srivastava has supervised several graduate students in 
numerous universities towards their master’s and Ph.D. degrees. 

Professor Srivastava has been bestowed several awards including most recently 
the NSERC 25-Year Award by the University of Victoria, Canada (2004), the 
Nishiwaki Prize, Japan (2004), Doctor Honoris Causa from the Chung Yuan 
Christian University, Chung-Li, Taiwan, Republic of China (2006), and Doctor 
Honoris Causa from the University of Alba Iulia, Romania (2007). 

The name of professor Srivastava has been associated with several mathematical 
terms, including Carlitz—Srivastava polynomials, Srivastava—Panda multivariable 
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H-function, Srivastava—Agarwal basic (or g-) generating function, Srivastava— 
Buschman polynomials, Chan—Chyan-Srivastava polynomials, Srivastava—Wright 
operators, Choi—Srivastava methods in Analytic Number Theory, and Wu— 
Srivastava inequality for higher transcendental functions. 

In this volume dedicated to professor Srivastava an attempt has been made to 
discuss essential developments in mathematical research in a variety of problems, 
most of which have occupied the interest of researchers for long stretches of time. 
Some of the characteristic features of this volume can be summarized as follows: 


— Presents mathematical results and open problems in a simple and self-contained 
manner. 

— Contains new results in rapidly progressing areas of research. 

— Provides an overview of old and new results, methods, and theories towards the 
solution of long-standing problems in a wide scientific field. 


The book consists of the following five parts: 


1. Analytic Number Theory, Combinatorics, and Special Sequences of Numbers 
and Polynomials 

. Analytic Inequalities and Applications 

. Approximation of Functions and Quadratures 

. Orthogonality, Transformations, and Applications 

. Special and Complex Functions and Applications 


nb Wh 


Part I consists of nine contributions. A. Ivi¢ presents a survey with a detailed 
discussion of power moments of the Riemann zeta function ¢(s), when s lies on the 
“critical line” ts = 1/2. It includes early results, the mean square and mean fourth 
power, higher moments, conditional results, and some open problems. M. Hassani 
gives some explicit upper and lower bounds for y,, where 0 < yj < y2 < y3 <--> 
are consecutive ordinates of nontrivial zeros p = 6B + iy of the Riemann zeta 
function, including the asymptotic relation y, log’ n — 2xnlogn ~ 2n loglogn 
as n —> oo. Y. Ihara and K. Matsumoto prove an unconditional basic result 
related to the value-distributions of {(L’/L)(s, y)}, and of {(¢'/)(s + it)}c, 
where y runs over Dirichlet characters with prime conductors and t runs over 
R. J. Choi presents a survey on recent developments and applications of the 
simple and multiple gamma functions I), including results on multiple Hurwitz 
zeta functions and generalized Goldbach—Euler series. A. A. Bytsenko and E. 
Elizalde consider a partition function of hyperbolic three-geometry and associated 
Hilbert schemes. In particular, the role of (Selberg-type) Ruelle spectral functions 
of hyperbolic geometry for the calculation of partition functions and associated 
q-series is discussed. Y. Simsek considers families of twisted Bernoulli numbers 
and polynomials and their applications. Several relationships between Bernoulli 
functions, Euler functions, some arithmetic sums, Dedekind sums, Hardy Berndt 
sums, DC-sums, trigonometric sums, and Hurwitz zeta function are given. A. K. 
Agarwal and M. Rana discuss a combinatorial interpretation of a generalized basic 
series. Namely, using a bijection between the Bender—Knuth matrices and the n- 
color partitions established by Agarwal (ARS Combinatoria 61, 97-117, 2001), they 
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extend a recent result to a 3-way infinite family of combinatorial identities. A. Sofo 
proves some identities for reciprocal binomial coefficients, and M. Merca shows 
that the q-Stirling numbers can be expressed in terms of the g-binomial coefficients 
and vice versa. 

Part II is dedicated to analytic inequalities and several applications. Ibrahim 
and Dragomir give a survey of some recent results for the celebrated Cauchy— 
Bunyakovsky—Schwarz inequality for functions defined by power series with 
nonnegative coefficients. G. D. Anderson, M. Vuorinen, and X. Zhang provide a 
survey of recent results in special functions of classical analysis and geometric 
function theory, in particular the circular and hyperbolic functions, the gamma 
function, the elliptic integrals, the Gaussian hypergeometric function, power series, 
and mean values. M. Merkle gives a collection of some selected facts about the 
completely monotone (CM) functions that can be found in books and papers 
devoted to different areas of mathematics. In particular, he emphasizes the role of 
representation of a CM function as the Laplace transform of a measure and also 
presents and discusses a little known connection with log-convexity. S. Abramovich 
considers results on superquadracity, especially those related to Jensen, Jensen— 
Steffensen, and Hardy’s inequalities. S. Ding and Y. Xing present an up-to-date 
account of the advances made in the study of L” theory of Green’s operator applied 
to differential forms, including L?-estimates, Lipschitz and BMO norm inequalities, 
as well as inequalities with L’ (log L)* norms. B. Yang uses methods of weight 
coefficients and techniques of real analysis to derive a multidimensional discrete 
Hilbert-type inequality with a best possible constant factor. F. Qi, Q.-M. Luo, 
and B.-N. Guo establish sufficient and necessary conditions such that the function 
(e% —e?') /(e*e#") is monotonic, logarithmic convex, logarithmic concave, 3-log- 
convex, and 3-log-concave on R. P. Cerone obtains approximation and bounds of 
the Gini mean difference and provides a review of recent developments in the area. 
Finally, M. A. Noor considers the parametric nonconvex variational inequalities and 
parametric nonconvex Wiener—Hopf equations. Using the projection technique, he 
establishes the equivalence between them. 

Approximation of functions and quadratures is treated in Part III. N. K. Govil and 
V. Gupta discuss Stancu-type generalization of operators introduced by Srivastava 
and Gupta (Math. Comput. Modelling 37, 1307-1315, 2003). M. Mursaleen and 
S. A. Mohiuddine prove the Korovkin-type approximation theorem for functions 
of two variables, using the notion of statistical summability (C, 1,1), recently 
introduced by Moricz (J. Math. Anal. Appl. 286, 340-350, 2003). In 1961, Baker, 
Gammel, and Wills formulated their famous conjecture that if a function f is 
meromorphic in the unit ball and analytic at 0, then a subsequence of its diagonal 
Padé approximants converges uniformly in compact subsets to f. This conjecture 
was disproved in 2001, but it generated a number of related unresolved conjectures. 
D. S. Lubinsky reviews their status. A. R. Hayotov, G. V. Milovanovi¢, and K. M. 
Shadimetov construct the optimal quadrature formulas in the sense of Sard, as 
well as interpolation splines minimizing the semi-norm in the space K>(P2), where 
K>(P2) is a space of functions g which g’ is absolutely continuous and gy” belongs 
to L2(0, 1) and i (p"(x) + w*@(x))dx < oo. Finally, a survey on some specific 
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nonstandard methods for numerical integration of highly oscillating functions, 
mainly based on some contour integration methods and applications of some kinds 
of Gaussian quadratures, including complex oscillatory weights, is presented by 
G. V. Milovanovié and M. P. Stanié. 

In Part IV, C. Ferreira, J. L. L6pez, and E. Pérez Sinusia study asymptotic 
reductions between the Wilson polynomials and the lower-level polynomials of the 
Askey scheme, and K. Castillo, L. Garza, and F. Marcellan analyze a perturbation 
of a nontrivial probability measure dj supported on an infinite subset on the real 
line, which consists of the addition of a time-dependent mass point. A. F. Loureiro 
and S. Yakubovich consider special cases of Boas—Buck-type polynomial sequences 
and analyze some examples of generalized hypergeometric-type polynomials. P. W. 
Karlsson gives an analysis of Goursat’s hypergeometric transformations, and A. 
Kiligman considers partial differential equations (PDE) with convolution term and 
proposes a new method for solving PDE. Finally, using the fixed point method, 
C. Park proves the Hyers—Ulam stability of the orthogonally additive—additive 
functional equation. 

Special functions and complex functions with several applications are presented 
in Part V. A. Baricz, P. L. Butzer, and T. K. Pogany have provided a generalization 
of the complete Butzer-Flocke-Hauss (BFH) {2-function in a natural way by 
using two approaches and obtain several interesting properties. A. Baricz and T. 
K. Pogany consider properties of the product of modified Bessel functions and 
establish discrete Chebyshev-type inequalities for sequences of modified Bessel 
functions of the first and second kind. S. Porwal and D. Breaz investigate the 
mapping properties of an integral operator involving Bessel functions of the first 
kind on a subclass of analytic univalent functions. V. V. Mityushev introduces 
and uses the Poincaré w-series (« € R”) for classical Schottky groups in order 
to solve Riemann-—Hilbert problems for n-connected circular domains. He also 
gives a fast algorithm for the computation of Poincaré series for disks that are 
close to each other. N. E. Cho considers inclusion properties for certain classes 
of meromorphic multivalent functions. He introduces several new subclasses of 
meromorphic multivalent functions and investigates various inclusion properties of 
these subclasses. Finally, I. Lahiri and A. Banerjee discuss the influence of Gross- 
problem on the set sharing of entire and meromorphic functions. It is hope that the 
book will be particularly useful to researchers and graduate students in mathematics, 
physics, and other computational and applied sciences. 

Finally, we wish to express our deepest appreciation to all the mathematicians 
from the international mathematical community, who contributed their papers for 
publication in this volume dedicated to Hari M. Srivastava, as well as to the 
referees for their careful reading of the manuscripts. A thank also goes to professor 
Marija Stani¢ (University of Kragujevac, Serbia), for her help during the technical 
preparation of the manuscript. Last but not least, we are very thankful to Springer 
for its generous support for the publication of this volume. 


Belgrade, Serbia Gradimir V. Milovanovié 
Ziirich, Switzerland Michael Th. Rassias 


Contents 


PartI Analytic Number Theory, Combinatorics, and Special 
Sequences of Numbers and Polynomials 


The Mean Values of the Riemann Zeta-Function on the Critical Line..... 3 
Aleksandar Ivié 


Explicit Bounds Concerning Non-trivial Zeros of the Riemann 
FOC ENMCW ON, 3 cioi cece Giehacene gigas das caieneaeinass daa oisise nina ree baseeeunes 69 
Mehdi Hassani 


On the Value-Distribution of Logarithmic Derivatives 
of Dirichlet L-Fumctions:.«........5. 06... 600 500s ccc bes cec tc cesccuncdtecciecdne ces 719 
Yasutaka Ihara and Kohji Matsumoto 


Multiple Gamma Functions and Their Applications......................... 93 
Junesang Choi 


On Partition Functions of Hyperbolic Three-Geometry 
and Associated Hilbert Schemes. ....................c ccs eee e cence eeneeeenaees 131 
A.A. Bytsenko and E. Elizalde 


Families of Twisted Bernoulli Numbers, Twisted Bernoulli 
Polynomials, and Their Applications .....................ceceeeeee eee nee eens 149 
Yilmaz Simsek 


Combinatorial Interpretation of a Generalized Basic Series................ 215 
A.K. Agarwal and M. Rana 

Identities for Reciprocal Binomials .................. 00... eee ee eee eee nee eens 227 
Anthony Sofo 

A Note on q-Stirling Numbers ................... cece ese e ence ee ene ee eeaeeennes 239 


Mircea Merca 


x Contents 


Part II Analytic Inequalities and Applications 


A Survey on Cauchy—Bunyakovsky—-Schwarz Inequality 
HOe POWER SOLIS eiescccs ioc ve aesan eer ae sia eeencsade sh sesans yi eep sauder denedaneees 247 
Alawiah Ibrahim and Silvestru Sever Dragomir 


Topics in Special Functions IID ............... cece ec ee ence cence cence eenaees 297 
Glen D. Anderson, Matti Vuorinen, and Xiaohui Zhang 

Completely Monotone Functions: A Digest ........................ceeeee eee 347 
Milan Merkle 

New Applications of Superquadracity .....................c cece e cece ee nee eee 365 


Shoshana Abramovich 


Green’s Operator and Differential Forms...........................:02eeeeees 397 
Shusen Ding and Yuming Xing 


Multidimensional Discrete Hilbert-Type Inequalities, 


Operators and Compositions .................. ccc cece sence cence ee eneeeenaees 429 
Bicheng Yang 
The Function (6* — a*)/x: Ratio’s Properties .....................cceeeee eee 485 


Feng Qi, Qiu-Ming Luo, and Bai-Ni Guo 


On the Approximation and Bounds of the Gini Mean Difference .......... 495 
Pietro Cerone 


On Parametric Nonconvex Variational Inequalities.......................... 517 
Muhammad Aslam Noor 


Part II Approximation of Functions and Quadratures 


Simultaneous Approximation for Stancu-Type Generalization 
of Certain Summation-Integral-Type Operators ........................005 531 
N.K. Govil and Vijay Gupta 


Korovkin-Type Approximation Theorem for Functions 


of Two Variables Via Statistical Summability (C,1,1)....................... 549 
M. Mursaleen and S.A. Mohiuddine 
Reflections on the Baker-Gammel-—Wills (Padé) Conjecture................ 561 


Doron S. Lubinsky 


Optimal Quadrature Formulas and Interpolation Splines 

Minimizing the Semi-Norm in the Hilbert Space K>(P2)..................4. 573 
Abdullo R. Hayotov, Gradimir V. Milovanovié, and Kholmat M. 

Shadimetov 


Numerical Integration of Highly Oscillating Functions ..................... 613 
Gradimir V. Milovanovié and Marija P. Stani¢ 


Contents xi 


PartIV Orthogonality, Transformations, and Applications 


Asymptotic Reductions Between the Wilson Polynomials 
and the Lower Level Polynomials of the Askey Scheme ..................... 653 
Chelo Ferreira, José L. Lopez, and Ester Pérez Sinusia 


On a Direct Uvarov-Chihara Problem and Some Extensions ............... 691 
K. Castillo, L. Garza, and F. Marcellan 


On Especial Cases of Boas-Buck-Type Polynomial Sequences.............. 705 
Ana F. Loureiro and S. Yakubovich 


Goursat’s Hypergeometric Transformations, Revisited ..................... 721 
Per W. Karlsson 


Convolution Product and Differential and Integro: Differential 


PAU INI nice Scie ceo ninite fanbase iduacedi sianadbages sanelienbatohaseasostonsasalss 737 
Adem Kiligman 

Orthogonally Additive: Additive Functional Equation ...................... 759 
Choonkil Park 


Part V_ Special and Complex Functions and Applications 


Alternating Mathieu Series, Hilbert—Eisenstein Series 
and Their Generalized Omega Functions ...................... ccs eeee enna ees 7715 
Arpad Baricz, Paul L. Butzer, and Tibor K. Pogany 


Properties of the Product of Modified Bessel Functions ..................... 809 
Arpad Baricz and Tibor K. Pogany 


Mapping Properties of an Integral Operator Involving Bessel 
DT 010 | ee eee 821 
Saurabh Porwal and Daniel Breaz 


Poincaré «-Series for Classical Schottky Groups....................00.00eee 827 
Vladimir V. Mityushev 


Inclusion Properties for Certain Classes of Meromorphic 


Multivalent Functions ..................ccc cece cece cece cece cence ee ee eee eeeeeenees 853 
Nak Eun Cho 
A Journey from Gross-Problem to Fujimoto-Condition ..................... 865 


Indrajit Lahiri and Abhijit Banerjee 


Part I 

Analytic Number Theory, Combinatorics, 
and Special Sequences of Numbers 

and Polynomials 


The Mean Values of the Riemann Zeta-Function 
on the Critical Line 


Aleksandar Ivié 


Dedicated to Professor Hari M. Srivastava 


Abstract In this overview we give a detailed discussion of power moments of ¢(s), 
when s lies on the “critical line” Res = ‘. The survey includes early results, the 
mean square and mean fourth power, higher moments, conditional results and some 
open problems. 


1 Introduction 


The classical Riemann zeta-function 


n=1 


cs)= Son =[]d-pty!  =otitateRo>1) (1) 
Dp 


admits analytic continuation to C. It is regular on C except for a simple pole at 
s = 1. The product representation in (1) shows that ¢(s) does not vanish for 0 > 1. 
The Laurent expansion of ¢(s) at s = 1 reads 


1 
f(s) = ma es Yo t+ yi(s — 1) + yra(s — 1)? +--- : 
where the so-called Stieltjes constants y; are given by 


oe Ge) aee log§m — log*t! N 7 
a a og (k =0,1,2,..), 2 
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and y = yo = —I''(1) = 0.5772157... is the Euler constant. It was Euler [19] who 
first introduced ¢(s), albeit only for real values of the variable s. Riemann, in his 
epoch making memoir [91] of 1859, was the first to consider ¢(s) as a function of 
the complex variable s. Thus ¢(s) justly bears the name the Riemann zeta-function. 
The product in (1) is called the Euler product. As usual, p denotes prime 
numbers, so that by its very essence €(s) represents an important tool for the 
investigation of prime numbers. This is even more evident from the relation 


2 =SlA(nyn* (o> I), 


n=1 


which follows by logarithmic differentiation of (1), where the von Mangoldt 
function A(n) is defined as 


logp ifn= p*, 
A(n) = N 
”) 0 ifnF p®. ae) 


The zeta-function can be also used to generate many other important arithmetic 
functions (see, e.g.. Chap. 1 of the author’s book [52]). For example, one has, for a 
givenk EN, 


os) = idan (o> D), (3) 
n=1 


where the (general) divisor function d;,(n) represents the number of ways n can be 
written as a product of & factors, so that in particular d;(n) = 1 and 


d(n) = dy(n) = 01 


8|n 


is the number of positive divisors of n. The function d;,(n) is a multiplicative 
function of n (dx (mn) = dx (m)dx(n) if m and n are coprime), and 


a a! 


-k\ kk +) +a-1 
Axio = -o{ \- (K+ 1)--(k+a-1) 


for primes p anda € N. 

Another significant aspect of ¢(s) is that it can be generalized to many other 
similar Dirichlet series (or L-functions); see, e.g., the paper of Bombieri [9]. 
In fact, €(s) can be considered as a prototype of such functions. There exist many 
generalizations of the zeta-function in the literature, notably to the so-called Selberg 
class of L-functions. This class was introduced in 1989 by Selberg (see [93]), and 
for a good overview the reader is referred to Kaczorowski [70]. 
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As remarked at the beginning, the Riemann zeta-function admits analytic 
continuation to C, where the complex variable has traditionally the notation s = 
o +it (o,t € R). There are many ways to see this. For example, for x > 1, one has 


vrs / 4 u~*d[u] = [x]x~* + s i “dua 


nsx 


s sxi-s 


= O(x'?) + sf —u)u*'du+ 4 sy 


Ifo > 1 andx — o, it follows that 


f(s) = — +5 / ([u] — w)u-S— du. 


By using the customary notation w(x) = x—[x]—1/2, this relation can be written as 
1 1 bs —s—1 
¢(s) = ——+--s w(uju * du. (4) 
s—l 2 1 


Since ii w(u)du = 0 for any real y, integration by parts shows that (4) provides 
the analytic continuation of ¢(s) to the half-plane 0 > —1, and in particular it shows 
that ¢(0) = —1/2. On successive integrations by parts of the integral in (4) one can 
obtain the analytic continuation of ¢(s) to C. 

A notable feature of €(s), whose analogues are true for many Dirichlet series, is 
the functional equation, proved first by Riemann [91]. In a symmetric form it says 
that for s € C, 


x PEs) Gs)=a © Pld —s)rGd—s)). (5) 


For a proof of this fundamental result, see, e.g., the monographs of Karatsuba— 
Voronin [71], the author [52], and in particular the classical work of Titchmarsh 
[98], which contains seven different proofs of the functional equation. Alternatively 
we can write (5) as 


&(s) = x@)eU—-s), (6) 
where 


_ FGC=3) ap 
X(s) = rs) 4 F 


and J"(s) is the familiar gamma-function. This expression can be put into other 
equivalent forms. For example, we have 


(2x)* 


Us) = 2x sins) 8) = 


(7) 
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where we used the well-known identities 


r(s)FA-s) = P(s)P'(s + 3) =2'* /nT (2s). (8) 


sin(zs)’ 


We note that (6) gives the identity 
x(s)x0 — 5) = 1. (9) 


All identities (5)—-(9) hold for s € C. 

A fundamental problem in the theory of €(s) is the study of its zeros. From (5) it 
follows that €(—2n) = 0 forn € N. These zeros are the only real zeros of €(s) and 
are called the trivial zeros of €(s). Riemann [91] in 1859 calculated a few complex 
zeros of ¢(s) and found that they lie on the line Res = 7m which is called the 
critical line in the theory of ¢(s). The first four pairs of complex zeros (arranged in 
size according to their absolute value) are (see, e.g., Haselgrove [28]) 


1 1 1 1 
sedi ey Poe 3 +#21.022039. oes 3 £8 25.010857. nly +730.424876.... 


The number of complex zeros p = 6 + iy of €(s) with 0 < y < T (multiplicities 
included) is denoted by N(7). The asymptotic formula for N(T) is the famous 
Riemann—von Mangoldt formula. It was enunciated by Riemann [91] in 1859, but 
proved by von Mangoldt [101] in 1895. It says the following (see [52,71] or [98] 
for a proof). Let 


S(T) := ~ argé(s +iT). (10) 


Then 


T T T 7 1 
N(T) = 1 _ S(T O(—), 11 
8 els 2 os(5-) Gos ‘G, aD 
where the O-term is a continuous function of 7 and 
S(T) = O(logT). (12) 


Here arg ¢ (3 + iT) is evaluated by continuous variation starting from arg ¢(2) = 0 
and proceeding along straight lines, first up to2++iT and then to 1/2+i7, assuming 
that 7 is not an ordinate of a zeta zero. If T is an ordinate of a zero, then we set 
S(T) = S(T + 0). 

The Riemann hypothesis (henceforth RH for short) is the conjecture, stated by 
Riemann in [91], that very likely all complex zeros of €(s) have real parts equal 
to 1/2. Mainly for this reason the line 0 = 1/2 is called the “critical line” in the 
theory of ¢(s). Notice that Riemann was rather cautious in formulating the RH 
and that he used the wording “very likely” (“sehr wahrscheinlich” in the German 
original) in connection with it. Riemann goes on to say in his paper: “One would 
of course like to have a rigorous proof of this, but I have put aside the search 
for such a proof after some fleeting vain attempts because it is not necessary for 
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the immediate objective of my investigation”. The RH is undoubtedly one of the 
most celebrated and difficult open problems in whole Mathematics. Its proof (or 
disproof) would have very important consequences in multiplicative number theory, 
especially in problems involving the distribution of primes. It would also very likely 
lead to generalizations to many other zeta-functions (Dirichlet series) having similar 
properties as €(s). For a comprehensive account on the RH the reader should consult 
the paper [8] of Bombieri and the monograph [12] of Borwein et al. Despite the 
impressive numerical evidence in favour of the RH, there are certain arguments 
against its truth; see, e.g., the author’s paper in [12]. 
The RH implies (see, e.g., [52,98] for a proof) that 


C logt 

C(5 +it) <« exp ( 6 ) (C > 0). (13) 
log logt 

A slightly weaker bound than (13), which in practice can often replace the RH, is 

the bound 


C5 + it) «, (It|+ 1°, (14) 


which is known as the Lindeléf hypothesis (LH for short). It is also unproved, and it 
is not known whether (14) implies the RH, although this is not very likely. 

The aim of this paper is to give an account on the mean values of |¢( 5 + it)|. 
This is one of the central themes in the theory of ¢(s). There are two monographs 
dedicated solely to it: the author’s [42] and that of Ramachandra [90]. However, 
since the time of writing of these works, there have been new developments, and 
they will be discussed in this paper. Of course, the moments on any o-line are also 
of interest. If o > 1, this is easy in view of the absolute convergence of the series 
in (1). When o = 1, see the author’s recent paper [58] for a sharp asymptotic 
formula for the second moment in question and [7] for general moments. When o 
lies in the critical strip 5 <o < 1, there are many results in the literature; see, e.g., 
the survey paper of Matsumoto [79] concerning mean square results. For general 
moments of |€(o + it)| see Chap.8 of [52] and the author’s paper [53]. Due to 
the restrictions on the length of this paper, complete proofs of all the lemmas and 
theorems will not be given, but relevant references are given where the interested 
reader can find all the details. 

And finally when o < } 


2 
view of the functional equation (6) and the asymptotic formula 


o+it—1/2 
ay (=) eilttn/4) (1 40 (+)) (15) 


which easily follows from the classical Stirling formula for the gamma- 
function I"(s). Note that the term O(1/t) admits an asymptotic expansion in 
terms of the descending powers of t. 


this case is essentially reduced to the case 0 > 5 in 
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Notation. Owing to the nature of this text, absolute consistency in notation could 
not be attained, although whenever possible standard notation is used. By N, Z, R, C 
we denote the set of natural numbers, integers, real numbers and complex numbers, 
respectively. The symbol ¢ will denote arbitrarily small positive numbers, not 
necessarily the same ones at each occurrence. The symbols f(x) = O(g(x)) and 
F(x) « g(x) both mean that | f(x)| < Cg(x) for some constants C > 0 and 
x > xo > 0. By f(x) Kap... g(x) we mean that the constant implied by the 
<-symbol depends ona, b,.... 


2 Early Results 


When one has a (complex-valued) function F(t) integrable on [0, T], the mean 
value integral q. |F(t)|?dt provides information about the mean value of F(t) and 
the distribution of its values. In zeta-function theory, of particular interest are the 
moments 


T 
R(T) := / eh + in) Par. (16) 
0 


Although the right-hand side of (16) makes sense if Rek > 0, usually one takes 
k e€ N. Namely in this case one can use the obvious identity |z|? = z- z, and if one 
has a “good” expression for z = ¢ G + it), then by multiplying the expressions for 
z and z one can tackle J, (7), at least in principle. 

Historically, the first significant results concern the asymptotic evaluation of 
I,(T) and 1,(T) at the beginning of the twentieth century. This was achieved 
by Hardy-Littlewood [25, 26] and Ingham [39], respectively. The results are 
contained in 


Theorem 2.1. We have 


T 
nr) = f I¢(4 + it)|?dt = T logT + O(T), 


T 
1 
I(T) = I¢(4 + it)|*dt = sat bos" T + O(T log? T). 
0 


(17) 


We shall, in essence, indicate here the proofs of these classical results. Before this is 
done, however, some remarks are in order. First, note that both asymptotic formulas 
displayed in (17) are “weak” in the sense that the error term is only by a log- 
factor smaller than the main term. Secondly, observe that the first formula shows 
that the average value of |¢ G + it)| in [0, T] is about log 7, while the second one 
shows that it is larger. This phenomenon, which is ubiquitous in the theory of ¢(s), 
shows the complexity/irregularity of |¢ G + it)|. Indeed, at the time of the writing 
of this text, we do not know (unconditionally) the true order of magnitude of this 
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function nor the exact distribution of its (real) zeros. It is clear that no asymptotic 
formula for (7) is known when k > 2. On the other hand, nowadays there is 
plenty of information about the fundamental functions [,(T) and J,(7). This will 
be discussed in detail in Sects. 3 and 4, respectively. 

To find an appropriate expression for z = € (3 +it) above, one uses the so-called 
approximate functional equations (henceforth AFE for short) for suitable power of 
f(s) (see, e.g., Chap. 4 of [42,52] and [59]). In general an AFE for an L-function 
F(s) = )°-2,, f(n)n~ is an expression for F(s), when s lies outside of the region 
of absolute convergence of F(s), involving finite sums of f(n)n~* and f(n)n*—!. 
Some of the most common AFEs for ¢(s) are given below. 


Theorem 2.2. For 0 < 09 <0 <2,x 2 |t|/z,s =o +it, 
l-s 


6) = oat + — + 0%). (18) 


S 


nx 


Theorem 2.3. Let0 < o < 1; x,y,t > C > 0; 2axy = t. Then uniformly in o 
we have 


6(s) = Don + x65) Don) +O) + Oy"). 19) 


n&x nwy 


Theorem 2.4. Let 0 <o <1; x,y,t > C > 0; 42?xy = 27. Then uniformly in o 
we have 


C(s) = Yo d(n)n~ + ¥7(s) So d(n)n*! + OG? log?). (20) 


nx ny 


Theorem 2.2 is elementary, and its proof will be given shortly. It does not require 
the functional equation (6)—(7), while (19) and (20) do. These formulas were proved 
in a classic paper by Hardy—Littlewood [27], and their proof is more involved. 
In fact, Theorem 2.3 is a weakened form of the result known in the literature as 
the “Riemann-Siegel” formula (see the work of Siegel [94]). This is one of the 
deepest results on zeta-function theory, obtained by Siegel (op. cit.) after looking 
at Riemann’s notes, which are kept in the library of the Gottingen University. Both 
error terms, in the general case, are best possible; see [52] or [42] for this. 


Proof of Theorem 2.2. We have, for Res > 1 and N = 2, 


= n° ie v*d[z] = —N'S + sf tare 


n>N N N 


II 


Soe int = sf w(t)t >! de 
= 4 
N 


s—l 
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where w(x) = x — [x] — 5. Therefore 


f(s) = De a +Son = 


n<N n>N 


= = nos + 


n<N 


Ni-s 


~— iN —s fo oie ae (21) 


and by analytic continuation (21) is valid for o > 0, the last summand being < 
(1+ |t|)N~°. Ifu > x (= 1), we set 


AG)i= So a, 
x<n<u 


and apply the following elementary, standard lemma (see [52, Chap. 1]) from the 
theory of exponential sums (e(x) := exp(27ix)): 


Lemma 2.1. Let f(x) be a real-valued function on the interval |a, b] and let f'(x) 
be continuous and monotonic on [a, b| and | f'(x)| < 6 < 1. Then 


» ef) = i “eC s))dx + o(a-s)"'). 


a<n<b 


We apply Lemma 2.1 with 


1 1 

= —|t|logx, 6=-, 

SQ) = 5—Itllogx, 8 = 5 
provided that x > |t|/z. This gives 

en 
A(u) = [ y “dy + O(1) = ——_— + O(1). 
For x < N partial summation gives 
N 
y n= of u-?—' A(u)du + A(N)N~? 


x<n<N 


N ,-s —o—1,1-it l—o—it 
= XxX 
of oS die OG HN) + ——__— 
y 1-it 1-it 


N}i-s 1—s 
= ee O(x° +xN°). 
=. 
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Substituting this expression in (21) we finally have, for 09 < o < 2, 


b(s)= Don s+ 


nox 


l-s 


an O(x-°) + O(xN + |t|N°). 


If we let N — oo, we obtain (18). Note that the basic idea of the preceding proof 
was to estimate the tails in the series for ¢(s) by Lemma 2.1. This, however, is 
particular to the sums of n~*, when the corresponding integral of x~* can be easily 
evaluated. Thus Theorem 2.2 cannot be easily generalized to other L-functions. 
Again, note that the functional equation for ¢(s) was not used in the proof, which is 
one way to show the elementary nature of Theorem 2.2. 


Proof of Theorem 2.1. We begin the proof of the first formula in (17). In (18) we 
take 5 = 5 + it,T/2<t<T,x =T to obtain 


CG+in=S+oO(T"”), S =a se 


n<T 


This gives 
T T T 
/ eG + ina = f isPar+ f S- O(T~/?)at + O(1) 
T/2 T/2 T/2 
T 
=| Isiar+ 017). (22) 
T/2 


since trivially S << T'/?, 

The first formula in (17) follows easily from (22) and the general following result, 
well known as the mean value theorem for Dirichlet polynomials. This is formulated 
here as (see, e.g., Chap. 5 of [52] for a proof) 


Lemma 2.2. Let a),...,ay be arbitrary complex numbers. Then 
[ Do ann a dt =T > Jani? + O( D> nlan!). (23) 
n<N n<N n<N 


and (23) remains valid if N = ox, provided that the series on the right-hand side 
converge. 


Applying (23), once with T and once with T/2 and subtracting the resulting 
expressions, we obtain 


[. |S |?dt = [. y- + Of (oe 1) = LT logT + O(T). (24) 


2n<T n<T 
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Replacing in (24) T by T2~/ and summing over j = 0,1,2,... we obtain the first 
formula in (17). 

The proof of the second formula in (17) is more involved, but certainly less 
difficult than Ingham’s original proof in [39]. It is the one given in Chap.5 of [52] 
and is based on the work of Ramachandra [89]. The essential arithmetic ingredient 
that is used is 


Lemma 2.3. For a suitable constant c(a) (> 0) we have 
c(a)x!*4 log? x + O(x!*4log* x) (a >-—1) 


(an = " (25) 
nx (42°)! log* x + O(log? x) (a = —1). 


Proof of Lemma 2.3. One obtains (25) by partial summation from 


e d?(n) = nx log? x + O(x log’ x), (26) 


nsx 


hence the proof of (25) reduces to establishing (26). To this end, note that we have 
the Dirichlet series representations 


2 —s 
Diao = Fay 


n=1 


= 28 a 
Smt et = 5 me (27) 


n=1 


which are valid for Res > 1 and Res > 1/2, respectively, where jz() is the 
familiar Mobius function, generated by 1/¢(s). The first identity in (27) follows 
from d(p/) = j + 1 and 


o@) gp fee. pple 
C(2s) I] (=p) I] d=p>) 


= = Tle + po \(1 + yt! + DG +2)p~") 


j=l 
=T1(+ 0 + pp) = ean. 
Pp j=l n=1 


From the first identity in (27) we have, on equating the coefficients of the Dirichlet 
series appearing in the identity, 


Pn) = Yo dalk) uO. 


k?=n 
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This gives, setting n = k?, 


VP) = Vo dalkuO= DT uO YE aalk) 


n&x k<x l<x!/2 k<xt~ 
= > w(l) (Zx€~ log?(x€~”) + O(x€~ log? x)) 
e<x!/2 


=n *x log? x + O(x log? x). 


Here we used the weak asymptotic formula (since the generating function ¢*(s) of 
d,(n) has a pole of degree four at s = 1) 


y > da(n) a Ex log? x + O(x log? x) 
n&x 
and the identity 


= _ 1 6 
So w(n)n Cay 


n=1 


Recall the inversion formula (this is (A.7) of [52]) 


1 ct+ioo 
ev = I'(s)x *ds (c,x > 0). (28) 


20 c—ioo 


Setting s = 4 + it,T/2 <t < T and using (28) we infer that 


bas 1 
Yo dinje "Tn = — / C(s + wl (w)T"dw 
271 Rew=2 


n=1 


1 
= ((s)+ O(T~) + — P(s tw2(1—s —w)P(w)T "dw 
2ni Rew=—3/4 
1 [o,2) 
= 0s) + OF) + = — (8 tw) Sd(nyn" | Pw) T "dw 
20 Rew=—3/4 n=l 
2 —c 1 2 w+s—l w 
= 07(s)+ O(T~) + —— V(s+w) >> d(n)n T'(w)T” dw 
20 Rew=—3/4 noT 
= 7°(s) }5 d(nyn* + O(7~*) 
n<T 
1 
(5 tw) Yo dan" Pw) T"dw. (29) 


2m Rew=1/4 n<T 
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Here c > O can be arbitrarily large, and we used the residue theorem, the 
functional equation for ¢(s) and finally Stirling’s formula for '(s), which makes 
the contribution of the residue of ¢7(s + w)I"(w)T™ at the double pole w = 1—s 
small. From (6) and (7) we have 


Os + ity 'G Hit) = [6G +in/, (30) 
so we can deduce from (29) and (30) that 
6 
ISG tine => nO+O07T) (1/2<t<T) (31) 
k=1 
for any fixed c > 0, where with J, = J; (t) we have 


Jy = Sv = yt it) Vda", 


n<T 

k= Gtin Vo da@evtn Vv, 

n>T 
Jg=yx'G+it) Vaden? — nt, 

n<T 

1 
Js =-~—y '(4 + it) rG+it+w 
201 Re w=—3/4,| Im w|<log? T 


x Yo d(nyn" 7+" PW) T "dw, 


n>T 
— ot a4; Bil any 
Jo = -t (5 F12) re Phew 
201 Rew=1/4,| Imw|<log? T 
x Sodan 4" Pw) T "dw. (32) 
n<T 


This seemingly complicated procedure allows us, when we integrate (31)—(32), to 
use (25) for a = —1 in the mean square integral of J; and for a > —1 the other 
formula for the ensuing integrals. In this way we obtain the second formula in (17). 
More precisely, we have 


ve sb re 
/ If(5 + in)|*dt = 2 | |Ji|?dt + / (J? + JP)dt 
T/2 T/2 T/2 


6 pT 6 T 
+0 (>> / star) +O (If cbse) +0(1). (33) 
pap 27/2 pag 2 1/2 
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Now we apply Lemmas 2.2 and 2.3, obtaining first 


oy JPar = T Yd?) +0(S0 a? (n)) 


n<T n<T 
= (4x?) 'T log' T+O(T log? T), (34) 
since | x( 5 + it)| = 1. Therefore (34) indeed contributes the main term to our 


formula, since at the end we replace T by T2~/ and sum the resulting expressions. 
Using (18) with a > —1 we have, again by Lemma 2.2, 


i | J3|7d¢ <T Ss d 2(n)e "Tn =I + d 2(n)e2n/T <1, 
T/2 


n>T n>T 


i |Ja|?dt « T > d 2n\(e 2/7 — Dent ++ > d*(n)(e2"/T —1) 
T/2 


n<T n<T 


a7 2 d?(n)n+T? ye d*(n)n* « T log? T, 


n<T n<T 
i |Js(de<e 7°" > Con’ ar" > d*(n)n~?? « T log’ T, 
T/2 n>T n>T 


[ |Je[?dt « TM? S > d?(n)n- ee a a Dei d*(n)n'/? < T log? T. 
7/2 n<T n<T 


Next, we write 


T 1/24+iT 
i / J7dt = i, F?(s)ds,  Si(s) = x "(s) }> dyn, 35) 
T/2 1/24+iT /2 n<T 

and consider the last integral as an integral of the complex variable s. To avoid 
Lemma 2.3 with a = —1 we replace, by Cauchy’s theorem, the segment of 
integration in (35) by segments joining the points 

lid, Lid; la; la; 

ayt5iT, gt51T, gt+iT, 5 +iT. 
On using (15) it is seen that the integrals over the horizontal segments are << 
T log? T, as desired. On the other hand, again by the mean value theorem for 
Dirichlet polynomials, 


1/44iT T 
i JP(s)ds « lee | 


42 
> d(n)n—'/4*""| at <« T log’ T. 
1/44iT/2 T/2 


n<T 


The same procedure may be applied to the integral of J} to yield 


T 
1 (Jp + Jz)dt « T log? T. 
T/2 
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The remaining integrals in (33) are written as 


1/24iT 1/24iT 
if Ji (s) Jn (s)ds + if Jo(s) Jp (s)ds (k = 3,4, 5, 6), 
1/2+iT/2 1/24iT/2 


and are treated similarly. In the integrals with J; (s), the segment of integration [5 + 
si T, 5 +iT] is being replaced by the segment of integration [F + i T, 2iT] with an 
error < T log? T, while in the integrals containing J2(s), this segment is replaced 
by the segment [? + Si T, - + iT], again with an error < T log’ T. Applying the 
Cauchy—Schwarz inequality, Lemma 2.2, and collecting all the estimates we finally 
obtain 


T 
/ [¢(4 + it)|*dt = (427)'T log* T + O(T log? T), 
T/2 


which yields the second asymptotic formula in (17) on replacing T by T2~/ and 
summing the resulting expressions over 7 = 1,2.... 

Later research revealed that there is another main term in the first formula in (17). 
Namely, if one defines 


z E 
i (4 +it)\?dt = T (log — + 2y -1) + E(T), (36) 

0 20 
where y is Euler’s constant, then £(T) is a true error term in (36) in the sense that 
E(T) = o(T) (T — oo). (37) 


In fact, Titchmarsh [98] gives in Chap.7, by the method of Atkinson [1], the 
proof that 


ED) = 0,0"), (38) 


and states that Ingham [39] obtained O(T!/?logT). Later Titchmarsh [97] 
improved further the bound in (38) to O(T*/'? log” T), by using van der Corput’s 
theory of exponential sums (see the monograph [20] of Graham and Kolesnik 
for a detailed account). However the pioneering work in this field was done by 
FV. Atkinson (see [1—3]). His most important achievement was made in [4] in 
1949, when he produced an explicit formula for E(7), which serves as the basis 
of modern research of this function. This will be discussed in detail in the next 
section. 
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3. The Second Moment 


Atkinson’s explicit formula for the function E(7), defined by (36), is one of the 
most important results of zeta-function theory. It is given here as 


Theorem 3.1. Let 0 < A < A’ be any two fixed constants such that AT < N < 
A'T and let N' = N'(T) = T/(2x) + N/2—(N?/44+ NT/(2n))'/2. Then 


E(T) = S(T) + 22(T) + O(log’ T), (39) 


where 


Do) = 217 T/Ax))"* YI (-D"dayn4e(T,n) cos(f(T.n)), (40) 


n<N 


ro) =-2 ~ d(n)n~"? (log T/(2xn))~! cos(g(T,n)), (41) 


n<N’ 
with 
f(T,n) = 27 arsinh (./1n/(2T)) + V2nnT + 12n?—71/4 
= — prov IanT + ain PT 


tan Te ae an TF Weeks. 
g(T,n) = T log T/(2xn) —-T + 2/4, (42) 


where 


e(T,n) 


II 


(+ sen /QT))-V*4(2T/xn)!/?arsinh (Yen QT)\ 
140(n/T) (<n<T), (43) 


and arsinh x = log(x + /1 + x7). 


Remark 3.1. Tf we estimate trivially the sums in (40) and (41) (using the inequality 
| > F(n)| < 2 | F(n))), we obtain the bound E(T) « T'/? log T. Of course, using 
exponential sum techniques is possible to obtain better results. It was indicated in 
Corollary 15.4 of [52] how one obtains 


35 _ 
E(T) &, T35/108+e ( = 0.32407). 


The latest record is due to Watt [105], who proved that 


131 
E(T) &, T131/416te (se = 0.314903... :). (44) 
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His proof is based on a refined version of the Bombieri—-Iwaniec method for the 
estimation of exponential sums. For this, see [10,11] and the survey article of Huxley 
and the author [38]. 


Remark 3.2. There is another explicit formula for E(T), also with the error term 
O(log’ T). Obtained almost 30 years after Atkinson’s work, this result is due to 
Balasubramanian [5] and says that 


sin(T logn/m) 
E(T) =2 3 a cae Ra aie 
n<Km<K,m¢n * na logn/m 


sin(20,; — T log mn) 5 
42 + O(log?T), (45) 
dX Pe. a (20; ~ logmn) 


where 6; = 0,(T) = $T log(T/(22)) — $T — aT, K = ,/T/(2z). Both 
Atkinson’s formula and Balasubramanian’s (45) contain two exponential sums, but 
(45) contains double sums, whereas Atkinson’s formula contain one-dimensional 
sums with the divisor function d(n). The proof of (45) consists of the integration of 
the sharp version of the Riemann-—Siegel formula [see (19)]. 


Remark 3.3. A proof of Atkinson’s formula, different from [4], was obtained 
in 1987 by Motohashi [82]. His error term O(log7) is better than Atkinson’s 
O(log’ T), and the proof is based on his approximate functional equation for 
‘4 (4 + it). There are two other different proofs of Atkinson’s formula. They are 
due to Jutila [68, 69] and Lukkarinen [78] and are both based on the use of Laplace 
transforms of |¢(5 + ix)|?. 


We are not going to give a full proof of Atkinson’s formula (for this see [4, 42, 
52]), but we shall only indicate the salient points of the argument. Atkinson starts 
from the decomposition 


C(u)o(v) = a = Cutv)+ f(u.v)+ f(v.u), (46) 


m=1n=1 


where 


f(lu,v): 


te 


[o.e) 
es “r+sy" (Reu>1,Rev > 1). 


The “diagonal” terms m = n give rise to €(u + v), while the “non-diagonal” terms 
m # n contribute to f(u, v) + f(v,u). The main problem, appearing several times 
in the course of the proof, is to obtain analytic continuation of a certain expression. 
In the case at hand, we seek the representation in (46) to hold outside the region of 
absolute convergence of the complex variables u and v. Applying partial summation 
to the sum °° ,(r + s)~” it is seen that 


f (u,v) —(v- IS (u t+ v1) + 56+ v) 
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is regular for Re(u + v) > 0. Thus (46) holds by analytic continuation when u, v 
both lie in the critical strip, apart from the poles atv = 1,u-++v = landu+v =2. 
In the case when Reu < 0, Re(u+v) > 2, one uses the familiar Poisson summation 
formula (see (A.25) of [52]), namely, 


’ b eo b 
1 f(a) = i: Ff (x)dx + 2 s F(x) cos(2anx)dx, 
ax<n<b a n=1°4 
which holds if f’(x) is bounded on [a, b], and the dash’ in summation means that 


5 F(a) and 5 Ff (b) are to be taken instead of f(a) and f(b), respectively, if a and b 
are integers. This gives 


oO oo 
re fie i = aa) ihe 4 y) dy 
0 


r=1 


Co 
+2 is / y “d+y)y° cos(2rmsy)dy}. 
0 


m=1 


Summation over s shows that 
g(u,v) := f(uyv) -Putv—-DFrd-—wrtweutv—-D) 


= 2s l—u-—v = - —u —v 
a s > ‘ y “A+ y) "cos(Qamsy)dy. (47) 


s=1 m=1 


To investigate the convergence of the last expression, we note that for 
Reu <1, Reu+v)>0, n = 1, e(u) = exp(27iu) 


we have 
[o.e) [o.@) 
2f y “(ty)” cos(2amsy)dy = nt f y(t y/n)~ (ev) +e(-y) ay 
0 
100 
=n y+ y/nye(y)dy 
0 


—i00 
+t y “(L+y/n)e(—y)dy 


nReu-l 
< ——. 
Ju—1| 


This bound holds uniformly for bounded u and v, which follows after integration by 
parts. Thus the double series in (47) is absolutely convergent for Reu < 0,Rev > 1, 
Re(u + v) > 0, by comparison with )°%, |s~”| )°°°_, |m“—!|, and represents an 
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analytic function of both variables in this region. Hence (47) holds throughout this 
region, and grouping together terms with ms = n together we have 


g(u,v) = 2 y tises o | y “(1+ yy)" cos(2zany)dy, (48) 
0 


n=1 


where o4(1) = Doan d * is the sum of the kth powers of divisors of 1, so that 
oo(n) = d(n). Therefore, if g(u, v) is the analytic continuation of the function 
given by (47), then for 0 < Reu < 1,0 < Rev < l,u+vu 4 1 we have 


rad—v  ra-v) 
ro) © F@ ) 
+ g(u,v) + g(v,u). (49) 


ROO eta COE ed Ce CRN ACE eee ( 


It is, however, the exceptional case u + v = 1, in which we are interested. Here we 
may use the fact that g(u, v) is continuous. We write u + v = 14+ 6,0 < |8| < 4 


2 
and let 6 — 0. It follows that, for 0 < Reu < 1, 


_ L/Pra=wn T'(u) 
Cwo(l—u) = 5 ( Fan)” rw) 


+ 2y —log2x + g(u,l—u)+ g0-u,u), (50) 


with a view to the eventual application u = 5 +it in mind. Reasoning as in (48) we 
have, for Reu < 0, 


gut =w) =29 an) [yd + yy eosxmyydy, 51) 
0 


n=1 


and so what we need is the analytic continuation of (51) valid when Reu = 5. 
At this point the Voronoi formula for A(x) comes into play, where 


A(x) := y~ din) — x(logx + 2y —1)— 1/4, (52) 


n&x 


and the dash’, similarly as in Poisson’s summation formula, means that the last term 
in the sum in (52) is to be halved if x € N. At the beginning of the twentieth century 
Voronoi [102] proved the exact, explicit formula 


A(x) = —2n7!x!/? Y dayn-71 K (4 Vinx) rs 32 Yi (4a Vnx)}, (53) 


n=1 


where K,, Y; are Bessel functions in standard notation (see, e.g., the treatise [103] 
of Watson) and the series above is boundedly, but not absolutely, convergent. In the 
present context it is more expedient to use a truncated version of (53), namely 
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A(x) = (V2) 1x4 5° dyn 4 


n=1 
x {cos(4a Vnx) — 3(320 fax)! sin(4x Vax} + O(x73/4). (54) 


It is not difficult to see that the definitions of E(T) and A(x) are similar and 
that there are also similarities between Atkinson’s formula for E(7') and Voronoi’s 
formula for A(x). Indeed, there is a deep connection between these two problems, 
and for a study of this phenomenon, the reader is referred to [54,55, 67,68]. 
Returning to the discussion of the proof of Theorem 3.1, let N € N and 


h(u, x) := | y “(1 + y)""! cos(2axy)dy. 
0 


Then we have, with D(x) := >> d(n), 


n<x 


CO 


S> d(nyh(u,n) = i 


h(u, x)dD(x) 
n>N N+1/2 


=) (log X + 2y)h(u, x)dx +f h(u, x)dA(x) 
+1/2 N+1/2 


= —A(N + 5)h(u, N + 3) +f (log x + 2y)h(u, x)dx 
N+1/2 


7 [ ah(u.x) 4 


N+1/2 Ox 


Hence (51) becomes 


g(u,l—u) = S> h(u,n)d(n) — A(N + 5)h(u, N + 5) 


n<N 
+ / (log x + 2y)h(u, x)dx -{ re dx 
N+1/2 N41/2 9x 
= gi(u) — go(u) + g3(u) — ga(u), (55) 


say. Here gi(u) and g(u) are analytic functions in the region Reu < 1. Consider 
next g4(u). We have 


—100 


h(u, x) =| y+ yylelayydy + f y “(1+ y)le(—xy)dy, 


which gives after differentiation over x that 


dh(u, x) 


<K xRe u—2 
Ox 
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for Reu < 1 and bounded u. Using only the estimate A(x) «, x!/3+® (see [52] or 
[38]) it is seen that the integral defining g4(u) is an analytic function of u, at any 
rate when Reu < 2/3. 

It remains to consider g3(u). Let, for brevity, ¥ = N + 5. Then 


ex) = fogs +f fy" + vy FeCay)ay 


+f y(t yy te(xy)dyl de. (56) 
0 


For Reu < 0 an integration by parts shows that the first two integrals in (56) are 
equal to 


100 
—(2mi)~!(log X + 2) [ y “T+ yy le(Xy)dy 
[oe] 100 
-aniy! f ax f yx + y)"e(y)dy 
Xx 0 
100 
= —(2ri) ‘(log X + 2) [ yd + y)*e(Xy)dy 
0 


ico 
+ mi! [ yr1K + yNeOdy. 
0 
In the last integral above, the line of integration may be taken as [0, co) and the 


variable y replaced by y = Xz. The other two integrals in (56) are treated similarly, 
and the results may be combined to produce 


[o.@) 
gs(u) = —n7!(log X + 2y) / yl + yy"! sin(anXy)ay 
0 


Co 
+ (xu)! / y+ y)! sin(2aXy)dy. (57) 
0 
Noting that the integrals in (57) are uniformly convergent when Reu < 1 — ¢, it 


follows that (57) provides us with an analytic continuation which is valid when 
Reu = S, and thus we may proceed to integrate (50). When u = 5 + it we have 


Sw)E(1—u) = [6G +0), 


so that the integration of (50) gives 


2i1(T) 


1/24iT 
/ Clue — udu 
1/2-iT 


1/2+iT 
(- log (1 — u) + log rw)| i 7 titty — log 27) 
1/2-i 
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1/24iT 
+f (g(u, l-—u)+g0—-u, u))du 
1 


/2-iT 

rG 4 iT) 1/2+iT 

Sa, AIT Gy = log 2x) + 2 g(u, 1 — u)du. 
I'(; -iT) 1/2-iT 


If one uses Stirling’s formula for the gamma-function (see, e.g., [18]), namely 


t 1 
rs) = BRI 9} bl +i (: log |t]| —¢ + ce (+ - 5) 


2\t| 2 
: (: + hese) 4 oi) . (58) 
this becomes 

T 1/24+iT 

I(T) = T (log — + 27) -i / g(u, 1 — u)du 
20 1/2-iT 
T 

= T (log — + 2y) +h-h+h-i+ 0(), (59) 

20 


where forn = 1,2,3,4 


1/2+iT 
I, = =i | gn(u)du, 
1/2-iT 


so that 


® sin(T log(1 + y)/y) cos(2ny) 
6 =4 3 am f y/2(1 + y)!/2 log(1 + y)/y ~ 
sin(T log(1 + y)/y) cos(2nXy) 
y'/2(1 + y)!/2 log(1 + y)/y 
sin(T log(1 + y)/y)sinQxXy) 
y3/2(1 + y)!/2 log(1 + y)/y 


1 © gin(2nX 1/2+iT 
ee | sin(27 Pay f (+ yaw du, 
1m Jo y 1/2-iT 


love) 1/2+iT ah 
ie / A(x)dx / aE) i (60) 
xX 1 


/2-iT Ox 


h= a(x) fo 


2 Co 
h= = (log X +2y) [ 
1 0 
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where VN EN, X = N+ oo and as in the formulation of Theorem 3.1 we restrict NV 
to the range AT < N < A’T,0 < A < A’. One can transform the last integral in 
(60) to obtain 


e ee cos(27xy) 
Ing = 4A(x dx 
: : | I yl. + y)3? log(l + y)/y 


1 1 1 
*) - sin(T log - *) (; + log! =*)| dy. 


(61) 


1 
x T cos(T log 


The main difficulty lies now in the evaluation of the integrals in (60) and (61) 
which represent J,,. Since the integrals in question are exponential integrals, one 
needs two lemmas (see Lemmas 15.1 and 15.2 of [52]) for the evaluation of such 
integrals. This is rather technical and involved, and the details are therefore omitted. 
The transformations of /,, lead ultimately to the expressions in (39)-(42). 

Atkinson’s formula lay forgotten for almost 30 years until Heath-Brown [30, 31] 
used it to obtain important results. In [30] he proved a mean square result which is 
stated here as 


Theorem 3.2. We have 


T > pe 
| E?(t)dt =CT2 4 or?!’ log? T), C= qm? S- a n)yn3?, 


2 n=1 


(62) 
Remark 3.4. By using (27) one can rewrite the constant C as 
Ds adit (8/2) 
C = <(2n)7/?2—— = 10.3047... 
3 6(3) 


Remark 3.5. If f(x) = 9(g(x)) as usual means that lim, f(x)/g(x) 4 0, 
then from (62) it clearly follows that 


E(T) = Q(T’). (63) 


The omega result (63) is far from the upper bound (44). 
Problem 1. What is the true order of E(T)? 


The mean square formula (62) suggests that F(T) is “small” on the average; in 
particular, it is commonly conjectured that one has 


ET) =] oq"), (64) 


but this is certainly beyond reach by present methods. 
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Proof of Theorem 3.2. Writing R(T) for the error term in Atkinson’s formula, we 
obtain 


[ E2(t)dt = [ Yar es of oO (0 és RW) dt 
" is (0 eS Rw) dt. (65) 


We choose N = T in Atkinson’s formula (40) to obtain that 
te 2T 
/ Y> (dt = 2 | Vt/Qx) >> 5+ de. 
T : £ m<N n<N 
Here the diagonal terms m = n clearly contribute 
2 Co 
52m)" en? (ary? = re) +010): 
n=1 
The non-diagonal terms m  n give rise to an expression of the type 
1 2T 
Se Zeyreraomadeny [ g(t) cost fear. 
mpé#n<T = - 


where, with f(7,7) given by (42), we have 


Sf) = fim) F fn), gO) = siMg2.Oe3Oga(0), 


i 1\71/4 t 1\ 71/4 
t)=(——+- Fo ra omaree ame : 
g(t) (= . 7) > &2(0) (5 = 7) 
=] -1 
g3(t) = (arsinh/am/2t) , ga(t) =(arsinh/an/2t) . 
The functions g;(¢) are monotonic, and we may apply the standard first derivative 


test, namely (see, e.g., Chap. 2 of [52]). 


Lemma 3.1. Let F(x) be a real differentiable function such that F'(x) is 
monotonic and |F'(x)| > m > 0 in [a, b], and G(x) is a positive, monotonic 
function such that |G(x)| < G in [a, b]. Then 


b 
i G(x)e™dx| « G/m. (66) 
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Since f’(t,n) = 2ar sinh,/2n/2t, the contribution of the terms m # n is then, 
on using (66), 


< T > d(m)d(n)(mn)*4\n/? — m2"! Ke Tite 
mé#n<T 


The contribution of the remaining terms in (65) is estimated similarly. In evaluating 
the mean square of }°,(7’) we shall obtain 


2T 2 
/ > dt « T log* T, 
T 2. 
keeping in mind that 
N’ = N'(t) =t/(2n) + N/2—(N7/44-nt/Qzx))? x T, 


where N = T depends on f. Further, on using the Cauchy—Schwarz inequality for 
integrals, we obtain 


2T 2T e oT 7 1/2 - 
[ 0 do, at «}f Diwae f Yvtoar} eT ioe 7 


and the integrals with R(t) are estimated on using Atkinson’s bound R(T) <« 
log” T. Collecting the preceding estimates we have 


2T 
/ E?(t)dt = G(ery” = rer) + O(T5!*logT), 
£ 


and the assertion of Theorem 3.2 follows if we replace T by T2~/, j = 1,2,... 
and sum the resulting expressions. 
One can improve on Theorem 3.2 and obtain 


T 
: E*(t)dt = CT?/? + O(T log* T). (67) 
2 


The bound in (67) was obtained independently by Preissman [86] and the author [42] 
in Chap. 2. The best current result is due to Lau and Tsang [76] who proved that 


T 
F(T) = O(T log’ TloglogT), F(T) := / E’-@a=Ccr”. (68) 
2 
It should be also noted that Lee and Tsang [77] proved that 


T 
i F(t)dt = —32~°T” log’ T loglog T + O(T? log? T), (69) 
0 
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which in particular implies that 
F(T) = Q_(T log’ T log log T). 


Problem 2. What is the true order of F(T)? 
In view of the result of (69) of [77], F(T) is probably of the order 
T log’ T log log T. 
Their formula (69) is significant from another aspect. Namely it shows a difference 
in behaviour between E(T) and A(x), the error term in the classical Dirichlet 


divisor problem. If L(x) is the analogue of F(T) in (68) for A(x), then we have the 
result of Lau and Tsang [74] that 


> 
/ L(x)dx = —(827)! X? log” X + eX” log X + O(X?), 
0 


which is different from (69). One can compare this with the author’s result [45], 
who proved the Laplace transform formula 


CO 
i: A?(x)e*!T dx = Cre + (Ay log” T He A> log T Ae A3)T + Ore), 
0 


where C; > 0, A; > 0. On the other hand, using integration by parts and (69), it is 
not difficult to see that 


[o.@) 
i E*(x)e*/"dx = DT?" + B,T log? T loglog T + O(T log’ T), 
0 


which has a different structure than the above formula. For a detailed analysis on 
results and problems involving A(x) and E(T), see the paper of Tsang [100]. 


Problem 3. Find an exact asymptotic formula for fe E?(x)e*/T dx. 


Continuing our discussion on E (7), note that the defining relation (36) yields 
E(T +x) — E(T) = —2Cx log T (0<x <T, T 2Tpo). 
Hence integration gives 
T+x x 
[ E(t)dt = xE(T)+ / (E(T + u) — E(T))du 


> xE(T) —2C log [ udu 
0 


= xE(T) — Cx? logT. (70) 
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Therefore we obtain 
T+x 
E(T) < x! i E(t)dt + Cx log T (0<x<T, T = Tp), (71) 
T 


and in a similar fashion we also have 
a 
E(T)= a E(t)dt — Cx log T (0<x <T, T=T). (72) 
T-x 
Combining (71) and (72) we have 
T+x 
|E(T)| exif |E(t)|dt + 2Cx log T (O0<x<T,T2=T). (73) 


—x 


From this inequality one can relate the order of F(T) to the mean square formula 
for F(T). Namely, if F (7) denotes the error term in (62), then from (73) we obtain 


T+x 1/2 
E(T)| « x7? E°(t)dt +xlogT 
g 
T-x 


1/2 
K x-V2(C(P-+x)°?—-C (T-x)? + F(T +2)-F(T-x)) 4+xlogT 


< Te aN max |F(t)|!/? +. x logT. 


—x<St<T+x 


Choosing x = (max ---)!/3(log T)~?/? this leads to 
Theorem 3.3. If F(T) denotes the error term in (62), then 
1/3 
E(T) « T¥44 max |F(t)|}  log*/? T. (74) 
T-J/T<t<T+VT 
From (67) and (74) it follows that 
E(T) « T' jog®/? 7, 

which is a non-trivial result, but the sharpest exponent of Watt [105] requires much 
more effort. 


One can improve the omega result (63). Namely, Hafner and the author [21,22] 
showed that there exist positive constants C and D such that 


AT) = 2, \(r log T)!/*(log log T)S+"2/4 exp(—C log log log T)\ (75) 
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and 
E(T) = Q- ie exp(D(log log T)!/* (log log log ry) (76) 


Lau and Tsang [75] used the method of Soundararajan [95], who like Hafner—Ivié 
proved the analogous result for A(x) (the error term in the divisor problem), namely 
they proved 


4 
sea (T log T)* (loglog T)#°"~ (og log log ryt . 


Soundararajan’s method does not yield an 24 or (2— result, but just an w 
result. However, it improves either (75) or (76), but one cannot tell which one. 
A quantitative omega result was obtained by the author [41]. It was shown there 
that there exist constants B,C > 0 such that every interval [7,7 + C JT], for 
T = To, contains numbers 11, T2 such that 

E(u)> Br, E(w) < —Br,". (77) 
The conjecture that E(T) = O,(T'/**®) is supported not only by omega results and 
the mean square formula for E(T) but also by the results on higher moments and 
the distribution of values of E(t) (see the review paper of Tsang [100]). The author 
[40] proved (see also Chap. 15 of [52]) 


pares if 02 A= 35/4, 


78 
TP B5At+38+e)/108 ig A > 35/4. 


T 
if |E(t)|4dt <; 
0 


The proof depended on the use of the best-known exponent for the order of |¢ (5 + 
it)|, which has been since improved to 32/205+¢ = 0.15609 ...+ ¢, due to Huxley 
[37]. This enabled Heath-Brown [32] to extend the first bound in (78) to A < 28/3, 
which one expects to be the true order of magnitude of the integral in question for all 
k > 0. He also showed, by using properties of almost periodic functions, that there 
exists a well-behaved distribution function f(t) such that (j1(-) denotes measure) 


XTwhx [LX]: x 4 E(x) eI} > [ fox 
J 


as X — oo for any interval J. He then deduced that the moments 


T 
cy = lim eae |E(t)|*dt 
0 


T—0o 


exist for all real k € [0, 9], as do the odd moments 


T 
d, := lim oat E¥(t)dt — (k =1,3,5,7,9). 
0) 


Too 
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Several results of the type 


T 
/ E (t)dt = aries 4: OF ee (79) 
0 


have been obtain for various integral k and suitable 6, > 0. We mention the works 
of Tsang [99], the author [47], Sargos and the author [64], and the works of Zhai 
[107, 108] who obtained asymptotic formulas of the form (79) fork < 9(k € N). 
In all known cases it turned out that d; for odd k is positive (this is trivial for even 
k), and so one may ask: 


Problem 4. Does d, exist for all k € N? If yes, is it true that d, > 0 for all odd k? 


In [63] te Riele and the author investigated the distribution of the zeros of E(T), 
which is a continuous function for 7 > 0. For example, they showed that there 
exists a constant c > 0 such that E(t) — 7 has a zero of odd order in [T, T + cVT] 
for T = To. If t, denotes the nth zero of E(t) — z, then the first ten ¢,,’s are 


ty = 1.199593, t) = 4.757482, t3 = 9.117570, t4 = 13.545429, ts = 17.685444, 


t6 = 22.098708, t7 = 27.706900, tg = 31.884578, to = 35.337567, 
tio = 40.500321. 


One has then 


fnti—th = O(t,'”), (80) 
and in the opposite direction Heath-Brown and Tsang [33] proved the following 
result. Let 5 > 0 be any given small quantity. Then for any T > 7(6), there are at 
least c45./T log? T disjoint subintervals of length c55/T log~> T in [T, 2T], such 
that |E(t)| > (303 — 5)t'/* whenever ¢ lies in any of these intervals. In particular, 
E(t) does not change sign in any of these intervals, so that 


fnti—te = Q(t!’ log t,). (81) 


Thus, up to a logarithmic factor, (80) and (81) settle the question of the order of the 
gap between the consecutive zeros of E(T). 

The reason why the zeros of E(t) — w are considered, and not simply the zeros 
of E(t), is that 2 is the mean value of E(t). Namely Hafner and the author [21, 22] 
proved that 


T 
G(T) = O(T?"*), G(T) = 24(T*"), / G?(t)dt = BT*/? + O(T?), 
2 


where G(T) := E(T) —z and B > 0 is an explicit constant. As usual, F(x) = 
924(H(x)) means that F(x) = 9224(A(x)) and F(x) = 2_(A(x)) both hold. 
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These results determine, up to the value of the numerical constants that are involved, 
the true order of the function G(T). In fact one has the explicit formula 


ijor\ <i 
G(T) = 5 (=) > d(n)n ~'"eo(T,n) sin( f(T, n)) 


n<T 


—2 $0 da)n“' (og T/(2xn))~ sin(g(T,n)) + OCT), 


n<coT 


which is clearly an integrated version of Atkinson’s formula. Here 


qwn\—1/4 
e(T,n) = (1 4. 7) 


oye . Wn \ 1/2 - 
— ar sinh (=) : 
wn 2T 


4 The Fourth Moment of IG + it)| 


For more than fifty years Ingham’s formula (17) for the fourth moment withstood 
improvements. Then in 1979 Heath-Brown [31] obtained a substantial sharpening 
of (17). He proved that (y is Euler’s constant) 


[ [¢(4 + it)|*dt = aT log* T + aT log? T 
+ aT log” T + a;T logT + aoT + O,(T™*+*) (82) 
with 
a4=(2n7)!, a3 = 2(4y —1—log 2m — 12¢'(2)n 7). 


His proof uses a new approximate functional equation for |¢ G + it)|**, as well 
as results involving the asymptotic formula for 7, <, d(n)d(n + r) (the so-called 
additive divisor problem, where r (€ N) is not necessarily fixed, but may vary 
with x). This in turn depended on estimates for the Kloosterman sums 


S(m,n3c) := > e (mor) (e(z) = exp(2ziz)), 
1<d<c 


where dd’ = 1 modc. Sums of Kloosterman sums have become very important in 
many problems from analytic number theory in the last 35 years, due to the efforts 
of R. Bruggeman, H. Iwaniec, N. Kuznetsov, Y. Motohashi and others. 
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Heath-Brown also indicated how one can evaluate in closed form the remaining 
coefficients a; in (82), but his expressions are cumbersome. If the main term for 
the fourth moment in (82) is written as Tp4(L), L = log(T/(27)), where pg is 
a polynomial of degree four, then Conrey [13] and the author [43] independently 
evaluated the coefficients of p4(x). Conrey, whose analysis is based on [31], has 
shown that pa(x) = go(x) + g1(x), where 


2x5C4(s + 1) 


Bo(x) = Res + NtQs +2) 
and 
_ dy (xe?”)§ {507(9 + 1) —s7!€(25 + 1) — €(25 + 2)} 
810) = a (+ De +2) 


Numerical calculation shows that 
Tpa(L) = T (0.050660. +0.496227L? + 0.937279L? + 1.35334L — 0.040924), 


where the coefficients are accurate within six decimal places. The forthcoming 
papers of Hiary and Odlyzko [34], and Rubinstein and Yamagishi [92] contain many 
numerical results concerning various moments of | G + it). 

An important moment in the theory of the fourth moment of |¢ G + it)| is 
Motohashi’s work [83], later expounded in his monograph [85]. It yields an explicit 
formula for the weighted integral 


I(T, A) := (A./x)! a cb +i tye" dt =O < A <T/logT). 
- (83) 


Remark 4.1, The range 0 < A < T/logT is very wide and is sufficient for 
applications. 


Remark 4.2. The Gaussian exponential factor e~“/ 4)” inserted in the integrand 
facilitates convergence problems and analytic continuation essential to Motohashi’s 
method of proof. It is, of course, not the only weight function which may be used 
in this context, as clearly shown in [85] (see also Theorem 4.1 below). On the other 
hand, it is clear that the resulting expression(s) for the fourth moment will not be 
the analogue(s) of Atkinson’s formula for the mean square of |¢ G + it). 


Problem 5. Does there exist an analogue of Atkinson’s formula for the mean 
square of Ie(5 + it)|, also for the fourth moment of Io(S +it)|? 


No one has ever found such a formula, so the answer is probably not, but this has 
not been proved. 

To formulate Motohashi’s result on (83), we need some notation from the spectral 
theory of the non-Euclidean Laplacian. As usual, H/;(s) is the Hecke series 
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Hy(s) = Yotyn =T]d-4(p)p +p) > 0, 
n=1 P 


associated with the Maass wave form w;(z), where p;(1)t;(1) = p;(m) and 
p;(n) is the nth Fourier coefficient of y;(z). The function H;(s) can be continued 
analytically to an entire function on C. It satisfies the functional equation, similar to 
the functional equation for ¢(s), namely 


Hy(s) = 278-1 282 P—s inj) (1—-s—ikj)(e; cosh(szx ; )—cos(as))H;(1—s), 


where ¢; (= +1) is the so-called parity sign of Wj (z) (z = x +iy). This means that 
é; = 1 if ¥;(z) is an even function of x and ¢; = —1 if ;(z) is an odd function 
of x. By 


Vy =G+ U {0} 


we denote the eigenvalues (discrete spectrum) of the hyperbolic Laplacian 


Daa aca 
A=-y’{(—) +(— 
- (( ) (5) 
acting over the Hilbert space composed of all [”-automorphic functions which are 
square integrable with respect to the hyperbolic measure (J” = PSL(2, Z)). Further 
a; = |p;(1)|?(cosh rx;)~!, where p; (1) is the first Fourier coefficient of the Maass 


wave form corresponding to the eigenvalue A ; to which the Hecke L-function H ;(s) 
is attached. We have H; (4) > 0 and 


> aj H}GG) «& T? log T. (84) 


Kj <T 
Motohashi’s general formula for weighted integral of the fourth moment of |¢ G + 


it)| will involve not only Maass wave forms (non-holomorphic cusp forms) but 
holomorphic cusp forms as well. Thus let 


{fi2(2)}, 1< j < dx, k 26 


be the orthonormal basis, which consists of eigenfunctions of Hecke operators 
Tox (n), of the Petersson unitary space of holomorphic cusp forms of weight 2k 
for the full modular group. Hence for every n € N there is at; 2, (n) such that 


b 
Tulay(gie) =? > (ZY gyan(S 2) = ran mej. 


ad=n,d>0 b (mod d) 


The corresponding Hecke series 


ioe) 
Aj 2x (s) = > tior(n)n * 
n=1 
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as in the case of H;(s) converges absolutely at least foro > 2. The function 
Hx(s) is entire and is <; k° for some c > 0. If p;2,(1) is the first Fourier 
coefficient of A; ,(s), then one defines 


01 j.2k 2= (2k — 1127“ "9 34 (I)? 


With this notation we can formulate Motohashi’s fundamental result. Since it 
is of a fairly general nature, we need to assume certain conditions on the weight 
function g(r): the function g(r) takes real values on the real axis; and there exists 
a large positive constant A such that g(r) is regular and O((|r| + 1)~4) in the 
horizontal strip | Imr| < A. With 


wigs [eG +inP ema ken) (85) 
we have the exact formula, which we state here as 
Theorem 4.1. 
Jo(g) = (Jar + Joa + Ire + Jan}(g), (86) 
where 


co @\* (po)! 
Jor (g) =f oH cosh (5 (=) dv] g(t)dt 


% ab kLZ0;ak+b1<4 
— 2 {(y — log(2x))g($i) + 4ig’(5i)} (87) 


with effectively computable real, absolute constants c(a,k;b,1) and 


Yo aj HFG) A(K;3 8), 


J2,a(g) := 
j=l 
LPT eC are 
daelg)i= =f EEO ates e)ar 
co dy 
Jon(g) = Y~>- oj 2x H} 4 AACS — 2k)is 8). (88) 
k=6 j=l 


Here y is Euler’s constant and 


Acre) = [OC + yr" ee(logl + 1/9) 


i ri + ir) 
x Re[ y-/2" (1 + ) 2 FC. 4rd + inst + 2ir;-1 |e 
ae SAGE Goin) ee ee ey 
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with the hypergeometric function F and 


&c(X) 1= [. g(t) cos(xt)dt. 


Remark 4.3. The function F appearing above is the Gauss hypergeometric function 
2 F(a; b; c; z). In standard notation it is 


T(c) 3 Patnr(b+n)2" 


2 F(a; b; c; z) I'(a)T'(b) T'(c +n) n} 


(|z| < 1). 


n=0 


It is clear that the Gaussian exponential weight is a good candidate for the function 
g appearing in Theorem 4.1. With this function, after several simplifications, one is 
led to Motohashi’s explicit formula with a logarithmic error term. This is 


Theorem 4.2. Let D be an arbitrary positive constant and let us assume that 
T'?(ogT)-? < A <T(logT). (89) 


Then we have, in the notation of (83), 


Co 
TU -1/2.. Kj =) (Acs /TY 3D+9 
I(T, A)=—= Ya H} (5); sin (x, log —~}e 4°"/""" + O(log T), 
J2T =| 4eT ) 
(90) 
where the O-constant depends only on D. 

The proofs of Theorems 4.1 and 4.2 are more difficult than the proof of 
Atkinson’s formula and will not be given here. Sums of Kloosterman sums naturally 
arise in the course of the proof, and their transformation via the Bruggeman— 
Kuznetsov trace formula (see, e.g., [85]) plays an important rdle. However, we shall 


indicate how one can derive some consequences from (90) involving the function 
E,(T), the error term in the asymptotic formula (82). Hence, 


T 
BT) = [ I¢(4 + it)|*ae 
0 
—(asT log' T + a3T log’ T + azT log? T + a\T logT + a0), (91) 


and F.(T) = o(T) (T — ov). Ata first glance the range for A in (89) looks rather 
restrictive, but it will turn out that this is not the case. Another problem is that (90) 
is not an explicit formula for F(T’), but for a weighted integral. 


1 
The smooth structure and fast decay of the Gaussian weight function eo 4445/7? 
in (90) will enable us to pass from /(7, A) to E2(7). First we note that, similarly to 
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Theorem 4.2, integrating the expression in Theorem 4.1, one obtains 


T 
i; I(t, A)dt = TPy(logT) + S(T, A) + R(T, A), Pa(x) = Do ajx/, (92) 
0 7 


where 
: — —3/2 1731 Kj_\ —4(Akj/TY 
S(T, A) := m/T/2) > ajK; H}(4) 00s (x; log 4) e a eae 
j=l 
R(T, A) := T'? log T, (93) 


assuming that (89) holds. Suppose henceforth that 7° < A < T exp(—J/log T ) and 
put first 7) = T — AlogT, T, = 2T + AlogT. Then 


[ m 1 4 i i (t—x)*/A? 
I4(t, A)dt =f (5 + ix) (x5 ey ar) dx 
nS eg Aad 


ji 2T+AlogT cana 
2 If(5 + ix)| (= e ar) dx. 
AVi Jr—-AtogT 
But for T < u < 2T we have, by the change of variable t — x = Av, 
1 2T +A log T % 1 (2T—x)/A+log T 
—— eA dp = ee’ du 
A/a T—AlogT Ja (T—x)/A—log T 


(oe) 


= =f edu + o(f. e™)e 


=1+0(e%7). 


By the same technique we can bound from above /. Le Iy(t, A)dt with T, = T + 
AlogT, T, = 2T — AlogT. The results are contained in 


Lemma 4.1. For 0 < ¢ < 1 fixed and T® < A < T exp(—-/log T), we have with 
the above notation 


2T 
/ I¢(4 + it)|*dt < 2TPy(log2T) — TPs (log T) + O(A log? T) 
T 


+ S(T + AlogT, A) — S(T — AlogT, A) 
+ R2T + AlogT, A)— R(T — AlogT,A) (94) 
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and 
2T 
[¢(4 + it)|*dt > 2TPy(log 27) — TPy(log T) + O(A log? T) 
T 


+ S(2T — AlogT, A) — S(T + AlogT, A) 
+ R(2T — AlogT, A)— R(T + AlogT, A). (95) 


To obtain an upper bound for E2(7') from Lemma 4.1 note that, fort = T, we have 
uniformly for A > 0 sufficiently large 


S@,Ay=aVt/2 aay? (4) + O11). 
j SATA—! flogT 


But using (84), (94)-(95) and partial summation it follows that 
2T 
/ [¢(4 + it)|*dt = 2TP,(log 27) — TP, (log T) + O(A log? T) 
T 


+ O(T'? log® T) + O(TA~'/? log® T). 


Choosing A = T?/3 log© T it follows that we have obtained E,(2T) — Ex(T) « 
T?/3 log© T, which implies 


Theorem 4.3. There is a constant C > 0 such that 
ET) < 17" los’ T. (96) 
Remark 4.4. The bound in (96) was obtained by Motohashi and the author [62]. 


Motohashi in his monograph [85] obtained the value C = 8. In [62] it was also 
proved that 


E,(T) = Q(VT). (97) 


The proof uses the fact that not all G;, vanish, where for a fixed pp, 


Gr:= >> oj H3(}). 


Kj=Hh 


It was also indicated (see also [42]) that, if one could prove a certain linear 
independence of a; H ; (5) over the integers, one would obtain 


‘ieap = +00 
T—>0o JT ; 
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which is stronger than (97). In [84] (see also [85]), Motohashi proved that 


E(T) = 24(VT), (98) 


but there is still a large gap between (98) and the upper bound in (96). 


Problem 6. What is the true order of magnitude of F(T)? It is reasonable to 
conjecture that 


rw ae me Na (99) 


The conjectural bound in (99) is supported by two mean value results, proved by 
Motohashi and the author [60, 61]. In [60] it was shown that 


T 
i E,(t)dt « T?, 
0 


while the result of [61] on the mean square of E2(7)) is stated as 


Theorem 4.4. There is a constant C > 0 such that 
T 
/ E3(t)dt « T*log® T. (100) 
0 


The value C = 22 in (100) is worked out by Motohashi in [85]. On the other hand, 
the author [48] proved that 


T 
/ E2(t)dt > T?, (101) 
0 


so that (100) and (101) determine, up to a logarithmic factor, the true order of the 
integral in question. 


Problem 7. What is the true order of magnitude of the integral in (100)? Is it 
perhaps true that there exists a constant A > 0 such that 


T 
: Ex(t)dt = AT? + F(T), F(T) =0(T?) (T > 00)? (102) 
0 


One may further conjecture (see [46]) that F(T) = O,(T?/2+*) and F(T) = 
92(T?/?-*) hold (for any given 6, ¢ > 0) if (102) holds. The upper bound for F(T) 
is very strong. Namely, similarly to (73), one obtains 


TEX 
|E(T)| <x! / |Ex(t)|\dt + 2Cxlogt'T (0<x <T,T>%), 


—x 
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whence by the Cauchy—Schwarz inequality for integrals it follows that 
T+% 1/2 
(ag eae a (/ Exner) + x log‘ T. (103) 
T-x 
Suppose now that F(T) = O,(T?/2+*) holds. Then (102) implies 


1/2 
E(T) « eae pT ar = x) +xlogtT <, T'/2+®, (104) 


and even the weak F(T) < T? log© T (implied by Theorem 4.4) gives the bound 
in Theorem 4.3. One also obtains from F(T) = O,(T?/2**) the (hitherto unproved) 
bound 


bh +it) «e |e|/t*. (105) 


This follows from (see Lemma 7.1 of [42]) 
Lemma 4.2. Letk € N be fixed and T/2 < t < 2T. Then 


log? T 
I¢(4 + it)|* K logT (: +f (5 +it+ imtear). (106) 
2T 


— log? 


Proof. Let D be the rectangle with vertices +c + i log? 7, where c = 1/logT. 
With s = 5 + it we have, by the residue theorem, 


1 


fe) = 5 I ts + Pr @dz. (107) 


As T — oo the integrals over the horizontal sides of D are o(1). By the functional 
equation (6) and (15) 


Ie -—c+it)l K \6G+e+iNIT K[6G+cH+ it). 
Since s = 0 is a simple pole of J"(s), then for any real v we have 
(te #iv) Ke M(e + Joy. (108) 
Hence (107) and (108) yield 


log? T 
c*(s) «i+ ; IG +e +4 it +iv)|KeM(c + |v|)7!dv. (109) 
T 


— log 
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Now sets’ =s+e+iv= 5 +c+ it +iv. By (28) we have 


1 1+i00 oo : 
— ck(s' + w) I (w)dw = > d(njye"n <1. 
201i 1—ico Si 
In the last integral we shift the line of integration to Re w = —c and use again the 


residue theorem and Stirling’s formula. There are poles at w = 0 and w = 1 — s’ 
with residues C* (s’) and O(1). We obtain 


ces’) <14 / [c(4 + it + iv)|ke Ml (c + Jul) ldv. (110) 


Hence from (109) and (110) we have 


log? T 


CO 
kG +ith« 1+ f ew(+ | [C4 + it +iu+iv)|* 
—0o 


—log? T 


xe (e+ jv|)~!dv) (c + |ul)~ dw. 


To estimate the right-hand side of the above expression first note that trivially 
log? T 
/ e l(c + |ul)!du « c7! = logT. 
— log? T 


In the remaining integral we make the substitution v = x — u and invert the order 
of integration. This gives 


[o,@) 
tk +it) « logT +f If(4 + it +ix)|* 
—co 


CO 


[oe 
x (/ e tala (e+ |e e+ [x= uy tau) dx, 
and the proof of the lemma will be finished if we can show that 


[ee 
/ elle + Jul) (e + |x — ul)7!du « ee, 


[o) 


This is obvious when x = 0, and since the cases x > 0 and x < 0 are treated 
analogously, only the case x > 0 will be considered. Write 


oo 
/ eo l-la—al (c + Jul) 1(c + |x _ ul) ‘du 


—0o 


0 x lee) 
=| +f +f HFht+ht+h, 
—oo 0 x 
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say. Then 


[o,@) 
fq, =| e*(ct+v) '(c+x4+)! 
0 


c lo.) 
<e~* (/ c du + / va) Bere. 
0 c 


In a similar vein it is proved that 
Ih«e*c, <ee", 


and Lemma 4.2 follows. oO 


Having at our disposal (106) with k = 4, we easily obtain 


IG + i)* « loge (1 + Ln(r + log?) = nt — log?) 
(111) 
«K logt(log*s + max |E2(x)|). 


t—log? t<x<t+log? t 


Therefore F(T) = O,(T?/2**) implies E.(T) = O,(T'/2+*), which in turn [by 
(111)] implies the bound (105). 

The omega result (96) was sharpened by the author [44] to the following: there 
exist constants A > 0, B > 1 such that, for T > To, every interval [T, BT] contains 
points 7), 72 such that 


E,(™%) > AT{”?,  E(T:) < —AT}”. 


This is the analogue of the omega result contained in (77) for F(T). Further, in [46] 
it was proved that the same interval contains also points 73, 7% for which 


T3 T3 
/ E(t)dt > AT;”, / E,(t)dt < —AT?”. 
0 0 
For the integral of E2(t) one can derive an explicit formula, as was done in [49, 50]. 


We have 
Theorem 4.5. Let 


n(T) := (log T)?> (log log T)7!°, 
cia ; ri _ SiKn) ; 
Ri(kn) 1= Gas i 7 ) I(2Qikn) cosh(zrkp). 
2 P(q + 5ikn) 
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Then there exists a constant C > 0 such that 


Tiki 
Ri (kj) 


T (ee) 
3 

E,(t)dt = 2T? Re 4 Ya; H3(4) 

l PP Et ie )G + ij) (112) 


j=l 
+O(T 2eC1), 
From Stirling’s formula for the gamma-function it follows that Ri(k;) < ue 
hence by partial summation it follows that the series on the right-hand side of (112) 
is absolutely convergent, and it can be also shown (see [42, 49, 51]) that Re {...} 
is also §2i(1). Thus from Theorem 4.5 we can easily deduce all previously known 
§2-results for E,(T). The error term in (112) is similar to the error term in the 
strongest known form of the prime number theorem (see, e.g., [42, Chap. 12]). This 
is by no means a coincidence. 
In concluding this discussion on the fourth moment of |¢ G +it)|, let us mention 
that many bounds, including the pointwise for F(T), ultimately depend on the 
exponential sum 


; T 
Y> aj HFG) exp (i; toe (—)) a«Ks<T"), 
uf. 


K <kj<K/<2K 


However, at present, all that appears possible seems to be trivial estimation, coming 
from the bound (84). 


5 Higher Moments 


We have seen in the previous two sections that we have plenty of information about 
I(T) and I(T) [see (16)]. Unfortunately, the situation changes with /,(T) when 
k > 2. The most important result on higher moments is due to Heath-Brown [29]. 
He proved (with C = 17) 


Theorem 5.1. 


T 
I(T) = i; Ie(5 +it)|dt «K T*(logT)®. (113) 
0 


From Theorem 5.1, the bound 15(T) « T log* T and Hélder’s inequality we obtain 
Corollary 5.1. With some C = C(A) we have 


T 
i eb + inde « TYMYBlog6T (45 A< 12). (114) 
0 
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In (114) A is a fixed constant, but does not have to be an integer. For A > 12 there 
are some results (see Chap. 8 of [52]), but essentially the best one can do is 


T 
/ ICG + it)|Adt <<, TI+AAEC/2) +e (A > 12); (115) 
0 


where 


] it 
u(o) := limsup log |é(o + i)| (o ER), 
t—>00 logt 


so that the best-known result is 4(1/2) < 32/205 (= 0.15609...), due to Huxley 
[37]. The function j1(o) is continuous, convex downwards and satisfies u(o) = 0 
foro > 1 and uw(o) = 1/2—o foro < 0, the second assertion being a consequence 
of the first assertion and the functional equation for ¢(s). The Lindel6of hypothesis 
is that w(1/2) = 0 or, equivalently, that u(o) = 0 foro = 1/2. It is easy to 
show, by using (106), that the Lindelof hypothesis is equivalent to the statement that 
I(T) <i T'** for each k. For several other equivalent statements to the Lindeléf 
hypothesis, see Chap. 13 of Titchmarsh’s book [98]. The Lindelof hypothesis is a 
consequence of the Riemann hypothesis (op. cit.), since the latter implies the bound 


logt 


G4 +it) < exp (c ) (C > 0). (116) 


loglogt 


It is not known whether the Lindeldf hypothesis implies the Riemann hypothesis, 
but this does not seem to be likely. 

We shall proceed now to prove Theorem 5.1. The original proof of (113) in [29] 
is based on the use of Atkinson’s formula and the use of the Gaussian exponential 
weight as a truncating device. In this sense Heath-Brown’s proof represents an 
important application of Atkinson’s formula. The proof given below is from [61]. 
It uses Theorem 4.4, showing incidentally its strength, and gives first 


Theorem 5.2. Let T < t) < tp <... < tr < 2T be points such that t,4, —t, = 
A(r =1,...,R-—1) withlogT <« A « T/logT. Then 


R tp+A 
> I6(4 + it)|\4dt «K RAlog* T + R7V?A~'?T log® T. (117) 
ty 


r=1 


Proof. Theorem 5.2 improves (replacing “e” by a log-factor) on a result of Iwaniec 
[65]. The expected term for the left-hand side of (117) is RA log* T, and the sum in 
question is clearly >> RA log* T. To obtain (117), let f(t) be a smooth function 
with support in [—2A, 2A] such that f(t) = 1 for—A < t < A. Using the 
definition of F(T) we obtain [see (129)] 
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+A [ove] 
[ egsintas fo fog tit tinier 
| fore) tr +2A 
=f f(t) {Ox + Q;.} (log(t + t,))dt -f f(t —t,) Eo(t)dt 
tr +2A 
<« Alog*T + a | |E2(t)|de. 


tr—2A 


Therefore it follows that 


R tr+A R tr +2A 
>| I¢(5 + it)|*4dt « RAlog*T + A™! pe | |E,(t)|dt. (118) 
ty tp—-2A 


r=1 r=1 


Note that the intervals [t, —2A,t, + 2A] (r = 1,2,..., R — 1) are not necessarily 
disjoint. However, if we split the sum on the right-hand side of (118) into five sums 
>» , (0 < j <4), where in }> . summation is over the points t, := f5,4;, then the 
intervals [t, — 2A, t, + 2A] are disjoint. This is because t,4; —t, = A implies that 


Tr41—2A = ts-454; —2A 2 ts-4; +5A4—-—2A=1,4+3A>1,4+2A. 


Thus, we obtain, by the Cauchy—Schwarz inequality for integrals, with some 
suitable R; such that R; < R, 


R ty +2A R +2A 1/2 
By |E2(t)|dt « max )> (/ [Ex(t)Par) (4A)!/2 
te J T, 


r=1 —2A r=1 r—2A 


TH+2A ve 
ieorar) Rr 


R 
< Al/? max ay 
J p= 224 


1/2 
5T/2 
« (AR)!/? (/ e004 
Hi 


/2 


< (AR)'/?T log® T, 


where we used (99). This completes the proof of Theorem 5.2. oO 


Proof of Theorem 5.1. By (106) of Lemma 4.2, we have 


t+log? t 
ISG +it|* « loge (: +f tG+ rote Ha) (119) 
2 


t—log- 
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Suppose that | G + it,)| => V = log'T for a system of points {t,} such that 
T+1/3 St << an Ht S287 =1/3, taj—t- Slog T = 1,2,...,R=1); 


Then (119) gives 
ty +log? T 
Vig tog | Ic(4+iw|*du = (r =1,2,...,R). 
t,—log? T 


If we consider separately points {t,} with even and odd indices and denote their 
number by Ro and Rj, respectively, then with a slight abuse of notation summation 
gives 


Rj 
R)V* KlogT )|6(G +iw|*du = (j = 0,1). 


r=1 
If we apply Theorem 5.2 to the last sum, it follows that 
RV*< RAlos T + RY AV log® T, (120) 

and then, with A = 5V*log~° T and 4 > 0 sufficiently small, (120) yields 

R<T°V“log® T = (p41 —t & log? T,r = 1,2,..., Ri). (121) 
Finally we note that 

2T R t+A 
i: I¢(4 +i2)|'"dt < >| I¢(4 + i2)|""dr, 
fa"? 

with t, := T + (r—1) log? T, R « T. Those t, where Ie(5 +it)| < log T makea 
negligible contribution, and the remaining points (again relabelling them by picking 
even and odd indices) are chosen to satisfy V < Ie(5 +it)| <2V,log° T<V «K 


T'/® (since oG +it) « t!/*), By using (121) for each such system of points we 
infer that 


OE: 
/ I¢(5 +it)|dt « log T max V?TrV— toe’ T = T* log’ 7. 
T 


Replacing T by T2~/ and summing the resulting expressions over j we obtain 
Theorem 5.1. More careful analysis leads to an explicit value of C in (113). 
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6 The Conjectural Formula for [;,(T) 


The conjectural formula for /;,(7T’) in question is due to Conrey et al. [14, 15]. It is 
of the form 


T T 
nr) = f 6G + inate = a+oay [ Pr (108(-)) dt (T 00). 
(122) 


In (122) P(x) is the polynomial, all of whose coefficients depend on the (fixed) 
integer k > 1, given explicitly by the 2k-fold residue 


(pF 1 
poy DE - 
KO = “Fe Gait des jas 
k 


GCtssse eRe JACivvxns 2a) i 
x re 2k exp{ 4x ys G@ - zi+k)}dey ». AZK, 
i=1 Si i=l 


(123) 
where the ¢;’s are small positive numbers. We have 
A(@i,- ++; Zn) = I] (z; — 2) = |e)" |mxm 
1<i<j<m 
which is the Vandermonde determinant, 
k ok 
G(z,..-, Zk) = Ag(Z,.-. zo) | | I] C+ 27% —z;4n), 
i=1j=1 
and finally Ax is the Euler product (e(@) := exp(27i@)) 
k 
Ax(i,...,2%) =] [ [] G- pt) 
p ij=l 
-1 
xf I ( (1-e(@)p?) ‘(1 — e(-0)p-W2+i) a8, 
j=l 


The authors actually conjecture, in all cases, an error term in (122) of the order 
Ox.<(T '/2+*), which in the general case this author finds too optimistic. In fact the 
paper brings forth a conjecture (via characteristic polynomials from random matrix 
theory (see, e.g., the work [80] of Mehta on random matrices) for the complete 
main term in the asymptotic formulas for a wide class of L-functions. Coefficients 
of P(x) are given when 2 < k < 7, and numerically computed moments are 
compared to the values obtained for the main term by the moments conjecture. 
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As already mentioned, further numerical calculations involving P;,(x) were carried 
out by Hiary and Odlyzko [34], and Rubinstein and Yamagishi [92]. In all cases 
when an asymptotic formula for the moment was rigorously proved, the main term in 
question coincided with the expression predicted by the authors, which renders the 
conjectural formulas quite important. Heretofore there have been several conjectures 
for particular L-functions, to mention here just the works of Keating and Snaith [72], 
and Conrey and Gonek [16] on the conjectural formula for /;,(T). 

The “recipe” for obtaining explicitly the conjectural formula for J,(T) is best 
explained by using the function 


Zi) := 6 +in(xd tiny”, )=xOEA-s), 424) 


commonly called Hardy’s function. Used originally by Hardy (see [23, 24]) to 
prove that there are infinitely many zeros of ¢(s) on the “critical line’ Res = 5, 
this function has several remarkable properties, easily derived from the functional 
equation and the definition (7) of y(s). It turns out conveniently that Z(t) € R when 
t € R and that IxG + it)| = 1, hence ISG + it)| = |Z(t)| whent € R. In [14] 
one looks first at the “shifted moment” 


T 
M(ay,..-.a3)= | ZZ +t+a)...Z(5 +t + ax)de, 
0 


where the a; are distinct complex numbers with Rea; > —1/4, so that the 
integrand becomes KG + 9 ei when a, = --- = ax = 0. In M(qy,..., @2%) 
we substitute each factor by the approximate expression 


Zsy=x 70) DO ntex'P-s) DO nt t+ 00%), (125) 
ns Ji] Ox) nS Ji] Om) 


where s = 0 + it,0 < o < 1, and in (18) of Theorem 2.3 we take x = y = 
Vt/(2). If s = z+it,t > 1 with z bounded (but not necessarily real), then [see 


(7) and (15)] 
cere ittmi/4 1 
x(s) = (=) e (1 +0 (;)) ; 


t s—1/2 ; 1 
o—9=(L) "ern (140(!)) 


These formulas are used to determine which products containing x(s) and y(1 — s) 
are oscillating, when (125) is inserted in M(a),...,0@2,). Then one proceeds 
heuristically as follows: 


1. The error term O(t~?/7) is ignored everywhere, and the product of Z-values is 
expanded, producing 2”* terms. 
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2. Of these 27" terms, only the terms with the same number of s’s and 1 — s’s are 
considered. The reasoning is that y(s) is highly oscillating and there should be a 
lot of cancellation unless each s gets paired witha 1 — s. 

3. For any such terms, the main contribution comes from the “diagonal” term (when 
m\mM2...M_k = N1N2...Nx) when the sums are multiplied out. 

4. The truncated diagonal sums are extended to infinity, and the sums which diverge 
are replaced by the corresponding analytic continuation (the assumption Rea; > 
—1/4 is used in this process). 

5. Setting finally wa; —> O (Vj) one eventually obtains the expression (123) 
for E(x). 


It is not easy to justify the heuristic steps (1)-(4). In fact, the terms which are 
omitted in this process cannot be neglected individually. It appears that some sort 
of cancellation takes place among these terms (as they are taken without absolute 
values signs) so that at the end the above steps lead to the correct asymptotic formula 
for I,(T). Perhaps the strongest reason that gives credence to the conjecture is 
that, as already stated, in all moments involving L-functions when an asymptotic 
formula exists, it coincides with the prediction given by [14]. This paper contains 
explicit examples of unitary, symplectic and orthogonal families of L-functions with 
relevant conjectures involving the moments. 
If one writes P;,.(x) as 


k2 
Pex) = Dh er(k)x (126) 
=0 


then all the coefficients c,(k) can be evaluated explicitly. In particular, the leading 
coefficient co(k) of P;, (x) is given as 


k-1 : 

J! 
cok) = ax | [ = 
ot (ji +k)! 


where the “arithmetic” part a; is given by 
=k? 
a = [[G-p') 2Fik,kels1/p), 
Pp 


and the “geometric” part is the product over 7. The conjectural formula in fact 
provides no information about the error term 


T 
Ex(T) := 1) - | Py (108(-)) dt, (127) 


where it is assumed that P; (x) is given by (126) and E;(7) is the error term in the 
sense that, for fixed k € N, one has 
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E,(T) = o(T) (Tov). (128) 


Note that integration by parts reveals that 


- t 
i P, (ios) ) dt = TO;(logT), (129) 


where Q;(x) is another polynomial of degree k?, all of whose coefficients depend 
on k. We have seen in Sects. 3 and 4 that (127) and (128) hold true when k = 1 
and k = 2, in which cases much more than (128) is known. But as discussed in 
Sect.5, no asymptotic formula for J,(T) when k > 2 is known, so that one can 
only speculate about the size of E;,(7') in the general case. 

It seems plausible to the author that 


T 
/ If(5 + it)|/°dt = TO3(log T) + E3(T), 
0 
E;(T) = O,(T*/***),  E3(T) = 2(T?"*) 


holds, where the main term Q3(x) is an explicit polynomial in x of degree nine, as 
given by (126) and (129). 

In what concerns the true order of higher moments of |¢ G + it)|, the situation 
is even more unclear. Already for the eighth moment it is hard to ascertain what 
goes on, much less for the higher moments. The main term for the general 2kth 
moment should involve a main term of the type suggested by Conrey et al. [14], 
but it could turn out that the error term E;,(7) in the general case (when k > 4) 
contains expressions which make it /arger than the term TQ;(log 7). For this 
see the discussion in [57] (also [85, pp. 218—219]). Essentially the argument is as 
follows. In general, from the knowledge about the order of F;,(T), one can deduce 
a bound for ¢ G + iT) via the elementary estimate 


1/(2k) 
tC 4 ity = (log T) +H) + (log T max |Ex(o)l ) , (130) 
te[T—1,7+]] 


which is the proved analogously to (111) (see Lemma 4.2 of [42]). The conjectured 
bounds 


Ex(T) Key, Te**® = (k <4) (131) 


by (130) all imply €(5 + it) <e |t\'/8**, which is out of reach at present, but is 
still much weaker than the Lindeléf hypothesis that ¢ (3 +it) «, |t|®. On the other 
hand, we know that the omega result 


E,(T) = acr*’y (132) 
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holds for k = 1, 2, and as already explained (see [57]), there are reasons to believe 
that (132) holds for k = 3. Perhaps it holds for k = 4 also, but the truth of 
(132) for any k > 4 would imply that the Lindeléf hypothesis is false and ipso 
facto the falsity of the Riemann hypothesis (RH). Namely, it is well known that 
the RH implies (116), which is stronger than the Lindeléf hypothesis, namely, that 
log IEG +it)| <, €log|t|. The reason why, in general, (131) makes sense is that a 
bound E;(T) « T“ for some fixed k (> 4) with c, < k/4 would imply [by (130)] 
the bound ¢(4 + it) Kg |t\%*/CM+® with cx /(2k) < 1/8. But the most one can get 
[by using (130)] from the error term in the mean square and the fourth moment of 
IEG + it)| is the bound 


C4 +it) Ke |e/8t*, 
It does not appear likely to me that, say from the twelfth moment (kK = 6), one 
will get a better pointwise estimate from (130) for ¢ G + it) than what one can get 
from the mean square formula (k = 1). Nothing, of course, precludes yet that this 


does not happen, just that it appears not to be likely. As in all such dilemmas, only 
rigorous proofs will reveal in due time the real truth. 


7 Lower Bound and the Upper Bound Under the RH 


There are many mean value results for the lower bound of powers of ¢(s), some of 
which are easily generalized to more general L-functions. We present now one such 
result, which holds in the wide range o > 5. This is 


Theorem 7.1. [fk > 1 is a fixed integer, 0 = 5 is fixed, 
12ZloglogT <H<T, T2=T)>0, 
then uniformly in o 


T+H 
/ \€(o + it)|Kdt >> HA. (133) 
T-—H 


Proof. Leto, =o + 2,5; =o, +it,T — 
and therefore 


SH <t<T+5H.Then&(s\) > 1 


T+35H 
/ ; \€(o, + it)|*dt >> H. (134) 
—1H 


2 


Let now € be the rectangle with verticeso +i7T +iH,o.+iT +iH (on =o +3) 
and let X be a parameter which satisfies 
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T° <X<T* (135) 


for some constant c > 0. The residue theorem gives then 


“th(s1) = x ; ew exp (- cos(“="*)) X'''dw. 


On € we have | Re i(w — s,)| < 1, and on its horizontal sides 


- 1 A 
lim(~—"*)| > a = 2loglog T. 


Note that for w = u + iv (u,v € R) we have 
| exp(— cos w)| = lexp(—4(e"" + a) | 
= lexp(—$(el"e™ + ete!)) | = exp(—cosu-coshv). 
The above function exp(— cos w) sets the limit to the lower bound for H (a multiple 


of log log T) in Theorem 7.1. Observe now that, if w lies on the horizontal sides of 
€, we have 


exp (- a) 
< exp(-+ cos | exp(2 log log T)) = exp(—4 cos 1 (log Ty), 


Therefore the condition (135) ensures that, for suitable C,c, > 0, 


T+H 
tk(o, + it) « | If(o + iv)|* exp(—ciel" av 
T-H 
T+H 


+x! exp(—ciel”""/) dv + eC log? 
fH 


Integrating this estimate over ¢ € [T — tH, T+ +H] and using (134) we obtain 


T+H T+3H 
2 q k |v—t|/3 
H<«xXx / IC(o +iv)|"du / ; exp(—cie Jar 
T-H T-5H 


1 
T+H T+5H 
+x! af - o(-ce™"")a) 80) 
T 


T+H 
« x | \€(o + iv)|"du + XH. 
T-—H 
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Let now 
T+H 
I:= / l(a +iv)|*dv, 
T-H 


and choose X = H®. Then (136) gives J >> H'~**, showing that J cannot be too 
small. Then we choose X = H'/3J~'/3, so that (since €(5 + it) « |t|!/°) trivially 


puns eye << T. 


and (135) is satisfied. With this choice of X, (136) reducesto H « H?/37'/3\ and 
(133) follows. Slightly sharper results than (133), involving powers of log log T, are 
known. They are extensively discussed, e.g., by Ramachandra in [89, 90]. In what 
concerns power moments on o = 5, namely /;(T), it was proved (op. cit.) that 
unconditionally one has 


1 
7? 


I(T) > T(logT)* (137) 


for any fixed integer k > 1. The lower bound furnished by (137) is of the 
same order of magnitude as the conjectural formula (122). Recently Radziwill and 
Soundararajan [88] showed that (unconditionally) 


T 
(A +it Akay > e 30K] log T)* 
2 & 
0 


holds for any real k > 1 and T > To. This bound not only holds for any k > 1, but 
also it is explicit and at the same time continuous in k, although the constant e7 30k" 
is certainly not the best one possible. Oo 


Unfortunately, it is the upper bound for /;,(7') that is much more difficult to 
attain. Even under the RH one cannot, at present, obtain an upper bound of the form 
I(T) « T(log Tye for all k > 2. Radziwill [87], however, has succeeded recently 
in establishing this bound (under the RH) for k < 2.18, and this is where the matter 
stands at present. This shows the great difficulty of the evaluation of J;,(T). 

However, recently Soundararajan [96] complemented (137) by obtaining, under 
the RH, the non-trivial upper bound 


HB 
i ett aia) de <<, Theg Ty’ T, (138) 
0 


which is valid for any fixed A > 0 and any given ¢ > 0. In view of (137) this result, 
apart from “e”’, is therefore best possible. His method of proof is based on a large 
values estimate for log |¢ G + it)|, and the author [56] recently generalized it to 
replace “e” by an explicit function and to include the bound for “short” intervals of 
the type [T — H, T + H]. This is, in the notation of (122), 
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Theorem 7.2. Let H = T° where 0 < @ < 1 is a fixed number, and let k be a fixed 
positive number. Then, under the RH, we have 


T+H 
I(T + H)—h(T -— H) = / [¢(4 + it)|*dr K H(log Tye (1404/08; nm). 


T-H 
(139) 


Theorem 7.2 will be deduced from a large values estimate for log | G + it)|. 


Setting log, T := log(log T), log, T := log(log, T), we have 


Theorem 7.3. Let H = T° where 0 < @ < 1 isa fixed number, and let 1(T, H,V) 
denote the measure of points t from [T — H, T + H] such that 


3log2T 
log |b +in|>V, 10/log,T <V <= 


< Slog) ai 


Then, under the RH, for 10,/log, T < V < log, T, we have 


WT,H,V) < H 


V y2 7 
—__ exp (- (1- )). (141) 
/log, T log, T 26 log, T 


for log, T < V < 56 log, T log, T, we have 


1 
2 


(T,H.V) < H E (1 a y (142) 
pees P\ og, T\ 40 log,Tlog,T? )” 


and for 40 logy T log; T < V < cae we have 


u(T,H,V) < Hexp(—Z6V logV). (143) 


To see how Theorem 7.3 implies Theorem 7.2, first note that the contribution of ¢ 
satisfying log Ie(5 +it)| < $k log, T to the left-hand side of (139) is 


< H{(log ry” = H(logT)*. (144) 


Likewise the bound (139) holds, by (141) and (142), for the contribution of tf 
satisfying log Ie(5 + it)| = 10k log, T. Thus we can consider only the range 

J 
log, T 


j- 


1 
V+ 
log, T 


< log |&(5 + it)| < V+ ; (145) 


where | < j < log, T,V = 2!klog, T, 1<¢ <3 + [2!0 


Tos? 1: If we set 
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, (146) 


then we have 


I(T + H)—I,(T —H) « H(logT)* + 
1 
+log, T max u(T, H,U) exp(2k(U + ig, =)): 
(147) 


where (T, H, U) is the measure of t €¢ [T—H, T + H] for which log IC(5+i0)| > 
U and the maximum is over U satisfying (146)-(147). If we use (141) and (142) of 
Theorem 7.3, then in the relevant range for U, we obtain 


u(T, H, U) exp(2k(U + 1/log; T)) « H logy T exp(2kU = u°G(T)), 


G(T) := (1+ 0( 


1 
log, T log, 7)): 


Since g(U) = 2kU — U*G(T) attains its maximal value at U = k/G(T), we have 
wT, H,U) exp(2k(U + —) < H log, T exp(K?(1 + o(——)) log r) 
_ log, T ‘ log, T : 


= H(log T)P C+ OC /logs 7). 


so that (147) yields then (139) of Theorem 7.2. 
The proof of Theorem 7.3 is based on the following lemmas, whose proofs may 


be found in Soundararajan [96] (see also [57]). 


Lemma 7.1. Assume the RH. Let T < t < 2T,T > Tp,2 < x < T’. Ifro = 
0.4912... denotes the unique positive real number satisfying e~?” = Ay + 5A, 
then for A > Ao we have 


ptige tit log x 2 logx log x 


2<n<x Nl logn 


ain <Re| > “ ease) To : ) 


Lemma 7.2. Assume the RH. IfT <t < 2T,2< x <T*,o > 4, then 


A(n) — log(x/n) 
2 


not logn logx 


< log, T. 


2<n<x,n#p 


Lemma 7.3. Let2<x<T,T >To. Let! « H <T andr €N satisfy x" < H. 
For any complex numbers a(p) (p denotes primes) we have 
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?\" 


flea aN ‘dt <« Ari() oat 2 


pSx 


Now we can give a sketch of the proof of Theorem 7.3. We assume the RH and let 
x = HAY, z= xVbeT 4= A(T,V) (21D), 


where A will be suitably chosen below. We follow the method of proof of [57, 96] 
and accordingly consider three cases. 


Case 1. When 10,/log, T < V < log, T, we take A = } log, T. 

Case 2. When log, T < V < }6 log, T log; T, we take 4 = 62 TMT 

Case 3. When $0 log, T log, T < V < (3log2T)/(8 log, 27) we take A = 2/0. 
Note that the last bound for V comes from the bound (135) with C = 3/8 (under 


the RH). Suppose that log |¢(5 + it)| > V > 10,/log, T holds. Then Lemmas 7.1 
and 7.2 yield 


+o 
< Sy(t) + S2(t) A9 T), (148) 
where we set 
log(x/p) geet log(x/p) foe 
S — 2~ logx ? S 2~ logx ‘ 
(1) = ia log x . a ie log x 
(149) 
This means that either 
S(t) 2Plta— (150) 
, 8A0 
or 
V 
2 =, 151 
So(t) 840 (151) 


since we easily get a contradiction if neither (150) nor (151) holds. Let now 
Li(T, H,V) @ = 1,2) denote the measure of the set of points t « [T — H, T + H] 
for which (150) and (151) hold, respectively. Supposing that (150) holds then, by 
using Lemma 7.3 with a(p) = “ORELP) p—ha/ lo *, we obtain 


T+H 1\’ 
i(T, H, V)V2" </ ISi(t)|2"dt < Hri()>-) (152) 
T P 


pz 
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The condition in Lemma 7.3 (x” < H with x = z) is equivalent to 


Ar 
—— <1 (153) 
V log, T 
Recalling that 
1 
y > — = log, X + O(1), 
pTXx 
it follows that 
log x Ad log T 
logz = = << 
log,T Vilog,T log, T 
since A < V inall cases. Therefore we have 
1 
Yi = <log,T (TEM). (154) 


pw 


Noting that Stirling’s formula yields r! < r’./re", we infer from (152) and (154) 
that 


r log, =), 


p(T, HV) «< Hvr( a 
1 


(155) 


In Cases 1 and 2 and also in Case 3 when V < z logs T, one chooses 


2 
ioe Fea (> 1). 


With this choice of r, it is readily seen that (153) is satisfied and (155) gives 


JV Vv? 
THe V H—— = |, 156 
w(T HV) < HE exo(- Sz) (156) 


Finally in Case 3 when 7 logs T < V < (3log2T)/(8log, 2T) and A = 2/6, we 


have 
7 7 V 
WeV (l=) SV i=] eS 
; v( =) ( am) > 3 


Thus with the choice r = [V/2] we see that (153) is again satisfied and 


2 eV 


log, T\" 2log,T \’ r 
vi(" 08) ) < VV (2282) <vi-t « exp(—-+VlogV), 
a 10 
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giving in this case 
iT, H,V) « Hexp(—{V logV). (157) 


We bound p2(T, H,V) in a similar way by using (151). It follows, again by 
Lemma 7.3, that 


( fd )" wa(T, H vy< fo isorra 
ce) i 


1\" : 
<< Ar!( > —) = Hr! (log, x — log, z + O(1)) 
Z<p<x 
« H{r(log; T + oy). 
We obtain 
8A\ 2r r V 
pi2(T, H,V) « H(—) (2rlog,T) « Hexp (-5 log v) (158) 


Namely the second inequality in (158) is equivalent to 


Ay V 
(+) rlog;T < exp (-sy 0 ae (159) 


In all Cases 1—3 we take 


r=[F-1] (= 1). 


The condition x” < H in Lemma 7.3 is equivalent to rA < V, which is trivial with 
the above choice of r. To establish (159) note first that 


A\* A 
V rlog,T < V log, T. (160) 
In Case | the second expression in (160) equals log} T/(2V), while 


Vv 
exp (-4 log v) = exp(—(4 + o(1)) logV) = VN 400), 


Therefore it suffices to have 


2 
i" K VrW2+00), 
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which is true since 10,/log, T < V. In Case 2 the analysis is similar. In Case 3 we 
have A = 2/6, hence (A log, T)/V <« (log, T)/V and 


V 1 _(t 
exp (- log v) - exp(—(54 + o(1)) log v) = V Goro) 


so that (159) follows again. Thus we have shown that in all cases 


V 
po(T, H,V) < H exp (-4 log v) : (161) 


Theorem 7.3 follows now from (155), (156) and (161). Namely, in Case 1, we have 


log, T log, T ~~ log; T 2A 


2 
| a: ae 
ve OV (1 mat) < y lev _ Viogv 


which gives (141). If Case 2 holds, we have again 


2 
TV. 
v2 V(1-angtmar) _ VlogV _ Viogv 
log, T log, T ~ log, T log; T 2A 


and (142) follows. In Case 3 when 50 log, Tlog, T<V < z logs T we have 


V2 
WT,H,V)<H exp(-aF) + H exp(—O0V log V) 
2 


6 
H exp(——V log V), 
<« H exp( a0 V 8 ) 


since 


2 2 
V; . V . OV log, T log; T - 0 V log V. 
log,T 4 log, T 8log, T 20 


In the remaining range of Case 3 we have 
i V 
u(T, H,V) « Hexp(—74V logV) + H exp(—5] log V) 


« H exp(—{V log V) + exp(—4V log V), 


and (143) follows. The proof of Theorem 7.3 is complete. 
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8 Miscellaneous Results 


A natural way to bound high moments of |¢ G + it)| is to try to bound 
: a 
/ oe + ety] SO aan?" dt Gn Ke N®), (162) 
0 N<n<2N 


in conjunction with approximate functional equations for ¢ G + it). This is 
especially useful when kK = 1 or k = 2, with the aim of obtaining bounds for 
the sixth or eighth moment. 

The first result in this direction is due to I[waniec [66] in 1980. He proved that, 
iver’, 


T 
/ ISG + i)PINGDPdt «Ke TI? YS Jan)?,  N(s) = Do ann. (163) 
0 


n<N n<N 


The proof depended on the Laplace transform of |€ G + ix)|? and the estimate of 
Weil [106] (in a somewhat modified form) for the Kloosterman sums. This is the 
bound 


|S(m,n:c)| < (m,n,c)"/?c!7d(c), 
es 2ni(dm + an) 
S(m,nzc) = n> ; a, ss 


obtained by Weil as a consequence of the RH for curves over finite fields. 
A little later Deshouillers and Iwaniec [17] studied, in the above notation, 


T 
I(T, N):= al IC(5 + it) |NGd)/Pde. (164) 


For /(7, N) in (164) they proved that 


I(T, N) &. T° + NPT? + NAT VY YS lanl? (165) 


n<N 


which may be compared to the conjectured bound 


I(T,N) K. T6U + NT") > Jan, 


n<N 


which is incidentally equivalent to the Lindelof hypothesis Gf log N <« logT). 
An improvement of (165) was obtained by Watt [104] who proved the bound 
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I(T,N) <. T°(1+ NOT") max lan. 
ne 


The proof is based on technical refinements within the circle of ideas to be found 
in [17]. 
The asymptotic formula for 


T 
J(T,N) =| I¢(5 + it)/?|N(@t)|7d¢ 


was obtained by Balasubramanian et al. [6]. 
Namely, they proved that, for log N « log T,a(n) <, n°, 


TENSE “Qahk 
hk<N 


+ O(T log-® T) + O,(N°T*) 


for any given constant B > 0. Thus one has an asymptotic formula if N « T!/2~%, 
where 6 is any positive constant, and the formula is conjectured to hold even for 
N <« T!~*. In any case, on Hooley’s hypothesis R* on incomplete Kloosterman 
sums (see Hooley [35]), the bound for NV can be extended to T*/7-5, Moreover, if 
a(n) = y(n) F(n), where F is a function satisfying F(x) < 1 and F’(x) « x7! 
for 1< x < N, then the bound is « T?/!7~5, unconditionally. 

An interesting special case, related to classical work of Atle Selberg, arises when 
a(n) = w(n)(1 — logn/log N); then J(T, N) ~ T(1 + logT/log N) for N <; 
T*/'™~© as T -> oo. This implies that )\(B — 5) < (0.0845 + o(1))T, where 
the sum is over all zeros B + iy of €(s) such that B > 5 and 0 < y < T. The 
deepest result needed in [6] is Weil’s estimate for Kloosterman sums [106]. Their 
result is complemented by the result of Motohashi [81], whose method is based on 
the method of Atkinson, used in the proof of his famous formula (Theorem 3.1). 
Motohashi replaces the error terms in the formula for J(T, N) by O,(T!/3+®N 4/3), 
None of the above results, unfortunately, are strong enough to bring improvements 
on the best-known bounds for the sixth or eighth moment of |¢( 4 + it)|, namely 
[see (114)], 


I(T) « T*/* log® T, LT) « T?/* log® T. 


The more difficult case of the asymptotic evaluation of the integral 


T 
K(T.N) = [e+ init INGn Pat (166) 
0 
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was done by Hughes and Young [36]. They established that an asymptotic formula 
indeed holds for K(T, NV) if the length N of the Dirichlet polynomial satisfies N < 
T'/\l-®| To deal with K(T, N) they considered the more general “twisted fourth 
moment integral”, namely 


oo sit 
I(h,k) := / (Z) CGtating(s+B+ine(s+y—it)o(s+5—-itwde, 
—oo 

where w(t) is a suitable smooth function, (h,k) = 1, and a, B, y,6 are complex 
numbers < 1/log7, with the idea of letting eventually a, 6,y,65 all tend to 
zero. Then, summing the resulting expression over suitable 4,k, one obtains the 
asymptotic formula for K(7, NV) in (166). The relatively short range for V, namely 
N < T'/'!-© is compensated by the fact that one indeed obtains an asymptotic 
formula and not just an upper bound as was done in previous works. For example, 
Watt [104] obtains the desired upper bound for N < T!/*, but his method does not 
produce an asymptotic formula for the integral K(T, NV). 

It is also of interest to evaluate the Laplace transforms of powers of |f G + it). 
To this end let 


CO 
Lys) := i Io(4 + ix)|*e dx (k €N, o =Res > 0). (167) 
0 
A classical result of Kober from 1936 [73] says that 


— log(40) 


N 
LQ) = 7 + )ieo" + ON) (+04) 


2 sin 
v n=0 


for any given integer N = 1, where the c,’s are effectively computable constants 
and y is Euler’s constant. 

For complex values of s the function Lj (s) was studied by Atkinson [1] and more 
recently by Jutila [69]. Jutila noted that Atkinson’s argument actually gives 


Li(s) = ier! [os2z) —yt+ (5 — s) i| 


+ 2ne72!8 = d(n) exp (—2zine"*) + Ax(s) 


n=1 


in the strip 0 < Res < z, where the function A;(s) is holomorphic in the strip 
| Res| < 2. Moreover, in any strip | Res| < 6 with 0 < 6 < 7, we have 


Ai(s) Ko (ls) +17. 
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Atkinson [2] obtained the asymptotic formula, as 0 — 0+, 
1 al 31 21 1 
L2(o) = — {| Alog* — + Blog’ — + C log’ — + Dlog— + E }+A2(0), (168) 
o oO o o o 


where 


1 24¢"(2 
A= =, B= —(2log(@n) - 6y + 0) 


’ 


and 


1 ite 
A2x(o) Ke (<) ’ 
oO 


and indicated how the exponent 13/14 can be replaced by 8/9. This is of historical 
interest, since it is one of the first applications of Kloosterman sums to zeta-function 
theory. Atkinson in fact showed that (o = Res > 0) 


Ly(s) = 4ne~2 \~ da(n)Ko(4ni ne“) + (5), (169) 


n=1 


where d4(n) is the divisor function generated by ¢4(s), Ko is the Bessel function, 
and the series in (169) as well as #(s) are both analytic in the region |s| < 2. When 
Ss =o —> 0+ one can use the asymptotic formula 


: = = 370 
Koz) = 3Vaz Ve (1-821 + O(|z\))  (Jargz| < 0 < a lz] = 1 


to make a simplification of (169). 
The author [43] gave explicit, albeit complicated expressions for the remaining 
coefficients C, D and E in (168). More importantly, he established that 


Axo) K oo + 04), (170) 
which is actually best possible. In [43] it was also proved that 
a(x) = ocr!) 
T 


where in general one defines, for a fixed k € N, 


] [o.@) 
du (=) ~ i ISG + it)e"/ dt — TO,2 (log T) 
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for a suitable polynomial Q;2(x) in x of degree k, provided that 


T 
/ E,(t)dt = O(T%) (cy > 0). 
0 


Here E;(T) is defined by (127). Since, by the bound (see [60-62]) 
T 
/ E,(t)dt = O(T*) 
0 
we have c7 = 3/2, it follows that 
1.(=) = o(T?) 
Tr , 


which is equivalent to A.(a) « o7!/? (6 — 0+). Moreover the coefficients of 
Q,2(y) can be expressed as linear combinations of the coefficients of P,2(y). 
The author [49] obtained in fact the following result on L>(s). 


Theorem 8.1. Let 0 < ¢ < 3 be given. Then for 0 < |s| < 1 and |args| < ¢ 
we have 


1 1 1 1 1 
= log’ 7 + Blog? - + C log” = + D log ; + E) + Go(s) 


+573) H3(L) (sR) PE +ik; +8") R(—K;)P-iK;)) b, 
j=1 
‘ (171) 
where 
_ few G-DY po, 
RQ) := EC rea) I’ (2iy) cosh(zry) (172) 


and in the above region G(s) is a regular function satisfying (C > 0 is a suitable 
constant) 


C log(|s|~! + 20) 


(log log(|s|—! + 20))?/3 log log log(|s|—! + 20))!/3 
(173) 


1/2 


Gy(s) < |s{- exp} - 


Remark 8.1. The constants A, B, C, D, E in (171) are the same ones as in 
Atkinson’s (165). 
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Remark 8.2. From Stirling’s formula for the gamma-function it follows that 
R{kj) < Koi * In view of (84) this means that the series in (171) is absolutely 
convergent and uniformly bounded in s when s = o is real. Therefore, when 
Ss =o — 04, (171) gives a refinement of (170). 


Remark 8.3. From (4) and (7) it transpires that A(o) is an error term when 
0 <o <1. For this reason we considered the values 0 < |s| < 1 in (171), although 
one could treat the case |s| > 1 as well. 


Remark 8.4. From (171) and elementary properties of the Laplace transform one 
can easily obtain the Laplace transform of 


T 4 
ET) := [ [¢(4 + it)|*dt — TPy(log T), Pi) => a; 


j=0 


where a4 = 1/(27r7). 


References 


1. Atkinson, F.V.: The mean value of the zeta-function on the critical line. Quart. J. Math. Oxford 
10, 122-128 (1939) 

2. Atkinson, F.V.: The mean value of the zeta-function on the critical line. Proc. London Math. 
Soc. 47, 174-200 (1941) 

3. Atkinson, F.V.: A mean value property of the Riemann zeta-function. J. London Math. Soc. 
23, 128-135 (1948) 

4. Atkinson, F.V.: The mean value of the Riemann zeta-function. Acta Math. 81, 353-376 (1949) 

5. Balasubramanian, R.: An improvement on a theorem of Titchmarsh on the mean square of 
[¢(4 + it). Proc. London Math. Soc. 36(3), 540-576 (1978) 

6. Balasubramanian, R., Conrey, J.B., Heath-Brown, D.R.: Asymptotic mean square of the 
product of the Riemann zeta-function and a Dirichlet polynomial. J. Reine Angew. Math. 357, 
161-181 (1985) 

7. Balasubramanian, R., Ivi¢, A., Ramachandra, K.: An application of the Hooley-Huxley 
contour. Acta Arith. 65, 45-51 (1993) 

8. Bombieri, E.: Riemann Hypothesis: The Millennium Prize Problems, pp. 107-124. Clay 
Mathematics Institute, Cambridge (2006) 

9. Bombieri, E.: The classical theory of zeta and L-functions. Milan J. Math. 78, 11-59 (2010) 

10. Bombieri, E., Iwaniec, H.: On the order of 6G + it). Ann. Scuola Norm. Sup. Pisa Cl. Sci. 
13(4), 449-472 (1986) 

11. Bombieri, E., Iwaniec, H.: Some mean value theorems for exponential sums. Ann. Scuola 
Norm. Sup. Pisa Cl. Sci. 13(4), 473-486 (1986) 

12. Borwein, P., Choi, S., Rooney B., Weirathmueller, A.: The Riemann Hypothesis: A Resource 
for the Afficionado and the Virtuoso Alike. CMS Books in Mathematics. Springer, Berlin 
(2008) 

13. Conrey, J.B.: A note on the fourth power moment of the Riemann zeta-function. In: Berndt, 
B.C., et al. (eds.) Analytic Number Theory, vol. 1. Proceedings of a Conference in Honor of 
Heini Halberstam, Urbana. Birkhauser, Boston (1995); Prog. Math. 138, 225-230 (1996) 

14. Conrey, J.B., Farmer, D.W., Keating, J.P., Rubinstein, M.O., Snaith, N.C.: Integral moments 
of L-functions. Proc. London Math. Soc. 91(3), 33-104 (2005) 


The Mean Values of the Riemann Zeta-Function on the Critical Line 65 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
36. 


37. 


38. 


39. 


Conrey, J.B., Farmer, D.W., Keating, J.P., Rubinstein, M.O., Snaith, N.C.: Lower order 
terms in the full moment conjecture for the Riemann zeta function. J. Number Theory 128, 
1516-1554 (2008) 

Conrey, J.B., Gonek, S.M.: High moments of the Riemann zeta-function. Duke Math. J. 107, 
577-604 (2001) 

Deshouillers, J.-M., Iwaniec, H.: Power mean values of the Riemann zeta-function. Mathe- 
matika 29, 202-212 (1982); Acta Arith. II 48, 305-312 (1984) 

Erdélyi, A., Magnus, W., Oberhettinger, F., Tricomi, F.G.: Higher Transcendental Functions, 
vol. I. McGraw-Hill, New York (1953) 

Euler, L.: Remarques sur un beau rapport entre les séries des puissances tout directes que 
réciproques. Mém. Acad. Roy. Sci. Belles Lettres 17, 83-106 (1768) 

Graham, S.W., Kolesnik, G.: Van der Corput’s Method for Exponential Sums. London 
Mathematical Society Lecture Note Series, vol. 126. Cambridge University Press, Cambridge 
(1991) 

Hafner, J.L., Ivic, A.: On some mean value results for the Riemann zeta-function. In: 
Proceedings International Number Theory Conference Québec 1987, pp. 348-358. Walter 
de Gruyter and Co., Berlin (1989) 

Hafner, J.L., Ivic, A.: On the mean square of the Riemann zeta-function on the critical line. 
J. Number Theory 32, 151-191 (1989) 

Hardy, G.H.: On the zeros of Riemann’s zeta-function. Proc. London Math. Soc. Ser. 2 
13(records of proceedings at meetings) (1914) 

Hardy, G.H.: Sur les zéros de la fonction ¢(s) de Riemann. Comptes Rendus Acad. Sci. (Paris) 
158, 1012-1014 (1914) 

Hardy, G.H., Littlewood, J.E.: Contributions to the theory of the Riemann zeta-function and 
the distribution of primes. Acta Math. 41, 119-196 (1917) 

Hardy, G.H., Littlewood, J.E.: The approximate functional equation in the thepry of the zeta- 
function, with applications to the divisor problems of Dirichlet and Piltz. Proc. London Math. 
Soc. 21(2), 39-74 (1922) 

Hardy, G.H., Littlewood, J.E.: The approximate functional equation for €(s) and £?(s). Proc. 
London Math. Soc. 29(2), 81-97 (1929) 


. Haselgrove, C.B.: Tables of the Riemann Zeta Function. Cambridge University Press, 


Cambridge (1960) 

Heath-Brown, D.R.: The twelfth power moment of the Riemann zeta-function. Quart. J. Math. 
(Oxford) 29, 443-462 (1978) 

Heath-Brown, D.R.: The mean value theorem for the Riemann zeta-function. Mathematika 
25, 177-184 (1978) 

Heath-Brown, D.R.: The fourth power moment of the Riemann zeta function. J. London Math. 
Soc. 38(3), 385-422 (1979) 

Heath-Brown, D.R.: The distribution and moments of the error term in the Dirichlet divisor 
problems. Acta Arith. 60(4), 389-415 (1992) 

Heath-Brown, D.R., Tsang, K.-M.: Sign changes of E(T), A(x) and P(x). J. Number Theory 
49, 73-83 (1994) 

Hiary, G.A., Odlyzko, A.M.: The zeta function on the critical line: numerical evidence for 
moments and random matrix theory models. Math. Comp. 81, 1723-1752 (2012) 

Hooley, C.: On the Brun-Titchmarsh theorem. J. Reine Angew. Math. 225, 60-79 (1972) 
Hughes, C.P., Young, M.P.: The twisted fourth moment of the Riemann zeta function. J. Reine 
Angew. Math. 641, 203-236 (2010) 

Huxley, M.N.: Exponential sums and the Riemann zeta function V. Proc. London Math. Soc. 
90(3), 1-41 (2005) 

Huxley, M.N., Ivi¢é, A.: Subconvexity for the Riemann zeta-function and the divisor problem. 
Bulletin CXXXIV de l’Académie Serbe des Sciences et des Arts — Classe des Sciences 
mathématiques et naturelles, Sciences mathématiques 32, 13-32 (2007) 

Ingham, A.E.: Mean-value theorems in the theory of the Riemann zeta-function. Proc. London 
Math. Soc. 27(2), 273-300 (1926) 


66 


40 


41 
42 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52: 


53: 


54. 


Dd: 


56. 


37. 


58. 


59. 
60. 


61. 


62. 


63. 


64. 


A. Ivié 


. Ivi¢é, A.: Large values of the error term in the divisor problem. Invent. Math. 71, 513-520 
(1983) 

. Ivic, A.: Large values of certain number-theoretic error terms. Acta Arith. 56, 135-159 (1990) 

. Ivic, A.: Mean Values of the Riemann Zeta-Function LN’s, vol. 82. Tata Institute of 

Fundamental Research, Bombay (1991) (distr. by Springer, Berlin) 

Ivi¢é, A.: On the fourth moment of the Riemann zeta-function. Publications Inst. Math. 

(Belgrade) 57(71), 101-110 (1995) 

Ivi¢é, A.: Some problems on mean values of the Riemann zeta-function. J. Théorie des 

Nombres Bordeaux 8, 101-122 (1996) 

Ivi¢, A.: The Laplace transform of the square in the circle and divisor problems. Studia Scient. 

Math. Hungarica (Budapest) 32, 181-205 (1996) 

Ivi¢é, A.: The Mellin transform and the Riemann zeta-function. In: Nowak, W.G., 

Schoifengeier, J. (eds.) Proceedings of the Conference on Elementary and Analytic Number 

Theory (Vienna, 18-20 July 1996), pp. 112-127. Universitat Wien, Universitat fiir Bodenkul- 

tur, Vienna (1996) 

Ivié, A.: On some problems involving the mean square of |¢ (4 + it)|. Bulletin CXVI de 

l’ Académie Serbe des Sciences et des Arts - Classe des Sciences mathématiques et naturelles, 

Sciences mathématiques 23, 71-76 (1998) 

Ivic, A.: On the error term for the fourth moment of the Riemann zeta-function. J. London 

Math. Soc. 60(2), 21-32 (1999) 

Ivi¢é, A.: The Laplace transform of the fourth moment of the zeta-function. Univ. Beograd. 

Publ. Elektrotehn. Fak. Ser. Mat. 11, 41-48 (2000) 

Ivic, A.: Some mean value results for the Riemann zeta-function. In: Jutila, M., Metsankyla, 

T. (eds.) Number Theory and Diophantine Analysis. Proceedings of the Turku Symposium 

on Number Theory in Memory of K. Inkeri (1999), pp. 145-161. Walter de Gruyter, Berlin 

(2000) 

Ivié, A.: On the integral of the error term in the fourth moment of the Riemann zeta-function. 

Functiones et Approximatio 28, 105-116 (2000) 

Ivié, A.: The Riemann Zeta-Function. Wiley, New York (1985) (reissue, Dover, Mineola, New 

York, 2003) 

Ivi¢, A.: On mean values of some zeta-functions in the critical strip. J. Théorie des Nombres 

de Bordeaux 15, 163-178 (2003) 

Ivié, A.: On the Riemann zeta function and the divisor problem. Central Euro. J. Math. 4(2), 

1-15 (2004); Central Euro. J. Math. II 2(3), 203-214 (2005) 

Ivi¢, A.: On the Riemann zeta-function and the divisor problem IV. Uniform Distrib. Theory 

1, 125-135 (2006) 

Ivi¢, A.: On the mean square of the zeta-function and the divisor problem. Ann. Acad. Scien. 

Fennicae Math. 23, 1-9 (2007) 

Ivi¢, A.: On the moments of the Riemann zeta-function in short intervals. Hardy-Ramanujan 

J. 32, 4-23 (2009) 

Ivi¢é, A.: The mean value of the zeta-function on 0 = 1. The Ramanujan J. 26, 209-227 

(2011) 

Ivi¢, A.: Lectures on Hardy’s Z-function. Cambridge University Press, Cambridge (2012) 

Ivi¢, A., Motohashi, Y.: A note on the mean-value of the zeta and L-functions VII. Proc. Japan 

Acad. Ser. A 66, 150-152 (1990) 

Ivic, A., Motohashi, Y.: The mean square of the error term for the fourth moment of the 

zeta-function. Proc. London Math. Soc. 69(3), 309-329 (1994) 

Ivi¢, A., Motohashi, Y.: On the fourth power moment of the Riemann zeta-function. J. Number 

Theory 51, 16-45 (1995) 

Ivi¢, A., te Riele, H.: On the zeros of the error term for the mean square of leg +it)|. Math. 

Computation 56(193), 303-328 (1991) 

Ivic, A., Sargos, P.: On the higher power moments of the error term in the divisor problem. 

Illinois J.Math. 81, 353-377 (2007) 


The Mean Values of the Riemann Zeta-Function on the Critical Line 67 


65 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


. Iwaniec, H.: Fourier coefficients of cusp forms and the Riemann zeta function. Exposé No. 
18, Séminaire de Théorie des Nombres, Université Bordeaux (1979/1980) 

Iwaniec, H.: On mean values for Dirichlet’s polynomials and the Riemann zeta-function. 
J. London Math. Soc. 22(2), 39-45 (1980) 

Jutila, M.: Riemann’s zeta-function and the divisor problem. Arkiv Mat. 21, 75-96 (1983); 
ibid. II 31, 61-70 (1993) 

Jutila, M.: Mean values of Dirichlet series via Laplace transforms. In: Motohashi, Y. (ed.) 
Analytic Number Theory. London Mathematical Society LNS, vol. 247, pp. 169-207. 
Cambridge University Press, Cambridge (1997) 

Jutila, M.: Atkinson’s formula revisited. In: Voronot’s Impact on Modern Science, Book 1, pp. 
137-154. Institute of Mathematics, National Academy of Sciences of Ukraine, Kyiv (1998) 
Kaczorowski, J.: Axiomatic theory of L-functions: the Selberg class. In: Perelli, A., Viola, C. 
(eds.) Analytic Number Theory, pp. 133-209. Springer, Berlin (2006) 

Karatsuba, A.A., Voronin, S.M.: The Riemann Zeta-Function. Walter de Gruyter, Berlin 
(1992) 

Keating, J.P., Snaith, N.C.: Random matrix theory and e(4 + it). Comm. Math. Phys. 214, 
57-89 (2000) 

Kober, H.: Eine Mittelwertformel der Riemannschen Zetafunktion. Compositio Math. 3, 
174-189 (1936) 

Lau, Y.-K., Tsang, K.-M.: Mean square of the remainder term in the Dirichlet divisor problem. 
J. Théorie Nombres Bordeaux 7, 75-92 (1995) 

Lau, Y.-K., Tsang, K.-M.: Omega result for the mean square of the Riemann zeta function. 
Manuscr. Math. 117, 373-381 (2005) 

Lau, Y.-K., Tsang, K.-M.: On the mean square formula of the error term in the Dirichlet 
divisor problem. Math. Proc. Camb. Phil. Soc. 146(2), 227-287 (2009) 

Lee, K.-Y., Tsang, K.-M.: On a mean value theorem for the second moment of the Riemann 
zeta-function. Comment. Math. Univ. Sancti Pauli 60, 188-209 (2011) 

Lukkarinen, M.: The Mellin transform of the square of Riemann’s zeta-function and 
Atkinson’s formula. Doctoral Dissertation, Annales Academiae Scientiarum Fennicae, vol. 
140, 74 pp., Helsinki (2005) 

Matsumoto, K.: Recent developments in the mean square theory of the Riemann zeta and other 
zeta-functions. In: Number Theory. Trends Math., pp. 241-286. Birkhauser, Basel (2000) 
Mehta, M.L.: Random matrices. In: Pure and Applied Mathematics, vol. 142, 3rd edn. 
Elsevier/Academic, Amsterdam (2004) 

Motohashi, Y.: A note on the mean value of the zeta and L-functions V. Proc. Japan Acad. 
Ser. A 62, 399-401 (1986) 

Motohashi, Y.: Riemann—Siegel formula. Lecture Notes, University of Colorado, Boulder 
(1987) 

Motohashi, Y.: An explicit formula for the fourth power mean of the Riemann zeta-function. 
Acta Math. 170, 181-220 (1993) 

Motohashi, Y.: A relation between the Riemann zeta-function and the hyperbolic Laplacian. 
Annali Scuola Norm. Sup. Pisa, Cl. Sci. Ser. IV 22, 299-313 (1995) 

Motohashi, Y.: Spectral Theory of the Riemann Zeta-Function. Cambridge University Press, 
Cambridge (1997) 

Preissmann, E.: Sur la moyenne de la fonction zéta. In: Nagasaka, K. (ed.) Analytic Number 
Theory and Related Topics, pp. 119-125. Proceedings of the Symposium, Tokyo, Japan, 
11-13 November 1991. World Scientific, Singapore (1993) 

Radziwill, M.: The 4.36th moment of the Riemann zeta-function. Int. Math. Res. Not. IMRN 
18, 4245-4252 (2012) 

Radziwill, M., Soundararajan, K.: Continuous lower bounds for moments of zeta and 
L-functions. Mathematika 59, 119-128 (2013) 

Ramachandra, K.: Applications of a theorem of Montgomery and Vaughan to the zeta- 
function. J. London Math. Soc. 10(2), 482-486 (1975) 


68 


90 


91. 


92. 


93. 


94. 


95. 


96. 
97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 
108. 


A. Ivié 


. Ramachandra, K.: On the Mean-Value and Omega-Theorems for the Riemann Zeta-Function. 
LN’s vol. 85. Tata Institute of Fundamental Research, Bombay (1995) (distributed by 
Springer, Berlin) 

Riemann, B.: Uber die Anzahl der Primzahlen unter einer gegebener Grdsse. Monatshefte 
Preuss. Akad. Wiss., pp. 671-680 (1859-1860) 

Rubinstein, M.O., Yamagishi, S.: Computing the moment polynomials of the zeta function 
(to appear). Preprint available at arXiv:1112.2201 

Selberg, A.: Selected Papers, vol. I. Springer, Berlin (1989); vol. II, Springer, Berlin (1991) 
Siegel, C.L.: Uber Riemanns Nachla8 zur analytischen Zahlentheorie. Quell. Stud. Gesch. 
Mat. Astr. Physik 2, 45-80 (1932) [also in Gesammelte Abhandlungen, Band I, pp. 275-310. 
Springer, Berlin (1966)] 

Soundarajan, K.: Omega results for the divisor and circle problems, Int. Math. Res. Not. 36, 
1987-1998 (2003) 

Soundarajan, K.: Moments of the Riemann zeta function, Ann. Math. 170, 981-993 (2010) 
Titchmarsh, E.C.: On van der Corput’s method and the zeta-function of Riemann. Quart. J. 
Math. (Oxford) 5, 195-210 (1934) 

Titchmarsh, E.C.: The Theory of the Riemann Zeta-Function, 2nd edn. Oxford University 
Press, Oxford (1986) 

Tsang, K.-M.: Higher-power moments of A(x), E(t) and P(x). Proc. London Math. Soc. 65, 
65-84 (1992) 

Tsang, K.-M.: Recent progress on the Dirichlet divisor problem and the mean square of the 
Riemann zeta-function. Sci. China Math. 53, 2561-2572 (2010) 

von Mangoldt, H.: Zu Riemann’s Abhandlung “Uber die Anzahl ...”. Crelle’s J. 114, 
255-305 (1895) 

Voronoi, G.F.: Sur une fonction transcendante et ses applications 4 la sommation de quelques 
séries. Ann. Ecole Normale 21(3), 207-268 (1904); ibid. 21(3), 459-534 (1904) 

Watson, G.N.: A Treatise on the Theory of Bessel Functions, 2nd edn. Cambridge University 
Press, Cambridge (1944) 

Watt, N.: Kloosterman sums and a mean value theorem for Dirichlet polynomials. J. Number 
Theory 53, 179-210 (1995) 

Watt, N.: A note on the mean square of eG + it)|. J. London Math. Soc. 82(2), 279-294 
(2010) 

Weil, A.: On some exponential sums. Proc. Nat. Acad. Sci. USA 34, 258-284 (1948) 

Zhai, W.: On higher-power moments of E(t). Acta Arith. 115(4), 329-348 (2004) 

Zhai, W.: On higher-power moments of A(x). Acta Arith. 112(4), 367-395 (2004); Acta 
Arith. If 114(1), 35-54 (2004); Acta Arith. II 118(3), 263-281 (2005) 


Explicit Bounds Concerning Non-trivial Zeros 
of the Riemann Zeta Function 


Mehdi Hassani 


Dedicated to Professor Hari M. Srivastava 


Abstract In this paper, we get explicit upper and lower bounds for y,, where 
0< "1 < y < y3 < ++: are consecutive ordinates of non-trivial zeros p = 
f + iy of the Riemann zeta function. Meanwhile, we obtain the asymptotic relation 
Yn log? n — 2nn logn ~ 2n loglogn asn — oo. 


1 Introduction 


The Riemann zeta function is defined for Re(s) > 1 by €(s) = S°P2,n7* and 
extended by analytic continuation to the complex plan with a simple pole at s = 1 
with residues 1. It is known [3, 7] that 


T T 
NT) := oe 1 = = log =— + O(log). (1) 
Bhi =0 


As a consequence of (1) we get 


t. 4 log(2 
Jy. —=— log’ T - 0827) WoT + E(T), 
oF Ae 20 

<ys 
e(B+iy)=0 


with E(T) = O(1). Recently, we obtained an explicit form of this approximate 


formula by proving that 2 < E(T) < 1@ for any T > y; (see [1, Theorem 1]), 
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Fig. 1 Graph of the point set (”, y,) for 2 < n < 250 and functions 72 (1 + qWeleen ) with 
a = 3/4anda = 5/2 


yi = minfy > 0: £(B + iy) = 0} © 14.13472514173469379045725 1983562. 


More generally, we set 0 < y; < yz < y3 <-:- to be consecutive ordinates of the 
imaginary parts of non-trivial zeros p = 6 + iy of ¢(s). Another consequence of 
(1) is 
2m 
logn 


Vn , ano. 


Our intention in writing this note is to obtain explicit forms of this approximate 
formula. More precisely, we show the following. 
Theorem 1.1. For any integer n > 5 we have 


2mn 1 3 loglogn 2 — 2m 1 5 loglogn 
logn 4 logn "™ Jogn 2 logn : 


(2) 


Figure | shows graph of the point set (n, y,) for 2 < n < 250, and lower and 
upper bounds appeared in (2). We note that the left-hand side of (2) is valid for 
2<n <4, too. 

One may obtain better bounds for y,, by using numerical information, which we 
obtain during proof of Theorem 1.1. More precisely, by considering Tables | and 2, 
we have the following. 


Theorem 1.2. Assume that we choose pairs i and nj from Table 1, and also we 
choose pairs y and n, from Table 2. Then, we have 


2mn 1 A loglogn - 2mn 1 n loglogn 
logn 2x logn 2x logn 


respectively, forn > nj and forn = ny. 
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Table 1 Some values of A and n, for which the inequality (11) is valid 
forn > nj 


ny nA ny & 

—2n 3.9 3/2 4984.5 

—x 5.1 5/3 392062.1 

—1 7.8 7/4 138610176.5 

0 10.7. 9/5 249927343 1483.9 

1 16.7. 1172/6  109511051064367600190250.3 

T 97.1 5.795 876581819433015771 16564149 1644046075.5 


Table 2 Some values of 7 and n, for which the inequality (12) is valid 


forn 2 ny 

n n, & n n, & 

20x 8.8 6m 1197.1 

10x 11.7 5 26245.8 

820 64.3 4n 80727920.5 

70 217.7 3m 7421992353206206983592235 1534787.7 


On the other hand, we mention that the constants ; and 3 in Theorem 1.1, as 


more as, the constants - and ae in Theorem 1.2, are not optimal. More precisely, 
if we let 


Yn 
2mn = 
logn 
Ry = loglogn ” (3) 
logn 


then Theorem 1.1 yields that ; < Rr < 3 for any integer n > 5. But, the proof of 


above theorems includes an argument in its heart, which implies that lim R, = 1. 
noo 


Indeed, we show the following. 


Theorem 1.3. Let 


Yn log’ n —2nnlogn 


An (4) 


nloglogn 


Then, we have lim A, = 27. 
noo 


Corollary 1.1. For any real € € (0, 1), there exists positive integer n, such that for 
n =n, we have 


2mn 1+(1 2g Deen ae 2mn 1+ ig Bie” 
logn logn logn logn 
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Fig. 2. Graph of the pointset (n, R,,) for 4000 < n < 5000 and 9000 < n < 10000, where R,, is 
defined by (3) 


30 4 


100 200 300 400 500 


Fig. 3. Graph of the point set (n, A,,) for 2 < n < 500, where A,, is defined by (4), and horizontal 
line at height 27 


Remark 1.1. Figure 2 pictures some values of R, for several values of n. As our 
computations show, one may have the inequality R, > 1 forn > 3. This means that 
one may have the validity of the left-hand side of (2) with 1 instead of , for any 
integer n > 3. This conjecture is pictured in Fig. 3 in another point of view, where 
we plot values of A, for 2 < n < 500 and horizontal line at height 27. Also, it 
seems that there exists a positive integer m © 250 such that R,4,, = R, for any 
integer n > 3. 


Remark 1.2. The truth of Corollary 1.1 asserts that asm —> oo we have 


; (1+ 4+ oc) E28"). 


logn 


One may ask for such asymptotic expansions with more precise terms. 
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In the next two sections, we prove our results. To generate figures which appeared 
on present paper, as more as, during proofs, we will do several computations running 
over the numbers y,, all of which have been done by using Maple software and are 
based on the tables of zeros of the Riemann zeta function due to Odlyzko [4]. 


2 Lambert W Function, the Key of Proof 


The main idea to get explicit results similar to (2) is applying an explicit version of 
the Riemann—von Mangoldt formula (1). This can be found in the following result 
due to Rosser, which is Theorem 19 of [6]. 


Proposition 2.1. For any T > 2 we have |N(T) — F(T)| < R(T), with 


PHS ink) ad RS ie 
= — lo = an = 0 
IG Dee” 8 1000 -* * 1000 


397 
log log T + —. 
Ogle” + 550 


For our purpose, we need to modify the truth of above proposition as follows. For the 
whole text, we set 


14 11 
£=— and u=—. 
25 50 
Lemma 2.1. Let 
1 1 
L(T) = —TlogT-—T and U(T)= —T logT —uT. (5) 
20 20 
Then, for T > y; — 10-> we have 
L(T) < N(T) < U(T). (6) 


Moreover, U(T) and L(T) are strictly increasing for T > e""—! ® 1.465653 and 
T > 2"! & 12.411008, respectively. 


Proof. We consider Proposition 2.1 to write F(T)—R(T) < N(T) < F(T)+R(T) 
for T > 2. On the other hand, for T > y;—10~° we have F(T)+R(T) < U(T) and 
L(T) < F(T)— R(7). This proves both sides of (6). Monotonicity of the functions 
U(T) and L(T) is straightforward. Oo 


The following lemma brings lower and upper bounds for N(7') to bounds for y, 
in terms of inverses of mentioned bounds for N(T). 


Lemma 2.2. Assume that L(T) and U(T) are defined as in (5), and denote by 
L7“\(T) and U~\(T) their inverses, respectively. Then, for any integern > 1 
we have 


74 M. Hassani 


OW) Sin = LW): (7) 


Proof. Assume that n > 1 is any arbitrary integer and 6 € (0, 1) is any arbitrary 
real. We have N(y,) = n. Thus, we get N(yn + 6) = n and N(y, — 6) < n—-1. 
Therefore, we obtain 


1+ N(yn—6) <n < N(yn +8). (8) 


Right-hand sides of (6) and (8) give y, + 6 > U~!(n). Thus, we get y, > U~!(n). 
Similarly, left-hand sides of (6) and (8) give L(y, — 6) < N(yv, —6) <n-1 <n. 
So, we get y, — 5 < L~!(n), and this implies validity of y, < L~!(n). oO 


In order to use inequalities (7), we need formulas for the inverses of the functions 
L(T) and U(T). This may be done in terms of the Lambert W function W(x), which 
is defined by the relation W(x)e“™ = x for x € [—e7!, +00). The Lambert W 
function has the asymptotic expansion W(x) = logx + O(loglogx) as x — oo, 
(see [5, p. 111]). The following lemma summarizes what we need about the inverses 
of the functions L(7) and U(T). 


Lemma 2.3. Assume that a and b are some positive real numbers, and let 


1 
F(L) = -T log T — bT. 
a 


We denote the inverse function of f by f~!. Then, for T > e—! the function f is 
strictly increasing and we have 


aT 


—1 _ 
PONT Ve W(aeT) 


(9) 


In particular, as T > +00, we obtain f~\(T) ~ aT /logT. 


Proof. Assume that T > 0. Then, by definition of the Lambert W function, we 
imply that f(e” (@e-"T)+4) = T or equivalently f~!(T) = eV (eT) +4, Defi- 
nition of the Lambert W function also gives that aT = W(ae~”’ T)eW (a T)+ab 
Thus, we obtain (9). The asymptotic relation comes from W(ae’T) ~ logT, 
which is valid as T + +00. oO 


Finally, to get our desired explicit results, we need some explicit bounds for the 
Lambert W function. The following proposition, which is Theorem 2.8 of [2], offers 
such sharp bounds. 


Proposition 2.2. Assume that a > 0 is real, and let 


log log x 
q(x) := log x — loglogx + igi 
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Then, for every x = e we have 


w(x) < W(x) < w_2_(x), (10) 


e—l 


with equality only for x = e. 


3 Proof of Results 
3.1 Proof of the Left-Hand Side of (2) 


We let c,, = 22e"". By applying the validity of Lemma 2.3, considering the left- 
hand side of (7), and considering the right-hand side of (10), we obtain 


2mNn 2mNn 


n= mes = z ; 
ie ”) W(cun) ~— 2 (Cyn) 


for c,n > e or equivalently forn > = © 1.7. Moreover, by computation, for any 
integer n = | we get 


20n 
Yn 2 ———~ := a(n), 
=, (Cull) 
say. We let 
twa, 
h(n) ia ares 


log? n 


Now, we note that the function h : (e,+00) —> (—oo, 27) defined by h(n) is 
continuous and strictly increasing. Moreover, we have 


lim h(n) =—oo and lim A(n) = 2z. 
net n—>+00 


Therefore, for any real A € (—oo, 277), there exists unique n, € (e, +00) such that 
h(n) = A forn > ng with equality only for n = n,. Hence, for n > ny we obtain 


2mn n loglogn 


(11) 


Yn a logn log? n 


In Table 1 we list some values of A and related values of n,. We use information of 
this table choosing A = xm from which we obtain the inequality 
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= 2mn  3nnloglogn 
logn 2log’ n 


for n = 4985. By computation, we confirm validity of it for 2 < n < 4984, too. 
This completes the proof of left-hand side of (2). 


3.2. Proof of the Right-Hand Side of (2) 


Let cp = 27e72"". We use the validity of Lemma 2.3, the right-hand side of (7), and 
the left-hand side of (10) to get 


27Nn 27Nn 
W(cen) ~ wr/2(cen)’ 


a L7'(n) = 


for cen = e or equivalently for n = = * 14.6. As more as, by computation, for any 


integer n > 8, we obtain 


20n 
Yn < ———- '= v(n), 

@1/2(cen) 
say. We set 

v(n) — ian 

z(n) on n log logn 
log? n 

Also, we let 


1 _ log(— log ce) o 


lim x —0.049167. 
n—>1/ect 2(1) 27 log ce 


Ye= 


We note that the function y : (1/ce,+0o) > (91, 1/(27)) defined by y(n) = 
1/z(n) is continuous and strictly increasing. Thus, there exists unique ng > 1/c¢ 
such that y(%o) = 0. By computation, we observe that no © 7.745051. Now, we 
note that the function z : (19, +00) — (2, +00) defined by z(7) is continuous and 
strictly decreasing. Moreover, we have 


lim z(n) = +00 and lim z(n) = 2m. 
nn n—>+o0o 


Therefore, for any 7 € (27, +00), there exists unique n, € (10, +00) such that 
z(n) < n for n = n, with equality only forn = n,, and consequently, for n > n, 
we get 
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2mn n loglogn 


Vr (12) 


— n z 
logn log n 


Table 2 includes some values of 7 and related values of n,. Considering our 
computational tools, we choose 7 = 5z from this table, from which for n > 26246 
we obtain the inequality 


2mn  5anloglogn 


n < 
" logn log? n 


By computation, we confirm validity of it for 5 < n < 26245, too. This completes 
the proof of right-hand side of (2). 


3.3. Proof of Theorem 1.3 


We note that inequalities (11) and (12) imply 


lim inf A, z 2x and lim sup An < 27, 
Baro noo 


respectively. This gives assertion of Theorem 1.3. 
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On the Value-Distribution of Logarithmic 
Derivatives of Dirichlet L-Functions 


Yasutaka Ihara and Kohji Matsumoto 


Dedicated to Professor Hari M. Srivastava 


Abstract We shall prove an unconditional basic result related to the 
value- distributions of {(L’/L)(s, y)}, and of {(6’/€)(s + it)},, where y runs 
over Dirichlet characters with prime conductors and t runs over R. The result 
asserts that the expected density function common for these distributions are in 
fact the density function in an appropriate sense. Under the generalized Riemann 
hypothesis, stronger results have been proved in our previous articles, but our 
present result is unconditional. 


1 Introduction and Statement of the Result 


The present paper is a part of authors’ research on the value-distribution of 
L-functions over global fields and is regarded as a supplement of our former papers 
(3, 7]. In [3], we defined and studied the “would-be density function” M,(w) 
(o > 1/2) for the value-distribution of L’/L(s, x) on the complex plane C for 
certain family of L-functions over any global field (s: fixed with Re(s) = o) 
and established the expected connection under some restrictive hypothesis. This 
was generalized and strengthened in [8] under GRH, the generalized Riemann 
hypothesis. In [7] we treated the analogous “would-be” density function M,(w) 
for the log L case, and in this case, when the base field is the rational number field 
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Q, we were able to obtain an unconditional result on the expected connection. The 
purpose of the present paper is to show that a parallel unconditional result for the 
L'/L case over Q can be obtained with but small modifications of the methods used 
in [7]. 

Let s = o + it be a complex variable, ¢(s) be the Riemann zeta function, x 
a Dirichlet character with prime conductor, and L(s, y) the associated Dirichlet 
L-function. We study the value-distribution of (L’/L)(s, ¥) when x varies or 
(¢'/€)(s + it’) when 1’ varies. In the latter case, defining y,/(n) = n='™ (t’ ER, 
n = 1,2,...), we may regard that ¢(s + it’) = L(s, y,’) and the “character” 7, 
varies. Therefore our object consists of two types of infinite families of characters, 
(FD) all Dirichlet characters y of prime conductors, or (FID) characters of the form 
Xv t ER. 

Let M,(w) foro > 1/2 be the function of w € C defined in [3]. The construction 
of M,(w) will be reviewed at the beginning of Sect.2. Here we take K = Q 
(in terms of [8], this corresponds to the function M,(w) for “Case 1”, K = Q, 

We shall prove the following theorem. 


Theorem 1.1. Let s = 0 + it € C be fixed, witho = Res > 1/2. Then the 
equality 


L! 
ave,® (Zo) = [ Moweontan ) 


holds simultaneously for both families (Fl) and (FID, where |dw| = dudv/2z for 
w =u + iv, the meaning of Avg, is defined below, and the test function ® is one of 
the following: 


(i) ® is any continuous bounded function. 
(i) ® is the characteristic function of either a compact subset of C or the 
complement of such a subset. 


Finally, when s = |, (at least) in case of the family (Fl), the test function ® can be 
any continuous function of at most polynomial growth. 


The above statement for o > 1 and stronger but conditional results for 0 > 1/2 
under GRH [over more general base fields for the family (FI)] were already shown 
in [3, 6,8] (cf. also a survey article [5]). The purpose of the present paper is to prove 
this theorem unconditionally for any o > 1/2. 

The definition of Avg, is as follows. 

Case (FI). For any prime f(> 2), let X(f) denote the set of all primitive 
Dirichlet characters whose conductor is precisely f, and X’(f) = X’'(f,s) be 
the subset of X(f) consisting of all y such that L(s, y) # 0 for our fixed s. By a 
theorem of Montgomery [13] it satisfies 


fa X’(f)| = 
foo |X(f)| 


(2) 
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(For any finite set A we denote by |A| its cardinality.) For any complex-valued 
function d(y) on X’(f), we define the averages 


1 
Avex (OW = Fy dO, (3) 
xEX'(f) 
1 
AVE ¢<mP(X) = x(m) x Avgx( fy PW), (4) 
f<m 


where m is any positive integer, f runs over all odd prime numbers up to m, and 
zt(m) denotes the number of prime numbers up to m. Now define 


Avg, (x) = lim (Avg ¢<m$ (0) - (5) 


When we state a formula for Avg,, it will always include the claim that the limit 
exists. We remark here that the main statement of the theorem deals only with 
the averages of those #(7) which are bounded on the union of X’(f) over all 
f (because the test function ® is bounded). Therefore, if we replace X’(f') by 
a smaller subset preserving the condition (2), the average (3) [resp. (4)] changes 
only by a quantity which tends to 0 as f — oo (resp. m — oo), hence the limit 
average (5) remains the same (e.g., the subset “X’(/)” in [7] or the subset denoted 
by X”(f) defined below in Sect. 2 used for the proof). As regards the additional 
statement for s = 1, note that X’(f, 1) = X(/). 
Case (FII). The definition of Avg, in this case is simply 


1 T 
Ave, oC) = fim == fled" 6) 


for any integrable function 6(y,/) of t’. 

A closely related problem is the study on the value-distribution of log L(s, 7). 
In [7], we have constructed a continuous nonnegative density function M,(w) 
parametrized by o > 1/2 and established the following theorem. 


Theorem 1.2 ([7]). For any s € C witho = Re(s) > 1/2, 
Avg, ®(log L(s, )) = i Mo (w)®(w)|d wl (7) 


holds simultaneously for both families (FI) and (FID for a suitable choice of the 
branch of the logarithm, a suitable definition of the average Avg,, where ® is as in 
Theorem 1.1. 


Our Theorem 1.1 implies that the exact analogue of Theorem 1.2 holds in the 
L'/L case. 
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To prove these unconditional results, our method is to apply several mean 
value results on L-functions. As for the log L case, such mean value theorems 
were obtained in [7] to prove Theorem 1.2. It is possible to use the same mean 
value theorems in our present situation because L’/L can be written as an integral 
involving log L in the integrand, by using the Cauchy integral formula. Note that the 
idea of applying the Cauchy integral formula in such a situation already appeared in 
Kershner and Wintner [11] in the (FID) case (see Remark 3.1). 

In the following sections we will prove Theorem 1.1. Since the basic structure of 
the proof is similar to those developed in [3,7], we will only point out the differences 
from those and omit the details. 


2 Proof in the Case (FI) 


First of all, we review how to construct the density function M,(w) (in the case 
K = Q) in [3]. Let p be a prime number and 


—logp  ,  _ Pi logp 
p** —]’ op p** =f’ 


Cop = 


Write w € Cas w= Cop + re'?, where r > 0 and 6 € R, and define My,p by 


pe —1 5(r —1o,p) 


Ma _ 5 : ’ 
p(w) |p? — e/9|2 r 


where 6(-) stands for the usual one-dimensional Dirac delta function. Let P = Py 
be the set of all prime numbers not greater than y, and define M,p as the 
convolution product of M,., (p € P) with respect to |dw|. Then, foro > 1/2, 
M..p (w) converges uniformly to a nonnegative real-valued C °-function as y > oo 
[3, Theorem 2], which we denote by M,(w). 

Now we start the proof of Theorem 1.1. As mentioned in Sect. 1, the assertion 
of Theorem 1.1 was already shown in [3] when o > 1. Therefore it is sufficient to 
consider the case 1/2 < ao < 1. The final statement for s = 1 then follows directly 
by combining [9, Sect. 5] (Theorem 5) with [8, Sect. 5] (Lemma A). 

As in [7, Sect. 7], take a number oo satisfying 1/2 < 09 < 1 and oo < o, and 
let 0 < 3€, < 09 —1/2, a = 09 — &1, @) = Oo — 2&1, @2 = 1/2 + €;. Then 
1/2 < @ < a < @ < O < 1. These constants are regarded to be fixed, and 
the implied constants of Landau’s O-symbol or Vinogradov’s symbol below may 
depend on them. 

Let T = |t|+2, and let X”(f) be the set of all y € X(f) for which L(s’, y) #0 
for any s’ = o’ + it’ in the region 0’ > oo, |t'| < T. Then obviously, X¥”(f) C 
X'(f) and Proposition 2.1 of [7] (which is based on a theorem of Montgomery [13]) 
asserts that 
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om I 
fr XP) 


(8) 


So it suffices to prove the theorem where the average is defined with respect to 
xf). 

We study the case ® = y, first, where z € C and y, is the additive character of 
C defined by W,(w) = exp(i Re(zw)). When once this case is established, we can 
deduce the assertion of the case (FI) of Theorem 1.1 for general @ satisfying (i) and 
(ii), quite similarly to the argument in [7, Sect. 9] (see also Remark 3.2). 

In the case ® = wy, the right-hand side of (1) is equal to 


[ M,(w)¥-lw)|dw| = M2), 


the Fourier dual of M,(z) (see Theorem 3 of [3]). Since w, is bounded, the average 
(3) [and so (4), (5)] does not change if we replace X’(f) by X”(f). Therefore, 
noting |X(f/)| = f —2 for any odd prime /, we find that what we have to prove in 
this case is 


. 1 1 LE 4 
Pas f=2 » . Vy: (Fon) = M,(z). (9) 
f<m XEX'(f) 


First we introduce the “finite truncation” of L-functions. Let 1 < y <m, P = Py 
as above, and write P = {p,..., pr}, r = a(y) ~ y/ log y. Define 


Le(s.y) = | [ d-x@)p*)" 


peP 


and 


log Lp(s, x) = — )> Log(1 — x(p)p™*), 
peP 


where “Log” means the principal branch. By [3], Mo,p(w) is the density function 
for the value-distribution of (Lp /Lp)(s, x) and let Mz, p (z) be its Fourier dual. 
The starting point of the proof of (9) is the following inequality: 


1 1 L' e 
ae ae (6.0) — Ma(2) 


fxm xex'(f) 


7 1 1 L' _ Li 
= Sree era > (60) v.(TE0.0)k 


f<m XEX"(f) 
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1 1 A 
a: may 2s F=3 > Wr (= (s, ») - M4. (2) 


xEXx"(f) 
+ |Mz,p(z) — Mo (2)| 
= X¥@+Y@+ ZO), (10) 


say. This is an analogue of [7, (125)], and “7d’’s (which stand for the “logarithmic 
derivative’) are attached only for the purpose of distinguishing our notation from 
that in [7]. 

In order to estimate X a (z), we first introduce some more notation. For each 
Dirichlet character y, from the half plane {s’ | o’ > 1/2}, we exclude all the 
segments of the form {o’ + iImp | 1/2 < o’ < Reo} (for all possible zeros p 
of L(s’, x) with Re p > 1/2) and denote the remaining region by Gy. In the region 
G,, we can define the value of log L(s’, x) by the analytic continuation along the 
horizontal path {o0” + it’ | ao” > o’}. Define 


Rp(s’, x) = log L(s’, x) — log Lp(s', x) 


for s’ € G,(a,) = G,N{o’ > a}. Let c and 6 be fixed small positive numbers, and 


let Bo = Bo(8) el, Bi = B\(5) = 2Bo, H(t), Qo(t), Q1(t), fr(s', x), Fe(t, x) 
be as in [7, Sect. 7]. The distance between the boundaries of the two sets Oo(t) and 
QO,(t) is €2 = min{e),c}. Let X;(/) be the set of all y € X”(f) such that 


£2\2 (8\" 
Fe(t,x) 2% (5) (5) ; (11) 
and X>(f) its complement in X”(/), that is, all those y € X”(/) satisfying 
€2 2 6 2 
Fp(t, x) < x(>) (5) : (12) 
We divide 
Y fv (Fon) -w (F Fo.) 
XEX"(f) 
+ YE Hsing sp), (13) 
xEX(f) XE X2(f) 
say. 


Consider S/4(f). First, using the fact |W(w)—W-(w’)| < |z|-|w—w’| [3, (6.5.19)], 
we obtain 


ISs?(Al<ld > FFE) (14) 


x, 
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Since (12) holds for y € X2(f), by Lemma 7.2 of [7] we obtain 


[fr(s’, | < 8/2 (8 € Qo). (15) 


Therefore by Lemma 7.1 of [7] we find that H(t) C G,(q@;) (especially 
L(s’, x) # 0 for s’ € H(t)) and |Rp(s’, x)| < 6 for s’ € H(t). 

Let U = U(s) be the circle of radius ¢2/2 whose center is s. Then U C H(t) 
(because 0 —&€2/2 > 09—&2/2 > Oo—&) = Mo), and so (L’/L)(s’, x) is holomorphic 
on and inside U. Therefore by the Cauchy integral formula we have 


L’ 1 log L(s’, x) 
—(s,x) = (log L(s, x))’ = “*- ds’ 
7 (5.7) = log L(s, 9)! = = [ eats 
ae ioe £2 16 -i0 
= — log L (s +e x) e dé, (16) 
TE? Jo 2 
and similarly 
eae ee: (s+ Ze”, x) e"a6 (17) 
Lp oe WE? Jo cad 2 7 , 


Substituting (16) and (17) into (14), we obtain 
20 & ; 
IS7(A| < =f [Rp (s+ =e, 7)| dé. (18) 
TED Jo 2 
XEX2(S) 


Here we note that U C Qo(t). In fact, we have already seen that U C H(t), and 
also we see U C {a’ < Bo} because fo is large. Therefore (15) holds for s’ € U. 
This implies, as is shown in the proof of Lemma 7.1 of [7], 


Res, OLS 2 fe. OG eV). (19) 
Combining (18) and (19) and using Schwarz’s inequality, we have 
IS?) < ae + if (s Lae! x)| a0 
= TE Jo . 2 , 


XEX2(S) 
1/2 


«tel? [fe (s+ Ze". x)f ] 4a. co) 


XEX2(f) 


Since o/ = Re(s + (€2/2)e!°) > a > a for s’ = o’ + it’ € U, using [7, (133)] 
(this is the point where a mean-value result on L-functions is necessary) we obtain 


IS32(A K lel f'PAC, Ay)? & lel f'PAe, fy)? (21) 
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where 


1—a ti) +1 
A(z, fy) = fy! 28 ¢ fl-W/0-2) exp (20% ie +5 ) 
log y A ie 


with a certain absolute positive constant Bo. 

The treatment of S i “(f) can be done exactly in the same manner as in the 
argument around [7, (135), (136)]. We have |S/7(f)| « A(z, fy), and, combining 
this with (21), we obtain 


xX#Q «<= say Le FURS, 99"? + A, Ky. (23) 
f<m 


This is the L’/ L-analogue (exactly the same form!) of Proposition 7.4 of [7]. 
Now we consider Ye (z). Divide 


1 I - 
win) 2 F=3 x, ve(F - ») 


xEX'(f) 
into A ile + Yai + ae analogously to the decomposition of [7, (137)]. The 
treatment of 7l40on nd yan is exactly the same as that of i? and a in [7]. 


As for J; '4(™) we first note that, when the conductor f of x is larger than y, it holds 
that 
L’ 
We (FE. ») = > A! 1d (mp; Zz, axe poi | (24) 
E np€Zp 
where Zp = II,er Z, and for np = (1p) pep € Zp, 


rad = I] x(py””, p-imp — I] ge 


peP peP 


and AY p(p;z,z) is given by [3, (5.1.7)] (without “/d”). This follows from 
(3, C1. 5. 4) and (5.1.6)] and is the L’/L-analogue of [7, (138)]. Starting from (24), 
we proceed similarly to the argument around [7, (139)-(147)]. (On this occasion 
we note that ae ez 1S missing after the product symbol II, <p in the first line of 
(7, (147)].) We use (3, (5.1.14)] instead of [7, (89)] and 3. (3.1.10)] instead of 
[7, (32)]. Proposition 5.3 of [7] includes the present L’/L case, and so we can apply 
it. Then, instead of n(y) in [7] (see [7, (116)]), 


yl° if 1/2<o <1, 


Id _ ld _ 
n°(y) = 1° (0, y) beyire=i. 


(25) 


Dirichlet L-Functions 87 


appears. The conclusion is that ye (z) satisfies the same inequality as that in 
Proposition 7.5 of [7] (with replacing n(y) by n!4(y)). 

Finally we choose y = (logm)* with 0 < w2 < 2. Then we find that X (a (z), 
ye (z) tend to 0 as m — oo. Also Theorem 3 of [3] implies that Z ue (z) > Oas 
m —> oo. Therefore we now complete the proof of (9). Moreover this convergence 
is uniform in |z| < R for any R > 0. 


3 Proof in the Case (FID) 


As in the case (FI), it is enough to consider the case ® = yz, i.e., to prove 


T / 


(cf. [7, (92)]). Similarly to [7, (95)], we begin with the inequality 


fv (Fe +iey) ae — M,(z) 


< orf. {¥ (Ee +ien)- WV: (e+)! dt’ 


ae ve(Beo+ic)) arm ae 


oF c 
+ |M,,p (2) — Mo(2)| 
= XM (2) + Ye") + ZP), (27) 


say. Note that the meaning of these X fg (z), ye (z), Z - (z) is different from that in 
Sect. 2. 

The method of evaluating X He (z) is a little different from the argument in [7]; 
rather, we follow the idea in Sect. 2. Noting |y,| = 1 we have 


1 2 
xld ez / Adt' 
POS apy Ade 


1 ce / ob 
Bara om W, (Fe +i) - (3 (o +ie)) lad’ (28) 


where /(T) = [—T, —2] U [2, T]. Let 1;(T) (resp. I2(T)) be the set of all t’ € I(T) 
for which (11) [resp. (12)], with replacing t by t’ and putting y = 1 (the trivial 
character), holds. Decompose the second integral on the right-hand side of (28) as 
x? + a where x4 denotes the integral on /;(T) (7 = 1,2). Then 


4 1 
yi(aje yld 4 yldy ) 
PS at apr + >) (29) 
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Consider X/4. When t’ € I)(T), as in Sect.2, we see that £(s”) # 0 and 
|Re(s”,1)| < 2|fp(s”, | < 6 for any s” € A(z’). Therefore (¢'/f)(s”) is 
holomorphic on and inside the circle U’ of radius €2/2 whose center is 0 + it’, so 


C00 +it) = ! i Log EOS). gait (30) 


2ni Jy (s"” —o — it’)? 


Similarly to (20), we obtain 


Qn Be 5 1/2 
xid¢ jr (/ \fp (o + ic’ + =e'*,1)| a’) do. (31) 
0 biT) 2 


A mean square estimate of | fp | was obtained in Lemma 5 of [12] (see also [7, (102), 
(106)]). Applying this lemma, we have 


Lia 1-20) + 1-20 + y me 
— aa a Aiea Ea Cc; | —— ; 32 
a7? < |z| I» + exp | C, oes (32) 


for any small ¢ > 0, where C; is an absolute positive constant. 
As for X!4, we first use |-| = 1 to obtain 


xP < 2meas(J;(7)), (33) 


where meas(A) means the one-dimensional Lebesgue measure of the set A. Using 
(11) for t’ € 1,(T), we have 


meas(/;(T)) « | Fo(t’,1)dt’ 
N(T 


1(T) 
Bi T+2c 

=| do" | Lfo(o" tie" Pde” f dt’, (34) 
a] = 


T—2c I(t”) 


where Ji(t”) = 1\(T) N [c” — 2c,t” + 2c]. The innermost integral is < 4c and 
is equal to 0 if r” € (—2 + 2c,2 — 2c). Therefore we can apply Lemma 5 of 
[12] [7, (102), (106)] to the right-hand side of (34). Combining with (33), we obtain 


1 2 1/2 
Ta < ‘ yeare 4. T 1-2a1 te exp (« (4) da” 


1 
a 1 1-20’ +e 1 2-20" +e do” 
fh lor + orp? ° 


1/2 
< [i ae ae Ti-2a1 +e exp (« (=) 


—3+¢6 be € 
+y a log By + Fad 2 log B,. (35) 
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Since the factor log 8, can be absorbed into the implied constant, from (29), (32), 


and (35), we obtain 
1/2 
alesis ait T\-2aite exp (« ( y ) } 
logy 


I ct 
= ae 36 
tatty (36) 


X¥O<« de +0 


The way of evaluating y? (z) is almost the same as that around [7, (109)-(122)]; 
only replace n(y) by 7/“(y). As an analogue of Proposition 6.2 of [7], we obtain 


1 
Y}4(z) K —exp (<: (lay? + 2.)) (37) 
T logy 


with an absolute constant C3 > 0. 

Choosing y = (log T)®! (0 < a < 1), from (36), (37), and Theorem 3 of [3], 
we find, as in [7], that xe (z), YP (z), and Ze (z) tend to 0 as T — oo, uniformly 
in |z| < R for any R > 0. This proves (26). 


Remark 3.1. Bohr and Jessen [2] proved the case (FI) of Theorem 1.2 for ® with 
(ii), and Jessen and Wintner [10] reformulated the result in terms of asymptotic 
distribution functions. Kershner and Wintner [11] then proved that the analogue of 
the Jessen-Wintner theory is valid in the ¢’/f(s) case (see also [1, 14]). Therefore 
the case (FID) of our Theorem 1.1, for ® with (ii), is essentially included in Kershner 
and Wintner [11], though the density function is not explicitly given in their paper. 
The general (FID) case can be deduced from their result by the argument suggested 
in Remark 9.1 of [7]. Our method in the present paper is rather different from theirs 
and has advantages such as the unified treatment of both the cases (FI) and (FID) and 
the explicit construction of the density function M,(w). In fact, the function M,(w) 
and its Fourier dual themselves are interesting objects of research (see [4, 8]). 


Remark 3.2. To show the general conclusion of our theorem from the special case 
@® = w,, we can apply the method given in [7, Sect. 9], as indicated at the beginning 
of Sect. 2. This step can be explained as a consequence of a general theorem on 
weak convergence of probability measures. 

Here we show how to deduce the case (i) of Theorem 1.1 from the case ® = yy. 
In case (FI), the left-hand side of (1) is 


. 1 1 L' 
Bren oe ga ([n) 


fm xeX'(f) 


' i 1 i 
“ima lrg 2 %(Zen) 


fxm xex'(f) 
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Let 6,, be the complex Dirac measure which is nonzero only at w, and define 


1 1 
Ln = x(m)—1 om Xf) > 61//L(s.x)- 


fxm xEX'(f) 


Then this is a probability measure, and the right-hand side of (38) can be written as 


lim | ®(w)dpm(w). 
moo Cc 
Therefore (1) for any continuous bounded @ is nothing but the weak convergence 
of probability measures 4, to M,(w)|dw. It is a well-known fact that the weak 
convergence of probability measures can be verified if we can check the special 
case P = wy. 
In case (FID), we define the probability measure 


fer (A) = spmeaste! € [-T,T] | (L'/L)(s + it’) € A} 


(where A is any Borel subset of C) and proceed similarly. The above argument was 
pointed out by Professor Philippe Biane and Professor Katusi Fukuyama, to whom 
the authors express their sincere gratitude. 
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Multiple Gamma Functions 
and Their Applications 


Junesang Choi 


Dedicated to Professor Hari M. Srivastava 


Abstract The double Gamma function I and the multiple Gamma functions I, 
were defined and studied systematically by Barnes in about 1900. Before their 
investigation by Barnes, these functions had been introduced in a different form 
by, for example, Hélder, Alexeiewsky, and Kinkelin. Although these functions did 
not appear in the tables of the most well-known special functions, yet the double 
Gamma function was cited in the exercises by Whittaker and Watson’s book and 
recorded also by Gradshteyn and Ryzhik’s book. In about the middle of the 1980s, 
these functions were revived in the study of the determinants of the Laplacians 
on the n-dimensional unit sphere S”. Here, in this expository paper, from the middle 
of the 1980s until today, we aim at giving an eclectic review for recent developments 
and applications of the simple and multiple Gamma functions. 


1 Introduction and Preliminaries 


The double Gamma function [> and the multiple Gamma functions I>, were 
defined and studied systematically by Barnes [11-14] in around 1900. Before their 
investigation by Barnes, these functions had been introduced in a different form 
by, for example, Hélder [80], Alexeiewsky [5], and Kinkelin [83]. Although these 
functions did not appear in the tables of the most well-known special functions, 
yet the double Gamma function was cited in the exercises by Whittaker and 
Watson [124, p. 264] and recorded also by Gradshteyn and Ryzhik [77, p. 661, 
Entry 6.441(4); p. 937, Entry 8.333]. In about the middle of the 1980s, these 
functions were revived in the study of the determinants of the Laplacians on the 
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n-dimensional unit sphere S” (see [25, 30,89, 100, 103, 118,121]). Shintani [110] also 
used the double Gamma function to prove the classical Kronecker limit formula. 
Friedman and Ruijsenaars [73] showed that Shintani’s work on multiple Zeta and 
Gamma functions can be simplified and extended by making use of difference 
equations. Its p-adic analytic extension appeared in a formula of Cassou—Nogués 
(21] for the p-adic L-functions at the point 0. Choi et al. (see [31,41,42]) used these 
functions in order to evaluate some families of series involving the Riemann Zeta 
function as well as to compute the determinants of the Laplacians. Choi et al. [31] 
addressed the converse problem and applied various formulas for series associated 
with the Zeta and related functions with a view to developing the corresponding 
theory of multiple Gamma functions. Adamchik [4] discussed some theoretical 
aspects of the multiple Gamma functions and their applications to summation of 
series and infinite products. Matsumoto [92] proved several asymptotic expansions 
of the Barnes double Zeta function and the double Gamma function and presented 
an application to the Hecke L-functions of real quadratic fields. Ruijsenaars [107] 
showed how various known results concerning the Barnes multiple Zeta and Gamma 
functions can be obtained as specializations of the simple features shared by a quite 
remarkably extensive class of functions. 

The main object of this expository paper is to give an eclectic review of certain 
recent developments and applications of the classical Gamma function, the multiple 
Gamma functions, and their related functions. 


1.1) = Gamma Function 


The origin of the Gamma function can be traced back to two letters from Leonhard 
Euler (1707-1783) to Christian Goldbach (1690-1764), just as a simple desire to 
extend factorials to values between the integers. The first letter (dated October 13, 
1729) dealt with the interpolation problem, while the second letter (dated January 
8, 1730) dealt with integration and tied the two together. 

The Gamma function I"(z) developed by Euler is usually defined by 


r@:= [oe t= | dt (Re(z) > 0). (1) 
0 


We also present here several equivalent forms of the Gamma function J"(z), one by 
Weierstrass: 


—yz [o) 


H}(1+ zy ett (€C\Z5; Zp = {0,-1,-2,...}), (2) 


k=1 


e 


r@= ; 


where C is the set of complex numbers and y denotes the Euler—Mascheroni 
constant defined by (see, e.g., [27, 37,50, 74, 79, 85, 105]) 
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n 1 
y:= lim ps _ log 7 = 0.57721 56649 01532 860606512..., (3) 
k=1 


and the other by Gauss: 


—1)!né 
P(2) = lim label 
n>oo (z(z+ 1)---(z+n—-1) 
n!n® 
= lim EC\Z,), 4 
n> aero} (< \ 0) o) 
since 
n ; n* 
lim =1= lm — —. 
n>oo z+n noo (n+ 1)z 


In terms of the Pochhammer symbol (A), or the shifted factorial, since 
(1), =n! (ne No:=NU {0}; N:= (1, 2, 3,---}), 


which is defined (for A, v € C), in terms of the familiar Gamma function I", by 


Q), = ik v=0; AEC \ {0}, 
Y VAA+1)--A+tn-1,v=neEN; AEC, 
riA+v) 


= FO). (vENo; AEC\Z), 


it being understood conventionally that (0)y := 1, the definition (4) can easily be 
written in an equivalent form: 


(n — 1)!né 


noo (Zan & a \ 2). 


For a complex number z, we have the following asymptotic expansion: 


n 


1 1 Box 
log '(z) = (< - ;) logz—z+ 5 log(27) + d 


O —2n—1 , 
Mok — neet tO") 

(5) 
for |z| > oo; | arg(z)| S m—€ (0 <€ < m);n E No, where By, (x) are the Bernoulli 
polynomials defined by the generating function 


CO 


zexe zk 
Yo Bee) (lel < 22) 


e&— 1 
k=0 


96 J. Choi 


and the Bernoulli numbers are defined by B, := B,(0). Taking exponentials on 
each side of (5) yields an asymptotic formula for the Gamma function: 


reace 714 1, ot 39 57 
Zz 12z 28822 5184023 2488320z* 
163879 50043869 = 
209018880 ” 75246796800 <6 * ( } 


([z| > 00; |arg(z)| S m-€(<e<z)). (6) 
The asymptotic formula (6), in conjunction with the recurrence relation 
Mer lj= <P (z) 


is useful in computing the numerical values of "(z) for large real values of z. 
Some useful consequences of (5) or (6) include the asymptotic expansions 


1 1 
log '(z+a)= (<+ a— ;) logz—z+ 5 osm) +0 (z') 
(|z| > 00; | arg(z)| Sx—e; |arg(@+a)| Sa-—€; O<e <n), 


and 


P@+¢) _ pus (a— B)(a+ B—-1) “3 
Te+p) * [i+ 2z ad ) 


(Iz| > oo; |arg(@)| Sa —e; larg +a@)| Sa-€; 0<e <n), 


where @ and 6 are bounded complex numbers. 
The Psi (or Digamma) function yy (z) defined by 


d 1 i 
v= Shoe rap=T or wera=f vou 7 
dz T(z) 1 
possesses the following properties: 
v(z) = lim | logn = ane (8) 
~~ n—=>00 8 per! zt+k : 


1 a 2 = I 
HO= I ea 8 UL Gee 


n=0 


where y is the Euler—Mascheroni constant defined by (3). 
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These results clearly imply that y(z) is meromorphic (i.e., analytic everywhere 
in the bounded complex z-plane except for poles) with simple poles at z = —n 
(n € No) with its residue —1. Also we have 


y= 


which follows at once from (9). 
The Polygamma functions yy") (z) (n € N) are defined by 


I 


sav) (ENo; ce C\ Zp). 


COO aa “log @ = 


In terms of the generalized (or Hurwitz) Zeta function €(s, a) (see Sect. 2.2), we can 
write 


y%@=(-)"*1 a! » ce egret = COM Mgnt 2 (n€N; z€C\Z), 


which may be used to deduce the properties of yw”) (z) (n € N) from those of C(s, z) 
(s=n+1;neEN). 

For various other properties of Gamma function and its related functions, refer 
to [1, 6,7, 9, 19, 20, 48, 49, 70, 81, 84, 88, 90, 94, 98,99, 101, 102, 122, 123]. 


1.2. Double and Multiple Gamma Functions 


Barnes [11] defined the double Gamma function I, = 1/G satisfying each of the 
following properties: 


(a) GZ +) =P@OG@ GEC); 
(b) G0) = 1; 
(c) Asymptotically, 


n+1+z 5 
log G(z+n +2) a ta log(27)+ E 5 +n+ ats me + | logn 


2 


3 1 
- “= n—nz— logA+—+0(n-') (n> 0), (10) 


where J” is the Gamma function given in (1) and A is called the Glaisher— 
Kinkelin constant defined by (see [76]) 


n 


nm on 1 
k log k — 1 
d og (S+5+5)ten+ 2 


log A = lim | , dab 
noo 
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the numerical value of A being given by 
A & 1.282427130---. 


From this definition, Barnes [11] deduced several explicit Weierstrass canonical 
product forms of the double Gamma function I>, one of which is recalled here 
in the form 


{h@+D} = G(z+1) 
1 1 1 ia z\k 2 
= (20) 2* —-z--(y4)2 14= —z+—}h, 
(27) exp ( 58 5 y+ 2) TT ( +5) exp ( +z) 
where y denotes the Euler—Mascheroni constant given by (3). 


Barnes [11] also gave the following two more equivalent forms of the double 
Gamma function I: 


{ht Dy! =GE+) =(20)?* exp (-2 +1)- 372) 


co 


x Ul ao exp [ewee) " 52W0')] 
{Io(z + py! =G(z+ l= (21) 2% exp (> _ 5) Z— (= +1+ ’ 5 | (z+ 1) 
a z z - 
“OU a wen) mtn” mr) 
where the prime denotes the exclusion of the case n = m = 0 and the Psi 


(or Digamma) function w is given by (7). Each form of these products is convergent 
for all finite values of |z|, by the Weierstrass factorization theorem (see Conway 
[60, p. 170]). 

The double Gamma function satisfies the following relations: 


GU)=1 and Giz+1=lT(@G2) «EC). 


For sufficiently large real x and a € C, we have the Stirling formula for the 
G-function: 


1 3x4 
Ee ie aiep a 


logG(x +a+1)= a Fi 


+ a Lee. logx + O(x') ( ) 
== =—— —_— ax ogoXx Xx X—2>C). 
2 22 8 

(12) 


Multiple Gamma Functions and Their Applications 99 


The following special values of G (see Barnes [11]) may be recalled here: 


1 le cat, ls $8 
G 5 = 224.777 4-08-42: (13) 
(n!)” 
— 1!2!..-n! et ee Se 
Gin +2) =1!2!---n! and G(n+1) 1232-43... qPal (n EN). 


There are two known ways to define the n-ple Gamma functions [),. First of all, 
Barnes [14] (see also Vardi [118]) defined Ij, by using the n-ple Hurwitz Zeta 
functions given in Sect. 2 (see, e.g., [35,53], [114, Chap. 2]). Secondly, a recurrence 
relation of the Weierstrass canonical product forms of the n-ple Gamma functions 
I, was given by Vignéras [119] who used the theorem of Dufresnoy and Pisot [64] 
which provides the existence, uniqueness, and expansion of the series of Weierstrass 
satisfying a certain functional equation. 

By making use of the aforementioned Dufresnoy—Pisot theorem and starting with 


juor=-re Sl melt) 
n=1 


Vignéras [119] obtained a recurrence relation of Ij, (n € N) which is stated here as 
Theorem 1.1 below (see, e.g., [4,35, 48, 52, 53]). 


Theorem 1.1. The n-ple Gamma functions I, are defined by 
Mn@ = [Gril MeN), 


where G,(z + 1) = exp[f,(z)] and the functions f,(z) are given by 


n-1 


fil) =—eA) + YF HDT 60) — A® CD] + Auld 
c=1 
with 
1 Z n 1 Z n-1 
A@= Ln (Gn) ata) 
n-1 & n x 
ee ge loe(1 Tm) 3 
where L(m) =m, +m 2 +---+m, ifm = (mM, m2, ..., Mn) € No”! x N and 


the polynomials p,(z) given by 
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174+ 274+ 3" +---+(N—1)" (z= WN; N EN\ {1}), 
Pu) =) Boi(@) = Batt 


n+1 GSP 


satisfy the following relations: 


B41 @) 


’ _ 
Pp, (2) = ad 


= B,(z) and p,(0) = 0, 


B,,(z) being the Bernoulli polynomial of degree n in z. 


By analogy with the Bohr—Mollerup theorem (see [10, p. 14]; see also [114, 
p. 13]), which guarantees the uniqueness of the Gamma function I", one can give, 
for the double Gamma function and (more generally) for the multiple Gamma 
functions of order n (n € N), a definition of Artin [10] by means of the following 
theorem (see Vignéras [119, p. 239]). 


Theorem 1.2. For all n € N, there exists a unique meromorphic function G,(z) 
satisfying each of the following properties: 


(a) Ga(z+ 1) = Ga-1(z)Gn(2) (z € C); 
(b) G,(1) = 1; 
(c) For x 2 1, G,(x) are infinitely differentiable and 


qvtl 
Gari tog Ga(x)} = 0; 
(d) Go(x) = x. 
It is not difficult to verify (see, e.g., [114, pp. 40-41]) that {J;, (z)}7! is an entire 
function with zeros at z = —k (k € No) with multiplicities 
k-1 
( 3 (n EN: k E No). (14) 
n — 


In our earlier investigations, we gave explicit forms of the multiple Gamma 
functions Ij, (n = 3, 4, 5) (see, e.g., [31,57]). Now, by observing (14), we can 
present the following explicit form of the multiple Gamma functions I), (n € N) for 
a potential and easier future use. 


Theorem 1.3. The n-ple Gamma functions I, in Theorem 1.1 can be written in a 
more explicit form as follows: 


ee 7 nba k— n = j—] ; 
M(+2z) = exp[On@] [] ( * ) " mee (' a ‘ (=! : ali | 
k=1 


j=l 
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where Q,,(z) is a polynomial in z of degree n given by 


al 
On(@) = (1) Eco +> 22 (,8.@- a)] . 
k=1 0° 
n-1 
ful) = —2An() + XT) — APD] + An, 
k=l 0° 
fore) k—2 ”" (-1)/7! 2 
A, (2) := Penn(" te -les(1+ 7) +> ; af le CS) 
= = 
and 


n+l 
Pn(2) _ > ( : "Bec (n € N). 
k=1 


Remark 1.1. In order to get explicit forms of the multiple Gamma functions 
I,( + z) in Theorem 1.3, it is indispensable to compute A,,(1) explicitly. In fact, 
by using the Taylor—-Maclaurin expansion of log(1 + ¢) in (15) and certain series 
involving Zeta functions, Choi et al. [31] found that 


n—1 


1 z 
en Geil desen | eo ({ecer tae 2 ey) 


* 5=0 


Fl ” . i 41 n—-j ; 
oy a + — (arty) = Deore a (16) 


l=0 k=2 


where ¢(s,a) and C(s) are the generalized (or Hurwitz) Zeta function and the 
Riemann Zeta function, respectively, and s(,k) denotes the Stirling numbers of 
the first kind (see [114, pp. 56—57]) and H,, denotes the harmonic numbers given by 


H,, ae - (n EN). 


Now, by applying (16) in Theorem 1.3, we can give explicit forms of the multiple 
Gamma functions I, (x € N) whose cases (n = 3, 4, 5) are recalled here as the 
following corollary (see [31]). 
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Corollary 1.1. Each of the following expressions holds true: 


P3(1 + z) = exp(ciz + 227 + ¢32’) 


Be (42) ael(FS') (¢-s +a) |. 


3 1 1 1 1 & 
c1 = 4 — 7 los(2r) — log A, c= 5+ zlosQn) +7, paren eae ae e, 


k=1 


where 


Ty(1 + 2) = exp (dizt+doz? +d3z3 +dyz") 


= ayaCe) k+2\(z2 2 2 a 
au (1+7) PEN 3 (j-sptsp-i) 


where 


; 1 1 Ped 
d, = —-— log A—~ log B—— log(2m), dy = ——— — log(2 5! A, 
icy, og 5 og F og(27) 5) pate a og(27)+ — log 
Dee. mn A: ca: ae $3). 
d3; = —~—~—-—— log(2a)-—, d 
3 58 og(27) Ge eee 


144 24 48 12° 


I'5(1 + z) = exp (e1z + e927 + e327 + egz* + esz') 
oS (14 ae Cr k+3\[z 2 r 2 zt H ra 

ex ’ 
Pia lk 22°38 4k 56 


x 
k=1 


where 
409 1 ll 363) | 
SS eeOqy al A~ Zo eC — a 4-5 5 
1 = Te ~ glogQn) - Slog nT + ab) - 5) 
1 oy dU 3 $3) 
re zg oe 
eo “ag tg 8 + og( ar lén 
1449 11 #1 1 
So 5eq ae g On) = 7 lee d 782 
€3 e647 7a" og(27) og ia ), 
cae : qm) + 262) + 26) 
=—+— to) 
a= a ter ag ier 


1 1 
eo = ~ 388 < 120” = ae = 556 3)- 795): 
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For various other properties and applications of the double and multiple 
Gamma functions, refer to [15, 16, 18, 22-24, 29, 34, 36, 47, 59, 71, 72, 75, 76, 
86, 87,91, 96, 97, 106]. 


2 Multiple Hurwitz Zeta Functions 


In this section, we first introduce (and investigate the various properties and 
relationships satisfied by) the multiple Hurwitz Zeta function ¢,,(s,a) (n € N) and 
consider its relatively more familiar special case when n = 1, that is, the Hurwitz 
(or generalized) Zeta function ¢(s,a). We then deal with the Riemann Zeta function. 


2.1 Multiple Hurwitz Zeta Functions 


Barnes [14] introduced and studied the generalized multiple Hurwitz Zeta function 


6, (s,a|W1, +++ , Wy) defined, for Re(s) > n, by the n-ple series 
[oe) 

n(S,d | W1,...,Wn) t= —_—. Re(s) >n; n EN), (17) 

En(s,a | wi ) se _) (a+ 2) (Re(s) ) 
where (2 = m, wj +---+m,, Ww, and the general conditions for a and the parameters 
W1,..-,W, are given in Barnes [14] who used it in the study of the multiple Gamma 
functions (see Sect. 1). We consider only the simple case of (17) when w; = 1 
(Gj =1,...,,n; j,n € N) and 

CO 
ii(sayi= Yo (atk t--+k)* (Res) >n;aeC\Zp), (18) 
kascccka= 


which is also referred to as n-ple (or, simply, multiple) Hurwitz Zeta function. 
We shall give some known properties and characteristics of the function ¢,,(s, a) 
in (18), including its analytic continuation. 

Let s = o + it (o, t € R) where R denotes the set of real numbers. First, for 
convergence, we consider ¢,,(s, a) in (18) for the case when a > 0: 


[oe 


G(sa)= Yo (atkytetkn)* (Re(s)=o>n; a>0). (19) 


Theorem 2.1. The series for €,(s,a) in (19) converges absolutely for o > n. The 
convergence is uniform in every half-planeo >= n+ 6 (6 > 0), so €,(s,a) is an 
analytic function of s in the half-plane o > n. 
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Next we present an integral representation of ¢,,(s, a), which is given by 


Theorem 2.2. [fRe(s) = o > n, then 


[o.e) s—1,—ax 
P(s)tn(s,a) =| a dx (Re(s) >n; n EN). (20) 


In order to extend ¢,,(s, a) to the half-plane on the left of the line o = n, we derive 
another representation in terms of a contour integral. The contour C is essentially 
a Hankel’s loop (cf., e.g., Whittaker and Watson [124, p. 245]), which starts from 
oo along the upper side of the positive real axis, encircles the origin once in the 
positive (counterclockwise) direction, and then returns to oo along the lower side of 
the positive real axis. 


Theorem 2.3. [fa > 0, then the function defined by the following contour integral: 


1 (0+) (—z)5!e7# 
Tn ; = e d 21 
oe) 2m [ (1-—e~)" . en) 
is an entire function of s. Moreover, 
C,(s,a) = T(1—s)I,(s,a) (Re(s) =o >n). (22) 


In (22), valid for o > n, the function /,,(s, a) is an entire function of s, and (1 —s) 
is analytic for every complex s for s € C \ N. We, therefore, can use this equation 
to define ¢,,(s,a) foro <n, that is, outside o > n as desired. 


Definition 2.1. If Re(s) =o <n, we define ¢,,(s, a) by 
¢,(s,a):= TA —s)f,(s,a), (23) 


where [,,(s, a) is given in (21). 


This equation (23) provides the analytic continuation of ¢,(s,a) to the whole 
complex s-plane. 


Theorem 2.4. The function ¢,,(s,a) defined by (23) is analytic for all s except for 
simple poles ats = k (1 £k © n), with their respective residues given by 


ae qr-* zi eu 
(n— Kk — Dl zoo dz (Tes 


Res ¢,(s,a) = (kK =1,---,n; néN). 


In particular, when s = n, its residue is 1/(n — 1)!. 
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2.2 Relationship Between €,, (s,x) and B“™ (x) 


The generalized Bernoulli polynomials B® (x) of degree n in x are defined by the 
generating function 


oO n 
Zz - XZ __ (a) z fn 
(=) e =, (5 (el < 2m; 18:=1) (24) 
for arbitrary (real or complex) parameter q@. 

The value of ¢,(—£, x) can be calculated explicitly for € € No. Taking s = —€ 


in the relation (22) with a replaced by x, we find that 
En (—£, x) = rd+2)L,(-é,x) = €'1,(-€,x). (25) 


Now, from (24) and (25), we have the desired relationship: 


£! n 
B”) (x) (€ E No). (26) 


bn (—£, x) = (-1)" (n+ 0)! n+ 


Setting n = | in (26), we have the well-known result: 


Bes (x) 
£+1 


¢(-€,x) =—- (€ € No), (27) 
where €(s, x) := ¢)(s, x) is the Hurwitz (or generalized) Zeta function [see (34)]. 

It is known (see [26]) that ¢,,(s, x) is expressible as a finite combination of the 
generalized Zeta function ¢(s, x) with polynomial coefficients in x: 


n-1 


En(s,x) = D> png )E(8 — x), (28) 


j=0 


where 


1 — n+1—j € {=j 
MO= ea Ly i (5) + 1xt 
and s(n, k) are the Stirling numbers of the first kind. 

Since ¢(s, x) can be continued analytically to a meromorphic function having a 
simple pole at s = 1 with its residue 1, the representation (28) shows that ¢,,(s, x) 
is analytic for all s except for simple poles only at s = k (k = 1,...,n; n € N) 
with their respective residues given by 


Res ¢,(5, x) = Pnx-1(xX) (kK =1,...,n; n EN). 
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From (28), f,(s, x) can be expressed explicitly for the first few values of n: 

§2(s,x) =(1 — x)e(s, x) + f(s —1,x), 

1,, 3 1 

3(s, x) =5 (x — 3x +2) E(s,x) + 5 —x)C(s—1,x)+ hs —2,%), 
1 
6 


Ca(s,x) == {(—x? + 6x? — 11x + 6) f(s, x) + (3x? — 12x + 11) &(s — 1, x) 


—(3x — 6)C(s —2,x) + C(s —3,x)}. (29) 


2.3. The Vardi-Barnes Multiple Gamma Functions 


Vardi [118, p. 498] gave another expression for the multiple Gamma functions Ij, (a) 
whose general form was also studied by Barnes [14]: 


P,(a) = 1 | G,(a) eN), (30) 
m=1 
where 
a) 
G,, (a) := exp [¢/,(0, a)] with (s,a) = 5, ons) 
and 


Ry := exp (>: c.(0, 0) with Ry =1. 


k=1 


In particular, the special cases of (30) when n = 1 andn = 2 give other forms of 
the simple and double Gamma functions 7 = I" and I: 


D(a) = exp[—¢'(0) + (0, a)] = V2m exp[£'0.a)], (31) 
where ¢(s) := ¢(s, 1) is the Riemann Zeta function [see (43)]; 
Ty(a) = A(2m)?~24 exp (-3 + c(0.a)) (32) 


where we have used (29) and the known identity (see Voros [121, p. 462, 
Eq. (A.11))): 


1 
log A = — —£'(-1). 
og D e(-1) 
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Here we can give another proof of the multiplication formula for J> different 
from that of Barnes [11] by using (32) (see Choi and Quine [35]). We consider 


n—1 n-1 n—1 n—-1 lee) —s 
Pd a(sa+ S4)-PyY Yo (at HL 4h +40) 


£=0 j=0 £=0 j=0 ky, ko=0 


| 


n—-l1 n-1 


= eS: Yodo ra + b+ j +nky +k) 


ki, k2=0 €=0 j=0 


» (na+k, +k) =n’&(s,na), 
k1,k2=0 


which, upon differentiating with respect to s, yields 


n—1 n—-1 


~ bee (s. a+ —t1) - = (logn)n*f(s,na) + n°t5(s,na). 


£=0 j=0 
By virtue of (32), we readily obtain the following multiplication formula for I»: 


n—-1n-1 


II” (« - t) = = C(n) (20M Py(na), (33) 


£=0 7 =0 


where 
C(n) = AT he l—).(27)2-Y nid, 
An interesting identity is also obtained from (33): 


n—1n-1 
TM's (44) =5°. 


£=0 7 =0 


where the prime denotes the exclusion of the case when = 0 = j. 


2.4 The Hurwitz (or Generalized) Zeta Function 


The Hurwitz (or generalized) Zeta function €(s,a) is defined by 


t(s,a):= D (kK +a) (Re(s) > 1;a €C\ Z). (34) 


k=0 
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It is easy to see that €(s,a) = ¢)(s,a) for the case when nm = 1 in (18). Thus 
we can deduce many properties of €(s,a) from those of ¢,,(s, a). Indeed, the series 
for €(s,a) in (34) converges absolutely for Re(s) = o > 1. The convergence is 
uniform in every half-plane 0 > 1+ 6 (6 > 0), so €(s,a) is an analytic function 
of s in the half-plane Re(s) = o > 1. Setting n = 1 in (20), we have the integral 
representation 


x leax lo.) x5-le-@-Dx 
ala Rd ) ee ax 
0 


dx = - 
—x ex — | 


FOLG2) = [ 


l-e 


1 xel 1 s=1 
= / (ioe =) dx (Re(s) > 1; Re(a) >0). (35) 
0 


Moreover, ¢(s, a) can be continued meromorphically to the whole complex s-plane 
(except for a simple pole at s = 1 with its residue 1) by means of the contour 
integral representation (see Theorem 2.3): 


Ta-s —z)s—lemaz 
‘eas ( ) (—z) ae 
21 c l-e% 


where the contour C is the Hankel loop of Theorem 2.3. The connection between 
€(s,a) and the Bernoulli polynomials B,, (x) is also given in (27). 
From the definition (34) of (s, a), it easily follows that 


n—-1 


C(s,a) =E(s,n+a)+ > (k+a)* (neN); (36) 
k=0 
1 1 1 —_ 25 — 1 n —s 
¢(s.5a)-t(s.5¢+5) = aan . 


2.5  Hurwitz’s Formula for §(s, a) 


The series expression ¢(s,a) was originally meaningful foro > 1 (s = o + if). 
Hurwitz obtained another series representation for ¢(s,a) valid in the half-plane 
o <0: 

_ Ts) 
~ (2m)s 


(0<aZ1, o=Re(s)>1; O0<a<1,a>0), 


C(1—s,a) 


fe} LG, s) e2"®L (a, s)} (37) 
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where the function L(x, s) is defined by 


CO .2ninx 
L(@w,s):= 0° —— (e€R; o = Res) > 1), (38) 


n=1 


which is often referred to as the periodic (or Lerch) Zeta function. 

We note that the Dirichlet series in (38) is a periodic function of x with period 
1 and that L(1, 5) = ¢(s), the Riemann Zeta function (see Sect. 2.3). The series in 
(38) converges absolutely foro > 1. Yet, if x ¢ Z, Z being the set of integers, the 
series can also be seen to converge conditionally for 0 > 0. So the formula (37) is 
also valid foro > Oifa # 1. 

If we take a = p/gq in the Hurwitz formula (37), we obtain 


_ 20s) ms 2nrp r . 
(1-37) ae »(5 )e(.5) Gsrse pgen. 


q q 


which holds true, by the principle of analytic continuation, for all admissible values 
of s EC. 
For other interesting properties of €(s, a), see [66-69]. 


2.6 Hermite’s Formula for €(s, a) 


We recall Hermite’s formula for €(s, a): 
l-s 


6(s,a) = = = 


+2 f° (a? + yy? {sin (s arctan *\! a (39) 


e2ry 


We note that the integral involved in (39) converges for all admissible values of 
s € C. Moreover, the integral is an entire function of s. A special case of the formula 
(39) when a = 1 is attributed to Jensen. 

Setting s = 0 in (39), we have 


§(0,4) = 5- 


It is also known that 


t dt 
(t2 + 52) (e2"* — 1) 


w(s) = logs — x a 2 fo (Re(s) > 0). (40) 


Taking the limit in (39) as s — 1, by virtue of the uniform convergence of the 
integral in (39), we get 
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1 ais —] 1 a y dy 
li @=——\ = lim ~—___ + — 4-2 
tim } £6 “ —} a fat Lar / (a? + y?) (e277 — 1) 
which, in view of (40), yields 
ime bat i (41) 
oat aa 


Differentiating (39) with respect to s and setting s = 0 in the resulting equation, we 


have 
d 1 © arctan (=) 
great = («- ;) loga—a +2 f a dy, 


which yields 


= log (a) — ; log(2z), (42) 


d 
qi 


s= 


which is equivalent to the identity (31). In addition to (42), it is easy to find from 
the definition (34) of ¢(s, a) that 


0 
—C(s,a) = —s€(s+1,a). 
da 
The respective special cases of (41) and (42) when a = | become 
; 1 : 1 
lim H(a) - —} = lim ia + €,a)— | =y 
sol s—l «0 € 
and 
, 1 
£'(0) = —5 log(2n), 


where ¢(s) is the Riemann Zeta function [see definition (43)]. 


2.7 The Riemann Zeta Function 


The Riemann Zeta function €(s) is defined by 


(oe) CO 


1 1 1 
Le Toy OOO: 
f(s) i— n=1 ; e aa (43) 
=a (Re(s) > 0: s #1). 


n=1 
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It is easy to see from the definitions (43) and (34) that 


£66) = £6.) =F (s,5) = 14 266.2) (44) 


and 


¢(s) = wi Li £) men\uy. 


In view of (44), we can deduce many properties of ¢(s) from those of ¢(s,a) given 
in the previous section. In fact, the series €(s) = }°°2, n~ in (43) represents an 
analytic function of s in the half-plane Re(s) = o > 1. Setting a = 1 in (35), we 


have an integral representation of ¢(s) in the form 


co +s—-1.—x ee) s—1 
rte) =f 7 ax = fax 
0 0 ¢€ 


l-e~* 


1 1 1 s-l 
= | (108 ) dx (Re(s) > 1). 
9 l-x x 


Furthermore, just as €(s,a), ¢(s) can be continued meromorphically to the whole 
complex s-plane (except for a simple pole at s = 1 with its residue 1) by means of 
the contour integral representation: 


s—le-z 
rye PaO f Cars 


l-e< 


where the contour C is the Hankel loop of Theorem 2.3. 
Here, for later use, we choose to recall some properties and relationships of ¢(s): 


C(s) = C(s.n +I) + 0k (WE No). 


k=1 


The connection between ¢(s) and the Bernoulli numbers is given as follows: 


#0) 
é(—n) = 
= Bn+i (n c N). 
n+1 


The Riemann’s functional equation for €(s) is 


€(1—s) = 2(2x) *I'(s) cos (5 ns) (s) (45) 
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or, equivalently, 
f(s) = 2222)" ' FU —s) sin (575) C(1—s). (46) 


Taking s = 2n + 1 (n €N) in (45), the factor cos (375) vanishes and we find that 


€(-2n) =0 (néN), (47) 


which are often referred to as the trivial zeros of €(s). 
We have the well-known identity 


(20) 


0 al ry 


Bon (n € No), 


which enables us to list the following special values: 


N 


6 


a x4 win 
¢(2)= S: (4) = aa ¢(6) = ae 
j= tj 
$ ) = 9450" $( = 93555 


It is easy to derive from (46) and (47) that (cf., e.g., Srivastava [113, p. 387, 
Eq. (1.15)]) 


n (2n)! 
2(2n)2" 


f(-2n+«) _ 
—— 


¢/(-2n) = lim (h t(2n+1) (néN). 


3. A Set of Mathematical Constants 


There are some classes of mathematical constants involved naturally in the Gamma 
and multiple Gamma functions. Here we introduce those well-known mathematical 
constants associated with the Gamma and multiple Gamma functions and show how 
they are involved, if possible (see [28]; see also [115, Chap. 7]). 

We begin by noting that y is a constant so chosen that T'(1) = 1 in the 
Weierstrass product form of the Gamma function I”(z) [see (2)] and the constant y 
is the very Euler constant in (2). 

In fact, the function 


foe) 


fo=T] (1 a =) ee 


n=1 


can be seen to be an entire function having zeros at the negative integers. The 
function f(z — 1) is an entire function having zeros at the origin as well as at the 
negative integers. 
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It is known that 


f@-1) = &®zf (2), (48) 
where g(z) is some entire function. The logarithmic derivative of (48) gives 
Co 


1 1 1 1 
ee ce ‘a a 


n=1 n=1 


The sum on the left side of (49) can be expressed as 


(3) Deets) 2 Lie) rae) 


Setting this in (49) yields g’(z) = 0. Thus g(z) is a constant and let g(z) = y. To 
determine y, putting z = | in (48) gives 


= =e T] (14 t) ert 


n=1 


Therefore, taking the natural logarithm yields the Euler constant (also called Euler— 
Mascheroni constant) given in (3) (see, e.g., [33, 125]). 

The Glaisher—Kinkelin constant A given in (11) is a constant which involves 
naturally in the theory of the double Gamma function I, = 1/G (see, e.g., (10), 
(12) and (13)). 

We introduce two interesting mathematical constants, in addition to the Glaisher— 
Kinkelin constant A, by recalling the Euler—Maclaurin summation formula 
(cf. Hardy [78, p. 318]): 


> 1) ~ ~ Cot f° fo) ax +5 f+ ae 2 ¢2r-D(q), 


(2r)! 
where Cp is an arbitrary constant to be determined in each special case and 
Bo =1, Bi = Se ae : ae Bg = : Hees 
OD he PL 5 PE ee BA age ME age PE = age P10 = Geatets 
and Bz,+; = 0 (n € N) are the Bernoulli numbers. For another useful summation 


formula, see Edwards [65, p. 117]. 
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Letting f(x) = x7 log x and f(x) = x7 log x in (68) with a = 1, we obtain 


n nz on mon 
log B = li k?logk —( —+ —+—)1 es 
ee ee bp 08 (5 va | ar: 5 | ey 


k=1 
and 
i no nn? 1 nt ne? 
logC = li k7 logk — +—+—- logn+ —-—|, 
te ie bp ne ( 4°2'4 120) 7" "16 12 


(51) 


respectively; here B and C are constants whose approximate numerical values are 
given by 


B= 1.03091675... and C 0.97955 746.... 


The constants B and C were considered recently by Choi and Srivastava [40, 42]. 
Bendersky [17] (see also [2, p. 199]) presented a set of constants including B and 
C defined, respectively, by (50) and (51): There exist constants D; defined by 


log Dy, := lim (x: m* logm — pts.) (k € No), (52) 


m=1 


where the definition of p(n, k) in Adamchik [2, p. 198, Eq. (20)] is corrected here 
as follows: 


nktl 1 
p(n,k):= tog + (isn - 


J 
By4i 
ies Dae I ioen-+( 1 84) By: meal 


and 6,; is the Kronecker symbol defined by 6,; = 0 (k € j) and 64; = 1(k = /). 
For the constants D, (k € No) defined in (52), we can show that 


and 


By41 A 


a a oe 


—"-k) (kK ENp), 
where B,, are the Bernoulli numbers and H,, are the harmonic numbers. 
The constants introduced in this section can be seen to be involved in the theory 


of multiple Gamma functions. For example, the following log-multiple Gamma 
integral (see [31, p. 523, Eq. (2.50)]) 
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1 


3 1 1 a 
[rere +2) a= f log G(t +1) art f log P3(t + 1) art f° ogre +1) dt 
0 0 0 0 


+2 
0 


__ 29 ® oe 
~~ 768 1920 © 


Nie 
Nie 


log G(t + 1) dt +f log 13(¢ + 1) dt 
0 


2 pee Cc 
og 16 8c: 


13 A 
og a 


1 
og 1 16 


16 


For other analogous or generalized classes of mathematical constants and their 
applications, see [32,40, 45, 58], [46, Theorem 2, p. 403]. 


4 Series Associated with the Zeta Functions 


A rather classical (over two centuries old) theorem of Christian Goldbach (1690- 
1764), which was stated in a letter dated 1729 from Goldbach to Daniel Bernoulli 
(1700-1782), was revived in 1986 by Shallit and Zikan [109] as the following 
problem: 


Yi@-)t=1, (53) 
wes 


where S denotes the set of all nontrivial integer Ath powers, that is, 
8 := {n* |n,k EN \ {1p}. 


Goldbach’s theorem (53) assumes the elegant form (cf. Shallit and Zikan [109, 
p. 403]) 


YVi@-)' =) e®-}=1 (54) 
k=2 


w€S 


or, equivalently, 


YF Ce) =1, 


k=2 


where F(x) := x — [x] denotes the fractional part of x € R. As a matter of fact, it 
is fairly straightforward to observe also that 


YEDFER)=5, YO FER) = 2 and YOFCQK+1) = 
k=1 


1 
2 4 4 
k=2 k=1 


4 
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The subject of closed-form summation of series involving the Zeta functions has 
been remarkably widely investigated (see [8, 31,41, 42,44, 46, 111, 112,114, 115]). 
Among the various methods and techniques used in the vast literature on the 
subject, Srivastava and Choi [114, 115] gave reasonably detailed accounts of 
those using the binomial theorem, generating functions, multiple Gamma functions 
(see [11—14, 41, 42, 89, 118]), and hypergeometric identities, presented a rather 
extensive collection of closed-form sums of series involving the Zeta functions, 
and showed that many of those summation formulas find their applications in the 
evaluations of the determinants of the Laplacians for the n-dimensional sphere S” 
with the standard metric (see [25, 31,41, 61, 89, 100, 103, 108, 114, 115,118, 121]). 

Here we choose to recall some closed-form summations of series involving the 
Zeta functions expressed (or evaluated) by means of the Gamma and multiple 
Gamma functions and their related functions (see [114, 115]; see also references 
[38, 39, 43, 51,56, 82]): 


oo k 

Yi olka) = = log Pa=1)—log F(a) + twa) (itl <|al): 

=2 
Yok.a! =-wa-)+¥@ (tl <lab: (55) 
k=2 


oo k 
YEH)- HS =bere-H+=yt (el <2): 
k=2 


k+l =z 
Yt a)y =" ) 2 +clogr(a-2 + | log (a + t) dt 


= [2a—-1- log(2x)] = + [W(a) - ne + (a — 1) log (a — z) 


—logG(a—g + (1 pare +logG(a)_ (|z| < Jal); 


soe G2+2re-9 
yte0k) - ‘ji |B —los@z)lz + los 5a a 


= 2): 
Xu ee ee (\z| < 2); 


co k+2 = 73 
Lik aery = = [1 —2a + log(2m)]z+ [1 log2x)] = a [via 15 
+(a—1)* log "(a —z) — (¢ +a — 1) log G(a — z) — (a — 1)? log F(a) 
+ (a — 1) log G(a) -[- log G(t +a) dt ({z| < lal). 


We also recall a known general formula for the series associated the Zeta functions 
(see [114, p. 149, Theorem 3.1]; see also [44]) asserted by the following theorem. 
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Theorem 4.1. For every nonnegative integer n, 


OO) ge ais ad ale 
Det =~ [e'(-n, a= 1-00, a) 


(- yr tk n ; A 
+ » k [ (An—An-1) o(k fn, a)—F (k ~~ n,a)|t 


n! 


n+l 


t 
tt VOlE ay (|¢| < Ja]; 2 € No), 


where ¢'(s,a) = 2 €(s,a). 


5 Generalized Goldbach—Euler Series 


We first present the corrected expression for a certain widely recorded generalized 
Goldbach—Euler series. The corrected forms are then shown to be connected with 
the problem of closed-form evaluation of series involving the Zeta functions, which 
happens to be an extensively investigated subject since the time of Euler as, for 
example, in the Goldbach theorem (see (53) and (54)). It should be remarked in 
passing that the arguments in this section is based on the paper [55]. 

The generalized Goldbach—Euler series has been widely investigated and 
recorded in the following form (see [95, p. 59, Eq. (9)]; see also [77, p. 894, 
Entry 8.363 (7)] and [93, p. 88, Eq. (5)]): 


Svar slh(Z)-(S)] 


k=2n=0 


(PEN; r=pF#lorr=p+tl). 


For convenience, we rewrite the cases r = p # l andr = p+ 1 (p € N) of the 
generalized Goldbach—Euler series (56) in the following separate forms: 


oes 


k=2n=1 


a 7=2[vm-¥(1-2)| (eN\{) 67) 
ome Pp Pp 


and 


> Lowen 1+2|v(<)-vo| (PEN). (58) 


k=2n=1 
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The special case of the generalized Goldbach—Euler series (58) when p = 1 is 
recorded in [93, p. 88] (see also [95, p. 59, Eq. (10)]): 


CO [o,e) 1 
Laas (59) 
k=2n=2 


By using Mathematica (Version 6) with a view to finding an approximate numerical 
value of the series in (59), we observed that 


10 10 l 100 100 l 
> > as i 1.02912 and 2 > as ie 1.1204. 
k=2 n=2 k=2 n=2 


Obviously, we can also show the error in the expression in (59) [and so in (57) and 
(58) as well] by observing that 


pe 2G 


k=2n=2 k=2n=2 


5.1 Corrected Expressions for the Generalized 
Goldbach-Euler Series 


The duly corrected forms of the generalized Goldbach—Euler series (57) and (58) 
are asserted by Theorem 5.1 below (see [55, Theorem 1]). 


Theorem 5.1. Each of the following results holds true: 


S @-ie ~|va-¥(1-2)] (pEN\{1}) (60) 


MES po 


and 


1 
> @-1" =1+-/y (<)- vo (p €N), (61) 


WES p.1 
where the set 8 p,o is defined (for fixed p € N \ {1}) by 
Spo = {(pn)* :n EN and k EN \{1}} (62) 
and the set 8p, is defined (for fixed p € N) by 


Spi i= {(pn+ 1k in EN and k EN \ {1}. (63) 
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5.2 Closed-Form Evaluation of Series Involving 
Zeta Functions 


Just as the Zeta-function series in (54), the series (60) and (61) can be expressed as 
series involving the Riemann and Hurwitz (or generalized) Zeta functions (see [55, 
Theorem 2]). 


Theorem 5.2. Each of the following results holds true: 


Y=! == =|¥ w-¥(1-=)| (p EN\{1}) (64) 


MES p09 
and 
as = 1 1 1 1 
2 = Da c(e14 2) =1+-]v(<)-v0| (p €N), 


(65) 
where the sets Sp) and 8, are defined by (62) and (63), respectively. 


Remark 5.1. In view of the identity (36), the special case of (64) when p = 1 yields 
the Goldbach theorem (54). Each of the series involving the Zeta function in (64) 
and (65) is an obvious special case of (55). 


6 Determinants of Laplacians 


During the last two decades, the problem of evaluation of the determinants of the 
Laplacians on Riemann manifolds has received considerable attention by many 
authors including (among others) D’Hoker and Phong [61, 62], Sarnak [108], and 
Voros [121], who computed the determinants of the Laplacians on compact Riemann 
surfaces of constant curvature in terms of special values of the Selberg Zeta function. 
Although the first interest in the determinants of the Laplacians arose mainly for 
Riemann surfaces, it is also interesting and potentially useful to compute these 
determinants for classical Riemannian manifolds of higher dimensions, such as 
spheres. In this chapter, we are particularly concerned with the evaluation of the 
functional determinant for the n-dimensional sphere S” with the standard metric. 
In computations of the determinants of the Laplacians on manifolds of constant 
curvature, an important rdéle is played by the closed-form evaluations of the series 
involving the Zeta function given in Chap. 3 (cf., e.g., Choi and Srivastava [41, 42], 
and Choi et al. [31]) as well as the theory of the multiple Gamma functions presented 
in Sect. 1 (cf., e.g., Voros [121], Vardi [118], Choi [25], and Quine and Choi [103]). 
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6.1 The n-Dimensional Problem 


Let {A,,} be a sequence such that 


O=Ap < Ai Sdn S++ San S's An to (n> oo); (66) 


henceforth we consider only such nonnegative increasing sequences. Then we can 
show that 


CO 


1 
Z(s):= )° om (67) 


n=1 7 


which is known to converge absolutely in a half-plane Re(s) > o forsomeo € R. 


Definition 6.1 (cf. Osgood et al. [100]). The determinant of the Laplacian A on 
the compact manifold M is defined to be 


det A:= [| Ax, (68) 
Ap AO 
where {A} is the sequence of eigenvalues of the Laplacian A on M. 


The sequence {Ax} is known to satisfy the condition as in (66), but the product 
in (68) is always divergent; so, in order for the expression (68) to make sense, some 
sort of regularization procedure must be used (see e.g., [63, 104, 116, 120]). It is 
easily seen that, formally, e~7 ‘ is the product of nonzero eigenvalues of A. This 
product does not converge, but Z(s) can be continued analytically to a neighborhood 
of s = 0. Therefore, we can give a meaningful definition: 


det’ A := e7 2’, 


which is called the Functional Determinant of the Laplacian A on M. 


Definition 6.2. The order ju of the sequence {A;} is defined by 


hi= itfe>0| Doe < oo}. 


The analogous and shifted analogous Weierstrass canonical products E(A) and 
E(A,a) of the sequence {A;,} are defined, respectively, by 


= d ae: ua 
E(a):= {(-f)e0(# tigt+ ool 
U Ak Ac © 22j [lay 
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and 


ad yy a dle 
A — = ee are a ; 
E(A,a) M( aa)r(ast +o 


where [jz] denotes the greatest integer part in the order jz of the sequence {A;}. 
There exists the following relationship between E(A) and E(A,a) (see 
Voros [121]): 


[a] 
A" \ EQA-a 
E(A,a) = exp py Rm—1(—4a) —. 


m=1 


where, for convenience, 


[H]+1 
qaitt {—log E(4,a)} . 


Rey (A _ a) = 
The shifted series Z(s,a) of Z(s) in (67) by a is given by 
= i 
Z(s,a) := ————. 
a) = 2 Otay 


k=1 


Formally, indeed, we have 


Z'(0,-A) = — Y > log(Ax — A), 
k=1 


which, if we define 
D(A) := exp [—Z'(0, —A)], (69) 


immediately implies that 
Co 
D(A) = | [Qk -A). 
k=l 


In fact, Voros [121] gave the relationship between D(A) and F(A) as follows: 


[H] i 


D(A) = exp[—Z'(0)] exp | — SS FP Z(m)— 


m=1 


[H] m—1 1 ym 
x exp | — Cum (x ;] ml E(A), 
m=2 


k=1 
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where an empty sum is interpreted to be nil and the finite part prescription is applied 
(as usual) as follows (cf. Voros [121, p. 446]): 


f(s), if s is not a pole, 
FP = Resid 
f(s) lim (7 +e)- si =) , if s isa simple pole, 
e—* € 


and 
Z(-—m) = (-1)"m!C_y»n. 
Now consider the sequence of eigenvalues on the standard Laplacian A, on S”. 


It is known from the work of Vardi [118] (see also Terras [117]) that the standard 
Laplacian A, (n € N) has eigenvalues 


ba = k(k +n—-1) (70) 


with multiplicity 


- (‘e")- (tn?) Gane Si 


n n ki(n—1)! 


Beats giax Wee 
= — []@+/ EN). 


j=l 


From now on we consider the shifted sequence {A;} of {j4¢} in (70) by ) as 
a fundamental sequence. Then the sequence {A;} is written in the following simple 


and tractable form: 
e=1\- r= 1\" 
Ay = —— ]} =[k 72 
k= Uke + ( 5 ) ( + 5 ) (72) 


with the same multiplicity as in (71). 

We will exclude the zero mode, that is, start the sequence at k = 1 for later use. 
Furthermore, with a view to emphasizing n on 8”, we choose the notations Z,,(s), 
Zn(S,a), E,(A), E,(A, a), and D, (A) instead of Z(s), Z(s,a), E(A), E(A, a), and 
D(A), respectively. 

We readily observe from (69) that 


—1\2 
Dn ((" ) = det’A, 
2 


where det’ A,, denote the determinants of the Laplacians on S$" (n € N). 


Multiple Gamma Functions and Their Applications 123 


Choi [25] computed the determinants of the Laplacians on the n-dimensional 
unit sphere S” (x = 1, 2, 3) by factorizing the analogous Weierstrass canonical 
product of a shifted sequence {A,} in (72) of eigenvalues of the Laplacians on 
S” into multiple Gamma functions, while Choi and Srivastava [41,42] and Choi 
et al. [31] made use of some closed-form evaluations of the series involving Zeta 
function given in [114, Chap.3] for the computation of the determinants of the 
Laplacians on S” (n = 2,3,4,5,6,7). Quine and Choi [103] made use of Zeta- 
regularized products to compute det’ A,, and the determinant of the conformal 
Laplacian, det (Ag + n(n — 2)/4). 

In the following sections we compute the determinants of the Laplacians on S” 
(n = 1, 2 and 3). 


6.2 Factorizations into Simple and Multiple Gamma Functions 


We begin by expressing E,,(A) (n = 1,2,3) as the simple and multiple Gamma 
functions. Our results are summarized in the following proposition (see Choi [25]; 
see also Voros [121]). 


Theorem 6.1. The analogous Weierstrass canonical products E,(A) (n = 1, 2, 3) 
of the shifted sequence {A,} in (72) can be expressed in terms of the simple and 
multiple Gamma functions as follows: 


E\(A) = 1 : 
\r(i-va)r (i+ vat 
E2(A) = 3 (G)} oP (5 = Vi) r (3 7 Ji) 


x (1-2V2) (1+ 2V2) {m (5- va) (34 vay 


and 


2 \r3 (1 = 
where, for convenience, 
ce) :=2(y-—14+21og2) and cz := log(2z) — 3, 


and y is the Euler-Mascheroni constant defined by (3). 
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6.3 Evaluations of det’ A, (n = 1,2, 3) 
By making use of Theorem 6.1, we can compute the determinants of the Laplacians 
on S” (n = 1,2, 3) explicitly. 
Theorem 6.2. The following evaluations hold true: 

det'A, = 4x’, 

det’A> = exp[4 —4¢/(-1)] = e% At = 3.195311496---, 


3 
mt exp i) = 3.338851215..., 
212 


II 


det’ A 3 


where A is the Glaisher—Kinkelin’s constant defined by (11). 
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1 Introduction 


This paper deals with highest-weight representations of infinite-dimensional Lie 
algebras and Hilbert schemes of points and considers applications of these concepts 
to partition functions, which are ubiquitous and very useful in physics. The 
role of (Selberg-type) Ruelle spectral functions of hyperbolic geometry in the 
calculation of the partition functions and associated q-series will be discussed. 
Among mathematicians, partition functions are commonly associated with new 
mathematical invariants for spaces, while for physicists they are one-loop partition 
functions of quantum field theories. In fact, partition functions (elliptic genera) 
can be conveniently transformed into product expressions, which may inherit 
the homological properties of appropriate (poly)graded Lie algebras. In quantum 
field theory the connection referred to above is particularly striking in the case 
of the so-called AdS/CFT correspondence. In the anti-de Sitter space AdS3, for 
instance, one has Ruelle/Selberg spectral functions, whereas on the conformal 
field theory (CFT) side, on the other hand, one encounters partition functions and 
modular forms. What we are ready to show here is that these objects do have 
a common background, expressible in terms of Euler-Poincaré and Macdonald 
identities which, in turn, describe homological aspects of (finite or infinite) Lie 
algebra representations. This is both quite remarkable and useful. 

Being more specific, we will be dealing in what follows with applications of 
modular forms and spectral functions (mainly related to the congruence subgroup 
of SL(2,Z)) to partition functions, Hilbert schemes of points, and symmetric 
products. Here are the contents of the paper. In Sect. 2 we shortly discuss the case 
of two-geometries and then present Thurston’s list of three-geometries. This list has 
been organized in terms of the corresponding compact stabilizers being isomorphic 
to SO(3), SO(2), or the trivial group {1}, respectively. The analogue list of four- 
geometries and the corresponding stabilizer subgroups are also considered in this 
section. Special attention is paid to the important case of hyperbolic three-geometry. 

In Sect.3 we introduce the Petterson-Selberg and the Ruelle spectral functions 
of hyperbolic three-geometry. Then, in Sect.3.1, we consider examples for which 
we explicitly show that the respective partition functions can be written in terms 
of Ruelle’s spectral functions associated with q-series, although the hyperbolic 
side remains still to be explored. In Sect.4 we briefly explain the relationship 
existing between the Heisenberg algebra and its representation and with the Hilbert 
scheme of points in Sect. 4.1. This allows to construct a representation of products 
of Heisenberg and Clifford algebras on the direct sum of homology groups of 
all components associated with schemes. Hilbert schemes of points of surfaces 
are discussed in Sect. 4.2; we rewrite there the character formulas and Gottsche’s 
formula in terms of Ruelle’s spectral functions. 

In Sect.4.3 we pay attention to the special case of algebraic structures of 
the K-groups Kg Ty (X”) of Iy-equivariant Clifford supermodules on X", fol- 
lowing the lines of [1]. This case is important since the direct sum F7-(X) = 
ON Kary (X ") naturally carries a Hopf algebra structure, and it is isomorphic to 
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the Fock space of a twisted Heisenberg superalgebra with Ky, (X) = Kr(X). 
In terms of the Ruelle spectral function we represent the dimension of a direct sum of 
the equivariant K-groups (related to a suitable supersymmetric algebra). We analyze 
elliptic genera for generalized wreath and symmetric products on N-folds; these 
cases are examples of rather straightforward applications of the machinery of 
modular forms and spectral functions discussed above. Finally, in the conclusions, 
Sect.5, we briefly outline some issues and further perspectives for the analysis of 
partition functions in connection with deformation quantization. 


2 Classification of Low-Dimensional Geometries 


The problem of the classification of geometries is most important in complex 
analysis and in mathematics as a whole and also plays a fundamental role in 
physical theories. Indeed, in quantum field theory, functional integration over spaces 
of metrics can be separated into an integration over all metrics for some volume 
of a definite topology, followed by a sum over all topologies. But even for low- 
dimensional spaces (say, e.g., the three-dimensional case) of fixed topology, the 
moduli space of all metric diffeomorphisms is infinite dimensional. And this leads 
back to the deep mathematical task associated with the classification problem. In this 
section we present a brief discussion of the classification (uniformization) issue and 
of the sum over the topology for low-dimensional cases, along the lines of [2-4]. 

All curves of genus zero can be uniformized by rational functions, those of genus 
one by elliptic functions, and those of genus higher than one by meromorphic func- 
tions, defined on proper open subsets of C. These results, due to Klein, Poincaré, and 
Koebe, are among the deepest achievements in mathematics. A complete solution 
of the uniformization problem has not yet been obtained (with the exception of the 
one-dimensional complex case). However, there have been essential advances in this 
problem, which have brought to the foundation of topological methods, covering 
spaces, existence theorems for partial differential equations, existence and distortion 
theorems for conformal mappings, etc. 


Three-Geometries. According to Thurston’s conjecture [5], there are eight model 
spaces in three dimensions: 


Tae h= IR? (Euclidean space), _S® (spherical space), H? (hyperbolic space) 

H?2xR, S?xR, SL(2,R), Nib, Sol? , 
An important remark is in order. This conjecture follows from considering the 
identity component of the isotropy group, I’ = I, of X, through a point, x. I” is 
a compact, connected Lie group, and one must distinguish the three different cases: 
I’ = SO(3), SO(2) and {1}. 
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Table 1 List of the four-geometries 


Stabilizer-subgroup I’ Space X 


SO(4) R*, S*, H4 

U(2) CP?, CH? 

SO(2) x SO(2) S? x R?, S? x S?, S?x H?, H? xR’, H? x H? 
SO(3) S3xR, H?xR 

SO(2) Ni? x R, PSL(2,R) x R, Sol4 

Ss! F4 

Trivial Nil’, Sol}, ,, (including Sol? x R), Sol} 


1. F = SO(3). In this case the space X has constant curvature: R*, S* (modeled 
on R°), or H? (which can be modeled on the half-space R? x R*). 

2. I’ = SO(2). In this case there is a one-dimensional subspace of TX that is 
invariant under I", which has a complementary plane field P,. If the plane field 
P, is integrable, then X is a product Rx S* or Rx H?. If the plane field P,. is non- 
integrable, then X is a nontrivial fiber bundle with fiber S legle, X¥ » DY >? 


(SL(2, R)-geometry), ZX, stands for a surface of genus g, S! —~ X —» T? 
(Nil?-geometry) or S! — X —» S? (S3-geometry). 

3. I = {1}. In this case we have the three-dimensional Lie groups: SLQ,R) MIP, 
and Sol’. 


The first five geometries are familiar objects, so we briefly discuss the last three 
of them. The group SL@,R) is the universal covering of SL(2,R), the three- 
dimensional Lie group of all 2 x 2 real matrices with determinant equal to 1. 
The geometry of Nil is the three-dimensional Lie group of all 3 x 3 real upper 
triangular matrices endowed with ordinary matrix multiplication. It is also known 
as the nilpotent Heisenberg group. The geometry of Sol is the three-dimensional 
(solvable) group. 


Four-Geometries. The list of Thurston three-geometries has been organized in 
terms of the compact stabilizers 1”. The analogue list of four-geometries can also 
be organized using connected groups of isometries only (Table 1). Here we have 
the four irreducible four-dimensional Riemannian symmetric spaces: sphere S*, 
hyperbolic space H*, complex projective space C P?, and complex hyperbolic space 
CH? (which we may identify with the open unit ball in C”, with an appropriate 
metric). The other cases are more specific and we shall illustrate them for the sake of 
completeness only. 

The nilpotent Lie group Nil* can be presented as the split extension R? xy R 
of R? by R, where the real three-dimensional representation U of R has the form 
U(t) = exp(tB) with 


010 
B={]001 
000 
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In the same way, the soluble Lie groups Sol* = R »xrz,, R, on real 
Cnn = diag(a,B,y) anda + B+ y = 0 fora > B > y. Furthermore e®, e?, 
and e” are the roots of A> — mA? + nA — 1 = 0, with m, n positive integers. 
If m = n, then B = 0 and Sol}, = Sol’ x R. In general, if Cnn & Cnn’, 
then Soli. ,, = Solt, 


m 


,. It gives infinitely many classes of equivalence. When 
m?n? + 18 = 4(m? + n3) + 27, one has a new geometry, Sol}, associated with 
the group SO(2) of isometries rotating the first two coordinates. The soluble group 
Sol} is most conveniently represented as the matrix group 


lbe 
Oaa]|: a,a,bhceRa>O0 
001 


Finally, the geometry F* is associated with the isometry group R? » PSL(2, R) and 
stabilizer SO(2). Here the semidirect product is taken with respect to the action 
of the group PSL(2,R) on R*. The space F* is diffeomorphic to R* and has 
alternating signs in the metric. A connection of these geometries with complex and 
K&hlerian structures (preserved by the stabilizer J”) can be found in [3]. 

We conclude this section with some comments. In two-dimensional quantum 
theory it is customary to perform the sum over all topologies. Then, any functional 
integral of fixed genus g can be written in the form 


| Pg] = De genus) a 


A necessary first step to implement this in the three-dimensional case is the classi- 
fication of all possible three-topologies (by Kleinian groups). Provided Thurston’s 
conjecture is true, every compact closed three-dimensional manifold can be rep- 
resented as IG Fae Gi,/In,, where ne € (1,...,8) represents one of the eight 
geometries, and I" is the (discrete) isometry group of the corresponding geometry. 
It has to be noted that gluing the above geometries, characterizing different coupling 
constants by a complicated set of moduli, is a very difficult task. Perhaps this 
could be done, however, with a bit of luck, but the more important contribution 
to the vacuum persistence amplitude should be given by the compact hyperbolic 
geometry, the other geometries appearing only for a small number of exceptions [6]. 
Indeed, many three-manifolds are hyperbolic (according to a famous theorem by 
Thurston [5]). For example, the complement of a knot in S$? admits a hyperbolic 
structure unless it is a torus or satellite knot. Moreover, according to the Mostow 
Rigidity Theorem [7], any geometric invariant of a hyperbolic three-manifold is a 
topological invariant. Our special interest here is directed towards hyperbolic spaces. 
Some examples of partition functions and elliptic genera written in terms of spectral 
functions of H? spaces and their quotients by a subgroup of the isometry group 
PSL(2,C) = SL(2, C)/{+1} can be found in [8, 9]. 
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3 The Ray-Singer Norm: Hyperbolic Three-Geometry 


If £, is a self-adjoint Laplacian on p-forms, then the following results 
hold. There exists ¢,5 > O such that for 0 < t < 6 the heat kernel 
expansion for Laplace operators on a compact manifold X is given by 
Tr (e‘*?) — eet, ap(Lp)t* + O(t*). The zeta function of £, is the Mellin 
transform 


EGlf,) = ole? |= ro f Tre *¢s—' dt. (1) 
Ry 


This function equals Tr (<5") for s > (1/2)dimX. Let y be an orthogonal 


representation of 7 (X). Using the Hodge decomposition, the vector space H(X; 7) 
of twisted cohomology classes can be embedded into 92(X; x) as the space of 
harmonic forms. This embedding induces a norm | - |®° on the determinant line 
det H(X; x). The Ray-Singer norm || - ||*5 on det H(X; x) is defined by [10] 


dimX 


‘ies d (-1)? p/2 
1S 2-15 TY E (-7,e012=0) | 2) 
p=0 


where the zeta function ¢(s|£,) of the Laplacian acting on the space of p-forms 
orthogonal to the harmonic forms has been used. For a closed connected orientable 
smooth manifold of odd dimension, and for the Euler structure 7 € Eul(X), the 
Ray-Singer norm of its cohomological torsion Tan(X; 7) = Tan(X) € det H(X; y) 
is equal to the positive square root of the absolute value of the monodromy of y 
along the characteristic class c(n) € H!(X) [11]: ||tan(X)||*° = |det yc(n)|!”. 
And in the special case where the flat bundle y is acyclic (namely the vector space 
H14(X; x) of twisted cohomology is zero), we have 


dimX 7 (DPF lp 
[Tan(X)]" = |det ,c(n)| I] [exp (-3.e61£p)1<0) : (3) 


p=0 


3.1 Spectral Functions of Hyperbolic Three-Geometry 


For a closed oriented hyperbolic three-manifold of the form Xp = H?/TI and for 
acyclic x, the analytic torsion reads [12-14]: [tin(Xr)]*? = R(O), where R(s) is the 
Ruelle function.! A Ruelle-type zeta function, for Re s large, can be defined as the 


‘Vanishing theorems for the type (0, 7) cohomology of locally symmetric spaces can be found in 
[15]. Again, if x is acyclic (H(X; x) = 0), the Ray-Singer norm (3) is a topological invariant: it 
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product over prime closed geodesics y of factors det (J —&(y)e~*“”), where £(y) is 
the length of y, and can be continued meromorphically to the entire complex plane 
C [16]. The function R(s) is an alternating product of more complicated factors, 
each of which is a Selberg zeta function Zr(s). The relation between the Ruelle 
and Selberg functions is 


dimX—1 


Rs)= [] Zrptsy™. (4) 
p=0 


The Ruelle function associated with closed oriented hyperbolic three-manifold Xp 
has the form R(s) = Zr(s)Zrp(2+s)/Zr(+s). 

We would like here to shed light on some aspects of the so-called AdS3/CFT 
correspondence, which plays a very important role in quantum field theory. Indeed, 
it is known that the geometric structure of three-dimensional gravity allows 
for exact computations, since its Euclidean counterpart is locally isomorphic to 
constant curvature hyperbolic space. Because of the AdS3/CFT, correspondence, 
one expects a correspondence between spectral functions related to Euclidean AdS3 
and modular-like functions (Poincaré series). One assumes this correspondence 
to occur when the arguments of the spectral functions take values on a Riemann 
surface, viewed as the conformal boundary of AdS3. According to the holographic 
principle, strong ties exist between certain field theory quantities on the bulk of 
an AdS3 manifold and related quantities on its boundary at infinity. To be more 
precise, the classes of Euclidean AdS3 spaces are quotients of the real hyperbolic 
space by a discrete group (a Schottky group). The boundary of these spaces can be 
compact oriented surfaces with conformal structure (compact complex algebraic 
curves). A general formulation of the “Holography Principle” states that there 
is a correspondence between a certain class of fields, their properties and their 
correlators in the bulk space, where gravity propagates, and a class of primary fields, 
with their properties and correlators of the conformal theory on the boundary. More 
precisely, the set of scattering poles in 3D coincides with the zeros of a Selberg- 
type spectral function [14, 17]. Thus, encoded on a Selberg function is the spectrum 
of a three-dimensional model. In the framework of this general principle, we would 
like to illustrate the correspondence between spectral functions of hyperbolic three- 
geometry (its spectrum being encoded in the Petterson-Selberg spectral functions) 
and Poincaré series associated with the conformal structure in two dimensions. 

Let us consider a three-geometry with an orbifold description H?/I". The 
complex unimodular group G = SL(2,C) acts on the real hyperbolic three-space 


does not depend on the choice of the metric on X and y used in the construction. If X is a complex 
manifold (smooth C°°-manifold or topological space), then E — YX is the induced complex (or 
smooth, or continuous) vector bundles. We write H?4(X;E) ~ H°4(X; A?°X @ E) holonomic 
vector bundles A?°X — X (see [15] for details). 


?The modular forms in question are the forms for the congruence subgroup of SL(2, Z), which is 
viewed as the group that leaves fixed one of the three nontrivial spin structures on an elliptic curve. 
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H? ina standard way, namely for (x, y,z) € H? and g € G, one has g- (x, y,z) = 


(u,v, w) € H?. Thus, forr =x +iy,g= b a 
c 


ut+iv=[(ar +b)(er +d) +atz]- [ler + dl? F |el?y'," 
w=z-|ler +d)? + |ePzy". 


Here the bar denotes complex conjugation. Let I" € G be the discrete group of G 
be defined as 


r= {diag(e2"""mt t ERet) e 2nz (Im t+ se “ne Z\ = fg" “ne Z} ; 


2x (Im t+iRet) —2n(Imt+iRe 3 ; (5) 


g = diag(e e 
One can define a Selberg-type zeta function for the group [ = {g” : n € Z} 
generated by a single hyperbolic element of the form g = diag(e*,e~*), where 
z=a+if fora, B > 0. In fact, we will take a = 2xImt, 8 = 27Ret. For the 
standard action of SL(2,C) on H?, one has 


x e* 0 0 cos(B) — sin(B) 0 x 
gj} y]=] 0e* 0 sin(B) cos(B) 0 yl. (6) 
z 00 e® 0 Oo 1 z 


Therefore, g is the composition of a rotation in R*, with complex eigenvalues 
exp(+if) and a dilatation exp(a). The Patterson-Selberg spectral function Z(s) is 
meromorphic on C and can be attached to H?/T’. It is given, for Res > 0, by the 
formulas [17-19] 


Zr(s):= |] -@* he Pyte Graton, (7) 
k1,k2>0 


love) = - 
e na(s—1) 


, (8) 
. n=1 n[sinh? (3) + sin2 (2) 


log Zr(s) = — 


The zeros of Zr(s) are the complex numbers €,4,4%, = —(ki +k2) + 
i (ki —kz) B/aw + 2nin/a,n € Z (for details, see [18]). It can be also shown 
that the zeta function Z;(s) is an entire function of order three and finite type. It 
is bounded in absolute value, for Res > O as well as for Res < 0, and can be 
estimated as follows: 


oe} co 


IZr@ls T] eh [] aqelst et) < cel , (9) 


ky +k <ls] ky +k2=Is] 
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where C, and C) are suitable constants. The first factor on the right hand side of 
(9) yields exponential growth, while the second factor is bounded, what proves the 
required growth estimate. The spectral function Zr (s) is an entire function of order 
three and finite type and can be written as a Hadamard product [17] 


2 3 


Z = es) in2 € : Ne 10 
r(s) =e Ih Perletaat ap (10) 


where € = €,.4,,%,, and we denote the set of such numbers by XY’, Q(s) being 
a polynomial of degree at most three. It follows from the Hadamard product 
representation of Z(s) (10) that 


d d s/oy 
— log Zr(s) = 4 a@+y : (11) 
ds ds s—¢ 
ted 
Let us define (vy + 7&) := (d/ds) log Zr(s) for s = y £i&. Then 
d a oe (y + 8)? 
B(y tif) = —O(s=yt : 12 
(y £1§) = [Os = y £18) +i », GEinGecy 
Generating Functions. Using the equality 
]—g" 2 
sinh? (>) + sin* (=) = | sin(nzt)|? = oe 
and (8), we get 
7 . ae eg lal 
1 _ m+e = l _ m+e a q 
oe] 1 v) dX eg) » 4n| sin(nxt)|? 
Zr (&(1 —it)) 
=] ; 13 
we Ea =i) P1+it) (13) 
oe. cod oO qo re #\\g\— 
l 1= aM+ey __ l 1 _g7imtey — _ q q 
oe TC D a » 4n| sin(nxt)|? 
Z 1+it 
= toe | ny , (14) 
Zr(&0 + it) +1 —it) 


foe) [oe] io, 0) -] n_,(€+e)n 1-7 _ 
log [G+ 9"*9) = log +g") =->> aa tn a 
m= m=et “=I 
=e Zr(§( —it) + in) | 
Zr(EA + it) +1—it +in(t))]’ 


(15) 
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foe) 00 oe 
=|)" (€+e)n l—g’ —n 
log [[a + gq”) = > log(1 a g*) a > ( ) q ( qd Ylq| 


i 2 
m=l mat = 4n| sin(nzt)| 


| Zr(GC1 + it) + in) 
= log , 


Zr(E(. + it) +1—it +in@) ve) 


where £ € Z+,¢ € C,t = Ret/Imt, & = £+¢, and y(t) = 4(2t)~!. Let us next 
introduce some well-known functions and their modular properties under the action 
of SL(2, Z). The special cases associated with (13) and (14) are (see [20]) 


= -# 1— m+4 -_ nv (q?) 17 

fila) =4 IT Oy ay (17) 
afd 1 (q)° 
A@=c8 Tatar?) = —eY _, (18) 
° Il no (q2)nv(q7) 
2. 

= a 1 m+ly _ npo(q ) , 19 

hq = q][at+a"* ao (19) 


m>0 


where np(q) = q'/**J],,.9(1 — gq") is the Dedekind 7-function. The linear span 
: ee ab 
of fild) fla), and lg) is SLQ,Z)-invasiant (201 (¢ € [21]. @ f0) = 


f (22$5)). As filg): fg) - fala) = 1, we get 


Rs = 3/2—(3/2)it)-R(o = 3/2—(3/2)it tin(t))-R(o = 2-2it +in(t)) = 1. 


For a closed oriented hyperbolic three-manifold of the form X = H?/TI (and any 
acyclic orthogonal representation of 2 (X)) a set of useful generating functions is 
collected in Table 2. 


4 Generalized Symmetric Products of NV -Folds 


4.1 Hilbert Schemes and Heisenberg Algebras 


Before entering the discussion of the main topic in this section, a short comment 
about Heisenberg algebras and Hilbert schemes will be in order. Preliminary to 
the subject of symmetric products and their connection with spectral functions, we 
briefly explain the relation between the Heisenberg algebra and its representations, 
and the Hilbert scheme of points, mostly following the lines of [21]. 
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Table 2 List of generating functions 


ny n é Z ai ; 
1a r= [a | = Rs = E(1 —it)) 


2a= 


RS = E(1 + it) 


Il 


a a—gtt) = [—4ngatin 
a q Zr GU+it)-+l—i) 


n 


ry n+e Z —it)+tin(t Z . 
ata) = | zretinttan |= Re = 6-1) + ine) 


n= 


ca it)-+-in(t — . % 
Tata) = [paren] = R@ = 61 +10) + inte) 


n= 


TL —a'tey" = Rs = E(1 — it)! T] Rs = (n be + I —id) 
L n=l 


n= 


ia —q'teyt = RG = E(1 + it)! IT x6 =(n+e+1)(1+it)) 


[] (+ g'ts" = Ro = E(t) + in(e))¢ [] Ro = +e + IL it) + in(o) 
iC n=l 


n= 1 


fa +9" tS)" = RE = &(1 4+ it) + in(t))! I x@ =(n+e+1)0 +it) + in) 


n= 


To be more specific, note that the infinite-dimensional Heisenberg algebra 
(or, simply, the Heisenberg algebra) plays a fundamental role in the representation 
theory of affine Lie algebras. An important representation of the Heisenberg algebra 
is the Fock space representation on the polynomial ring of infinitely many variables. 
The degrees of polynomials (with different degree variables) give a direct sum 
decomposition of the representation, which is called weight space decomposition. 

The Hilbert scheme of points on a complex surface appears in algebraic 
geometry. The Hilbert scheme of points decomposes into infinitely many connected 
components according to the number of points. Betti numbers of the Hilbert scheme 
have been computed in [22]. The sum of the Betti numbers of the Hilbert scheme of 
N-points is equal to the dimension of the subspaces of the Fock space representation 
of degree NV. 


Algebraic Preliminaries. Let R = Q[p1, p2,...] be the polynomial ring of infinite 
many variables {p;}9° ,. Define P[j] as jd/dp; and P[—j] as a multiplication 
of p; for each positive j. Then, the commutation relation holds: [ P [i], P[j]] = 
id;+;,0Idpr, i, j € Z/{0}. We define the infinite-dimensional Heisenberg algebra as 
the Lie algebra generated by P[j] and K with defining relation 


[Pli]. PL/]] =i8j4joKr, [Pl], K]=0. i,j €Z/{0}. (20) 
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The above R labels the representation. If 1 € R is the constant polynomial, then 
Piijl = 0, i € Z4 and 


R = Span{ P[—j,]--- Pl—-jeJ 1 | kK € Z4U (O}, fi... ie Za}. QV 


1 is a highest-weight vector. This is known in physics as the bosonic Fock 
space. The operators P[j](j < 0) (P[j]G > 0)) are the creation (anni- 
hilation) operators, while 1 is the vacuum vector. Define the degree operator 
D: R > R by D(p™ ph? .--) = (0; imi) py" p35? .... The representation 
R has D eigenspace decomposition; the eigenspace with eigenvalue N has a 
basis pi"! p5?---()0,im;) = N. Recall that a partition of N is defined by 
a nonincreasing sequence of nonnegative integers v} => vz > --: such that 
do, ve = N. One can represent v as (1, 2”,...) (where 1 appears m-times, 2 
appears 7m-times, and so on, in the sequence). Therefore, elements of the basis 
correspond bijectively to a partition v. The generating function of eigenspace 
dimensions, or the character in the terminology of representation theory, is known 
to have the form 


[o) 


Treg? ©) qNdim{r € R | Dr=Nr}=TJa-g")!. 22) 


N>=0 n=1 


Let us define now the Heisenberg algebra associated with a finite-dimensional Q- 
vector space V with nondegenerate symmetric bilinear form (, ). Let W = (V ® 
t Q|t]) 6 V ®t! Q[t—')), then define a skew-symmetric bilinear form on W by 
(r @ t', s @t/) = id;4;0(7,5). The Heisenberg algebra associated with V can 
be defined as follows: take the quotient of the free algebra A(W) divided by the 
ideal J generated by [r, s] — (7, s)1 (7,5 € W). It is clear that when V = Q one 
has the above Heisenberg algebra. For an orthogonal basis {7; ¥ _, the Heisenberg 
algebra associated with V is isomorphic to the tensor product of p-copies of the 
above Heisenberg algebra. 

Let us consider next the super-version of the Heisenberg algebra, known as the 
super-Heisenberg algebra. The initial data are constituted by a vector space, V, with 
decomposition V = Veyen ® Voua, and a nondegenerate bilinear form satisfying 
(7,5) = (-1)!r'lsl qr, s). In this formula, r,s are either elements of Veyen or Voua, 
while |r| = Oif r € Veyen and |r| = 1 if r € Voag. As above, we can define W, the 
bilinear form on W, and A(W)/J, where now we replace the Lie bracket [, |] by the 
super-Lie bracket. In addition, to construct the free-super-Lie algebra in the tensor 
algebra, we set 


(@ti,s@t)y=(r@t)\(s@t/)+(s@t)\(r @t') 


for r,s € Voaa. By generalizing the representation on the space of polynomials 
of infinitely many variables one can get a representation of the super-Heisenberg 
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algebra on the symmetric algebra R = S*(V ® ¢ Q[t]) of the positive degree part 
V ®t Q[t]. As above, we can define the degree operator D. The following character 
formulas hold: 


00 ; : 
1 Ae n)dim Voaa R o= 1—it A in(t dim Vega 
igo = Tl (+ q") _ RR n(t)) (23) 


(1 — q?)dim Veven R(s = 1 — it) dim Veven ; 


n=1 


ioe) 
STrp gq? = [ [a _ gyn Voda—dim Veven R(s {ea int” Voda—dim Veyen , (24) 


n=1 


where we have counted the odd degree part by —1 and replaced the usual trace by 
the super-trace.° 

If we consider the generating function of the Poincaré polynomials associated 
with sets of points, we get the character of the Fock space representation of the 
Heisenberg algebra. This is, in general, the integrable highest-weight representation 
of the corresponding affine Lie algebra and is known to have modular invariance, as 
was proven in [23]. This occurrence is naturally explained through the relation to 
partition functions of conformal field theory on a torus. In this connection, the affine 
Lie algebra has a close relationship to conformal field theory. 


4.2. One-Dimensional Higher Variety 


Let us consider the N-fold symmetric product G" X of a Kahler manifold X, that 
is, the GNX = [X"/Gy] := X x---x X /Gy orbifold space, Gy being the 
— 


N 
symmetric group of N elements. Objects of the category of the orbispace [X " /Gy] 
are the N-tuples (x,,...,xy) of points in X; arrows are elements of the form 
(X1,...,Xyi0), where o € Gy. In addition, the arrow (x|,...,x\;0) has as its 
source (X1,...,Xy) and as its target (Xo(1),...,Xo(v)). This category is a groupoid 
for the inverse of (x1,...,xw30) is (Xe(1),--- ,Xa(nyi 0). (The orbispace as a 


groupoid has been described in [24, 25].) For a one-dimensional higher variety (i.e., 
for a surface) the following results hold: 


3Jn the case when V has the one-dimensional odd degree part only (the bilinear form is (r,r) = 1 
for a nonzero vector r € V) and the above condition is not satisfied, we can modify the definition 
of the corresponding super-Heisenberg algebra by changing the bilinear form on W as (r ®t’, r ® 
tl) = 64 jo. The resulting algebra is termed an infinite-dimensional Clifford algebra. The above 
representation R is the fermionic Fock space in physics and it can be modified as follows: the 
representation of the even degree part was realized as the space of polynomials of infinitely many 
variables; the Clifford algebra is realized on the exterior algebra R = A*(® ; Qdp;) of a vector 
space with a basis of infinitely many vectors. For j > 0 we define r ® t~/ as an exterior product 
of dp; andr @ t/ as an interior product of 0/dp;. 
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¢ For a Riemann surface (dim X¥ = 1) G" X and X™ are isomorphic under the 
Hilbert-Chow morphism. 

¢ If X is a nonsingular quasi-projective surface, the Hilbert-Chow morphism 
a : X!N] 5 6X gives a resolution of the singularities of the symmetric 
product G" X [26]. In particular, X!! is a nonsingular quasi-projective variety 
of dimension 2. 

¢ If X has asymplectic form, X!! has also a symplectic form. For N = 2 this has 
been proven in [27], and for N general in [28]. 

* The generating function of the Poincaré polynomials P,(X'™!) of X!! is given 
by 


oo 0° n—1,n\b n n\b 
ye 2a) = I] (+r? ‘q ) OC er Ng ye 
r (1 _ p2n—2gn)ybo(X) (] _ 2m gnyb2(X)(] _ p2nt2qnyba(X) 


N=0 n=1 


— jain RO = Gj — it) + in(e)77@ (25) 
~ TT ja123 Rs = &j-201 — it))Py 2 


where &j;~-; = j — 1/2, &j-2 = j — landr = exp(zirt). 


4.3 Equivariant K-Theory, Wreath Products 


We study here a direct sum of the equivariant K-groups F(X) :-= ®ysoK p, (X x) 
associated with a topological I"-space [1]. I” is a finite group and the wreath 
(semidirect) product "vy Gy acts naturally on the Nth Cartesian product X N One 
can calculate the torsion free part of K?.(Y) (where I" acts on Y and I’ is a finite 
group) by localizing on the prime ideals of R(J"), the representation ring of I” (for 
details, see [29]) K}-(Y) = @y K°(Y”)’”, where K, (X") = Kry(X%) @C. 
Here {y} runs over the conjugacy classes of elements in I", Y” are the fixed point 
loci of y, and I, is the centralizer of y in J”. The fixed point set {X NW is isomorphic 
to XN = XXUu%, y € Gy, and Ty = J], Gn, « (Z/n)™. The cyclic groups 
Z/n act trivially in K*(X), and therefore, the following decomposition for the 
Ry -equivariant K-theory holds [30]: 


ROXY=OKre)y)*= BP WKC™ Ss". — (26) 


{y} yYinN,=N 1 


As an example of such K-group we here analyze the group K 3 Ty (X) which has 
been introduced in [1]. The semidirect product I"y can be extended to the action of 
a larger finite supergroup HTy, which is a double cover of the semidirect product 
(I x Zx)% x Gy. The category of Hwy -equivariant spin vector superbundles over 
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X% is the category of y-equivariant vector bundles E over X such that E carries 
a supermodule structure with respect to the complex Clifford algebra of rank N 4 
It has been shown [1] that the following statements hold: 


1. The direct sum F7(X) := OV ip Kary (X “) carries naturally a Hopf algebra 
structure. 

2. It is isomorphic to the Fock space of a twisted Heisenberg superalgebra (in this 
section super means Z-graded) associated with K ii Tw (X) = Kr(X). 


3. If X is a point, the K-group Kap, (X “) becomes the Grothendieck group of 
spin supermodules of HTy. 


Such a twisted Heisenberg algebra has played an important role in the theory 
of affine Kac-Moody algebras [31]. The structure of the space J-(X) under 
consideration can be modeled on the ring 2¢ of symmetric functions with a linear 
basis given by the so-called Schur Q-functions (or equivalently on the direct sum of 
the spin representation ring of HTy for all N). The graded dimension of the ring 
Qc is given by the denominator [],,-)(1 — q?”~!)7!. On the basis of Géttsche’s 
formula [22] it has been conjectured [32] that the direct sum J{(S}) of the homology 
groups for Hilbert scheme S!! of N-points on a (quasi-)projective surface § should 
carry the structure of the Fock space of a Heisenberg algebra, which was realized 
subsequently in a geometric way [21,33]. Parallel algebraic structures such as Hopf 
algebra, vertex operators, and Heisenberg algebra as part of vertex algebra structures 
[31,34] have naturally showed up in }{((S) as well as in F(X). If S is a suitable 
resolution of singularities of an orbifold X/I", there appears close connections 
between H{(S}) and Fr (X) [1]. In fact the special case of I trivial is closely related 
to the analysis considered in [35]. It would be interesting to find some applications 
of results discussed above in string theory. 


The Generating Function. The orbifold Euler number e(X, I”) was introduced in 
[36] in the study of orbifold string theory and it has been interpreted as the Euler 
number of the equivariant K-group K(X) [37]. Define the Euler number of the 
generalized symmetric product to be the difference 


e(X", Hy) := dim K5° (X") — dim Kany (xX), 
the series )-_) qNe(X, Hy) can be written in terms of spectral functions: 


SM e(X". 7 2n—1\—-e(X.') _25 e(X,I) 
wr e(X”", HIly) = [[a-4 ) a [a 2(q— DA@)| 
N=0 n=1 


= R(s = 1/2— (1/2)it) °F. (27) 


4A fundamental example of H y-vector superbundles over X¥ (X compact) is the following: 
given a I"-vector bundle V over X, consider the vector superbundle V ® V over X with the 
natural Z»-grading. One can endow the Nth outer tensor product (V ® y) 3" with a natural 
ATy -equivariant vector superbundle structure over X. 
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One can give an explicit description of F;(X) as a graded algebra. Indeed, 
the following statement holds [1]: as a (Z, x Zy)-graded algebra, F(X, q) is 
isomorphic to the supersymmetric algebra 6 (By _, g?%~!K -(X)). In particular, 


foe) . 1 
; 1+ 2n—1)dim K;.(X) 
dim, 3-(X) = [] ae al 


n=1 


(1 — g2n—!yaim KPAX) 


_ [RE =1/2—(1/2)it + /2)in( A ™ es 
[R(s = 1/2 — (1/2)it) PO , 


where the supersymmetric algebra is equal to the tensor product of the symmetric 
algebra 6 (BY _, g7"~! KY-(X)) and the exterior algebra A (PY _, 7"! K}-(X)). 
In the case when X’,; is a point we have 


CO 
So @™ dim FF (Xp) = [JQ -— 97)! = [Rs = 1/2- 0/2 it! . 
N>=0 n=1 
(29) 
In (29) I is a finite group with r + 1 conjugacy classes; [™* := {y;}';<o is the set 
of complex irreducible characters, where yo denotes the trivial character. By I we 
denote the set of conjugacy classes. 


5 Conclusions 


Having advocated in this paper the basic role of modular forms and spectral 
functions with their connection to Lie algebra cohomologies and K-theory methods, 
we are now, in concluding, naturally led to other crucial problems, related to 
the deformation procedure. For instance, one might ask whether the form of the 
partition functions could be algebraically interpreted by means of infinitesimal 
deformations of the corresponding Lie algebras. No doubt this analysis will require 
a new degree of mathematical sophistication. Perhaps all the concepts of what 
could eventually be called the “deformation theory of everything” might be possibly 
tested in the case of associative algebras, which are algebras over operads [38]. 
In many examples dealing with algebras over operads, arguments of the universality 
of associative algebras are called forth. This strongly suggests that a connection 
between the deformation theory (deformed partition functions) and algebras over 
operads might exist. We expect to be able to discuss this key problem in forthcoming 
work. 
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Families of Twisted Bernoulli Numbers, Twisted 
Bernoulli Polynomials, and Their Applications 


Yilmaz Simsek 


Dedicated to Professor Hari M. Srivastava 


Abstract This chapter is motivated by the fact that the theories and applications 
of the many methods and techniques used in dealing with some different families 
of the twisted Bernoulli numbers, the twisted Bernoulli polynomials, and their 
families of interpolation functions, which are the family of twisted zeta functions, 
the family of twisted L-functions. By using the p-adic Volkenborn integral, twisted 
(h, q)-Bernoulli numbers and twisted (, q)-Bernoulli polynomials are introduced. 
The p-adic meromorphic functions, which interpolation twisted (4, g)-Bernoulli 
numbers and twisted (h,q)-Bernoulli polynomials, associated with the p-adic 
Volkenborn integral, are presented. Furthermore relationships between Bernoulli 
functions, Euler functions, some arithmetic sums, Dedekind sums, Hardy Berndt 
sums, DC-sums, trigonometric sums, and Hurwitz zeta function are given. 


1 Introduction 


The Bernoulli numbers are named after the great Swiss mathematician Jacob 
Bernoulli (1654-1705), who used these numbers in the power sums, which is 
defined by 


S(p,n) = SO k?. 
k=0 
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The sum S(p,n) is the so-called Faulhaber’s formula, named after Johann 
Faulhaber, a German mathematician (5 May 1580-10 September 1635). The sum 
S(p,n) is given explicitly by the Bernoulli polynomials as follows: 


Bysi(a + 1) — By41(0) 
pt+l 


S(p,n) = 


Therefore, the history of the Bernoulli numbers and the Bernoulli polynomials 
goes back to Bernoulli in the sixteenth century. From Bernoulli to this time, the 
Bernoulli numbers can be defined in many different ways and areas. Thus many 
applications of these numbers and their generating functions have been looked 
for by many authors in the literature. Many different special functions are used 
to construct generating functions for the Bernoulli numbers and the Bernoulli 
polynomials. The Bernoulli polynomials are associated with many of special 
functions, for example, in particular the Riemann zeta function, the Hurwitz zeta 
function, the family of L-functions, and trigonometric functions. The Bernoulli 
polynomials are an Appell sequence, i.e., a Sheffer sequence for the ordinary 
derivative operator. The Bernoulli numbers and the Bernoulli polynomials have 
many applications in Analytic Number Theory. We summarize this chapter as 
follows: In Sect. 1, we give definitions and some properties of the Bernoulli 
numbers and the Bernoulli polynomials. We present definitions of the twisted 
Bernoulli numbers and the twisted Bernoulli polynomials. We introduce various 
properties of these numbers and polynomials. We also consider the twisted Bernoulli 
polynomials and numbers in terms of a Dirichlet character. In Sect. 2, we present q- 
analogue of the generating functions for Bernoulli-type numbers and polynomials. 
We define the modified twisted g-Bernoulli numbers and the modified twisted q- 
Bernoulli polynomials. We also introduce generalized modified twisted q-Bernoulli 
numbers and polynomials. We give many series representations and relations related 
to these numbers and polynomials. In Sect.3, we introduce three families of 
interpolation functions of the modified twisted g-Bernoulli numbers and modified 
twisted g-Bernoulli polynomials. These interpolation functions are related to three 
families of modified twisted g-extension Riemann zeta function, modified twisted 
q-extension Hurwitz zeta function, and modified twisted q-extension Dirichlet 
L-functions. We also present a p-adic interpolation function of the modified 
twisted generalized q-Bernoulli numbers. In Sect.4, we define twisted (h, q)- 
Bernoulli numbers and polynomials by using p-adic Volkenborn integral. We 
also give two variable p-adic meromorphic functions associated with the p-adic 
Volkenborn integral. These functions interpolate twisted (h, q)-Bernoulli numbers 
and polynomials at negative integers. In Sect.5, we give functional equation of 
Dedekind eta functions which include Dedekind sums. We also give some arithmetic 
sums related to the Hardy—Berndt sums and trigonometric functions and Bernoulli 
functions. Finally we present DC-sums which are related to not only the Hardy— 
Berndt sums but also trigonometric functions and Euler functions and the Y(h, k) 
sums. 
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Throughout of this chapter, we use the following notations: 
N := {1,2,3,...}, Z = {-1,-2,-3,...}, and No := NU {0}. 


Here Z denotes the set of integers, R denotes the set of real numbers, Rt denotes 
the set of positive real numbers, and C denotes the set of complex numbers. We also 
assume that In (z) denotes the principal branch of the many-valued function In (z) 
with the imaginary part Im (In (z)) constrained by —z < Im (In(z)) S a. Finally, 


n\ _ m! 
(‘!) ~ n\(m—n)! 


and [x]g denotes the largest integer < x. 


2 The Family of the Bernoulli Polynomials and Numbers 


The Bernoulli polynomials B,(x) are defined by means of the following generating 
function: 


te oO t” 
Fa(t,x) = [— = DB) (It < 2x). (1) 
n=0 . 


The numbers B, = B,,(0) are called the Bernoulli numbers, which are defined by 
means of the following generating function: 


lo) 

t t” 

Fe) => = OB (itl <2). Q) 
n=0 . 


By using (1) and (2), we get the following functional equation: 
Fg(t,x) = e™ Fz(t). 
It easily follows from the above functional equation that 


oO t” end t” oO t” 
Ba) = ( x a (2.5). 


n=0 n=0 


Therefore 


B=), ( ‘) a Bie (3) 
k=0 
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By using (1), we obtain the following functional equation: 
Fp(t,x + 1) — Fa(t,x) = te™. 
From the above equation, one can easily obtain 
B,(x + 1) — By(x) = nx", (4) 
where n € Np. It easily follows from (4) that 
B, (0) = B,Q), (5) 


where n € N\ {1}. 
We are now ready to give recursion formula for computing Bernoulli numbers. 
Substituting x = | into (3), in view of (5), we have 


Br =0( 2) Be (6) 


k=0 


where By = 1 andn > 1 
By using the above recursion formula, we have the following list for the first few 
of the Bernoulli numbers: 


Path, Beet, foe: Pee ee, Fee 
C= ’ l= 2’ i 6° 4 30’ 6 42’ 8 30° 

ie 691 _7 p _ 3617 __ 43867 
eS 6G” Bg eS aig. oR 


and By,4,; =O(n EN). 
By using (3) and (6), we have the following list for the first few of the Bernoulli 
polynomials: 


1 1 3 1 
Bo(x) = 1, Bi(x) =x- 3 B(x) =x? -x+ 6° By(x) = x° — 5 + 5% 


1 5 ] 1 
B = xt-2x3+7?7-—, B a ee ae ee ee 
AO) Ren a aS a r 
By using (1), one can easily derive the following well-known basic identities for the 
Bernoulli polynomials: 
By (1), we obtain the following partial differential equation: 


0 
— Fp(x,t) = tFp(x,t). 
Ox 


By using the above partial differential equation, we have 


ay (x) = nB,-1(x). 
dx 
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We set Fg (t, 1 — x) = Fpg(-t, x). By using the above functional equation, one can 
easily get 


B,(1— x) = (-1)"B,(x). 
One also has 
(—1)" By (—x) = B,(x) +x". 


We remark that the Bernoulli polynomials are the Appell polynomials (cf. [20, 76, 
77]). The von Staudt—Clausen Theorem: 

This theorem was given by Karl Georg Christian von Staudt and Thomas 
Clausen independently in 1840. This theorem is given as follows (cf. [87, p. 55, 
Theorem 5.10]): 


Theorem 2.1. Let n be even and positive integer. Then 


B, + a 


(p—1)|n 
is an integer. The sum extends over all primes p for which p — | divides 2n. 


A consequence of this is that the denominator of B, is given by the product of 
all primes p for which p — 1 divides 2n. Thus, these denominators are square-free 
and divisible by 6 (cf. [21,22, 76,77, 87]). 


Asymptotic Approximation 
By the Stirling formula, as n goes to infinity, 


n \2n 
|Bon| ~ 4./n7 (—) 
we 


(cf. [76,77]). 


2.1 The Twisted Bernoulli Polynomials and Numbers 


The twisted Bernoulli numbers are defined by means of the following generating 
function: 


t t” 
F;(t) = ger —1 = Bass (7) 


n=0 


where &” = 1,€ # 1, andr € Z* are the set of positive integers (cf. [15, 33, 43, 45, 
61, 63, 66, 68)). 
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The twisted Bernoulli numbers are related to the Frobenius—Euler numbers, 
which are defined as follows: 

Let u be an algebraic number. For u € C with |u| > 1, the Frobenius—Euler 
numbers H,,(u) belonging to u are defined by means of the following generating 
function: 


1— sed n 
A= Aw). (8) 
nt 


F => 
e—-tu 
n=0 


By using the above equation and following the usual convention of symbolically 
replacing H"(u) by H,,(u), we have 


Hy=1 
and forn > 1, 
(H(u) + 1)" = uA, (u). 
We also note that 
A, (—1) = En, 
where E,, denotes the classical Euler numbers, which are defined by (94) (cf. [33, 
42,76,77,79]). 


By using (7) and (8), a relation between the twisted Bernoulli numbers and the 
Frobenius—Euler numbers is given by 


n 
&-—1] 


The twisted Bernoulli polynomials B, ¢(x) are defined by means of the following 
generating function: 


Big = Hale"), ES Vy: (9) 


F, (t,x) = F(e™, (10) 
that is, 
te = ‘ 
AG) = aa 2 Prey (11) 


(cf. [33, 41,42, 57, 62, 63, 68, 79]). 
We note that the twisted Bernoulli numbers are special case of the Apostol— 
Bernoulli numbers (cf. [77]). 
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By using (7) and (10), we easily have 
Bng(x) = > (7) x"* Bee. (12) 


k=0 


Setting the following functional equation, which is used to get the difference 
equation for the twisted Bernoulli polynomials, we have 


EF. (t,x + 1)— Fe(t,x) =te™. (13) 
It is easily from (11) and (13) that 
EBn g(x + 1) — Bag(x) = nx", 
which yields 
EBne(1) = Bne(0), (14) 


where n > | and 


EBn (0) — Brg(—1) =n(-1)". 


2.2 Computing the Twisted Bernoulli Numbers 
Let &" = 1 (€ € Zt); € ¥ 1. By using umbral calculus convention in (7), we get 
t = €e(% +)" _ ¢%:! From the above equation, we have 


n 


t= ¥ (E(B: + 1)" _ Bn) —. 


n=0 


Therefore, we get the following recursion formula for the twisted Bernoulli 
numbers: 


Bog = 0 (15) 
and 


1/(§ — 1), ifn = 1, 
0, ifn > 1, 


E(B; + 1)” — Bre = 


where (Be)" is replaced by By ¢. 
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Substituting x = 1 into (12), in view of (14), we also get the another recursion 
formula, which is given as follows: 


n 


Bre = Ds (7) EBxe, 


k=0 


where n > 2 and By; = 1/(& — 1). 
By using the above recursion formula, we have the following list for the first few 
of the twisted Bernoulli numbers: 


1 2é 9& — 3&? 
Boe =9, Big = ——, Boe = -——— . Bae = ——.. 
f-1 (GS 1) G=1) 
4& — 48&? + 208° 
46 = i ges 
G=1) 
The first few of the twisted Bernoulli polynomials are given below: 
Bog(x) =0, Big) = ——. Bags) = = 
OFX) =Y, BiEX) = F—, Bre) = x — , 
3 6& oe = 35 


we Ea Gye = 

Because of (15), it is not difficult to derive the following important results for the 
twisted Bernoulli polynomials. 

If € $ 1, then degree of the twisted Bernoulli polynomials By ¢(x) isn — 1. 

Observe that if x = 0, then (11) reduces to (7). Also, if & — 1, then (7) reduces 
to (2). 
Integral Formula 

Integrating equation (10) with respect to x from y to z, we have 


Zz 
z 


[Renae = Fe(t) f e'*dx a ~Fe(t) (c= —e’”). 
J y 


From the above integral equation, we get the following integral formula: 


Zz 


/ Bng(x)dx = 


y 


Bn+1¢(2) = Bisse) 
n+1 


Multiplication Formula 
We set the following functional equation: Let d be a positive integer. 


od | 


a 
Fe(t,x) = 5 oe Fy (a. =1) 
j=0 
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By using this equation, we get the following multiplication formula: 
d-l F 
Bn~(dx) = d"" IB gc =}, 
(dx) dS w(x+4) 


Addition Formula 
By using (11), we arrive at the following addition formula: 


Br g(x F y) = > (7) y"* Bee(x): 
k=0 


2.3. Convolution of the Twisted Bernoulli Polynomials 


Here, we firstly give a generating function for the generalized twisted Bernoulli 
polynomials a (x) in x as follows: 


GS (ao - “et => BM), (16) 
n=0 


m €N. It is easily observed that 
Be (x) = Bng(x) and 2 Brg. 


The generalized twisted Bernoulli numbers Bi” are defined by means of the 
following generating function: 


m oO n 
t t 
F(t) = —~ yr poe 
2 Ee! —] dX né ny) 
From the above function, we derive 
FLOW) = FLOOR). 


By using this equation, we give the following formula, which is computed the 
numbers Be 


(m+1) __ ” n (m) 
Bre =D i Bye Bn-ke. 


k=0 
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The first few of the generalized twisted Bernoulli numbers a are given below: 


2 12 
a ae eal em a aE ae 


6 
GB) _ GB) _ 3) _ 3) _ 
Bos = 0, By. = 0, By. = 0, By. — €-)* sees 


By using (16), we have 


m ” n n—- m 
Bi"? (x) = >. @ x Bre. 
k=0 


By using the above formula, the first few of the generalized twisted Bernoulli 
polynomials Bw are given below: 


2 6 128 
B(x) = 0, B2(x) =0, BIC) = , BO = x Aaa 
ue ad i i) cosy 
6 
AG) =0; Be @)=0, 7G) =%, B76) = — 


eae 


Substituting m = 2 into (16), we have 


oo n tx t 
t te te’’ 
Be 7 
e ng + YT (4) (<5) 


n=0 


By using (11) in the above equation, we obtain 


Braet y)= 0 By.g(X)Bn-e(¥): (17) 
k=0 


We derive the following well-known differential equation: 


d 


2 4 ef(xty-) 
E(A@.x+y)) =@+y-Dth(t.x+y-1-t a (=). 


By using the above equation, we obtain the following identity: 


EBO(x + y) = n(x + y — Bree + — 1) + 2—D Brg ty — 1). (18) 
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Combining (17) and (18), we get convolution formula of the twisted Bernoulli 
polynomials by the following theorem: 


Theorem 2.2. 


n 


= (7) Bx g(x) Bn—k.g(¥) = ne +y—-V Br-1g (et y—DY+(n-1) Bung (xty—D. 
k=0 


Secondly, we give a generating function for the twisted Euler polynomials £,, ¢(x) 
as follows: 


lo} 


2e* i” 
ge(t,x) = rae ae yo Eng. (19) 


n=0 


We derive the following functional equation: 


x+y t 
Fry | 21, 5 =Fe(t,x + y)- Bex + y). 


By using this equation with (11) and (19), we give a relation between the twisted 
Bernoulli polynomials and the twisted Euler polynomials as follows: 


Theorem 2.3. 


x+y —n —n— 
Bg ( 2 ) =2 Bre (x + y) —n2 Bie (x+y), 


or 


n 


os (7) Bye (x)En-ne(¥) = Bug (x + y) - 5 Eng (x+y). 
k=0 


We note that the special case x = y = 0 of Theorems 2.2, we get twisted version 
of the Euler identity, which is given by 


n 


> (i) Bye Bn—kg = —NBn-1g(-1) + (1 — 1) Bng(-1). 


k=0 


If € > 1, we have Euler identity: 


n—2 
>. (i) By Bn-k = —(n + 1)Bn 
k=2 


(cf. [1, 16, 18, 76, 77]). 
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2.4 The Twisted Bernoulli Polynomials and Numbers in Terms 
of a Dirichlet Character 


Here, in terms of a Dirichlet character y of conductor f € Z*, the sets of positive 
integer and the twisted generalized Bernoulli numbers and polynomials are defined, 
respectively, by means of the following generating functions: 


a teat oO 
Gye) = y et ef =r ; ne (20) 
and 
a4 o(x+a)t oo 
Gye(t.x) = 3 ae = = 15. BOS, (21) 


Clearly, we have 


Baye (0) = Bry: 


Observe that if € = 1, then G,i(¢,x) = F,(t,x) and Byy1 = Bn, which are 
certain algebraic numbers (cf. [21—91]). 

From (21), we have G,¢(t,x) = Gy, ¢(t)e’. From this functional equation, 
we get 


n n = 
Bn yé(X) = = (7) x * Bev. 
k=0 


By using (11) and (21), we get the following functional equation: 


Grelt= FY Yo 2 Fy (7.23), 


By using this equation, we have 


= t” = - x+a t” 
2 Bn.xe CO) = x ie > x(ayé" By gt (=) nt 
n=0 i n=0 a=1 . 


Comparing the coefficients of t”/n! on both sides of the above equation, we arrive 
at the following result: 
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Theorem 2.4. 
1 f x+a 
By zg) = f°" So xae" Byes ( ; ) 
a=1 
and 
ul a 
Baye =f" D X@E* By gs (<) (22) 
a=1 


By using (22), we give the first few of the numbers B,, , ¢: 


Boe = 9, 
1 f 
Buys = EF —1 d x(ay&", 
1 f 2ef f 
B = — a 
2,€ Pef=1 axa 7 iy Kas 


3 q-Analogue Generating Functions 


We assume that g is a real number with 0 < q < 1. We denote 


a) = b= 


Note that 
lim [x : gq] = x. 
ql 


To obtain an integral expression of the g-zeta function, Wakayama and Yamasaki 
[85] defined the following qg-functions: 


£2) = 0° Dg exp (- (a + dt) (23) 


n=0 


and 


raCnee zg=t? be ae exp ([n — z]t) (24) 


n=1 
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when 
—n <arg(t)<az 


sa 
ze D, = JreC: lime] < = —t 
‘ 2 |log q| 


and 
sa 
R,(z) = \t €C: |arg(t) — Um(z)) log g| < 5} ; 


For any z € D,, Rt C R,(z), R* denotes the positive real axis. 

Lemma 3.1 ([85]). We assume that —m < arg(t) < m and z € Dg. The function 
£ (t, z) is holomorphic in Rq(z). The function pis (t,z) is entire. The functions 
a (t, z) satisfy, respectively, 


©) _ ot (p@) I-2,)? ptll=< 
£0, gtd) =e (02.69 £4)’ ell). 


Lemma 3.2 ([85]). Putz = x + /—ly € Dy (x,y € R) and B, = cos(y log). 
Fort > 0, we have 
ve! ° 
(5) 


(v) 7 q “By -1 —x,\0 
lo.) = exp ( eae ) GQ") + 
Further, suppose that z € Jg = fz =x+wvJ-ly € Dy: x >0,q~* cos(y 


logqg) > 1}. The function ae (t, z) is an integrable function on [0, 00) provided 
Re(q) > 0. 


Wakayama and Yamasaki [85] also defined the following g-function, which is 


linear combination of the functions ce (t,z) and £1” (t, 2): 


[o,) 
FOS (aa = £O.G:2) + £ (2) =t” 2 g’*) exp (-tq""*[n + qt), 


n=—oo 


where ¢ € R,(z). One can easily see that the function a (t, z) is periodic, that is, 


LOt2+ 1 = £9 (t,2. 


Families of Twisted Bernoulli Numbers and Polynomials 163 


Thus, this function has the following Fourier expansion: 


Proposition 3.1 ((85]). Let z € Dg. Fort € R,(z), we have 
6 lee) mé 
(v) d — q) — | — q a mf —1mz 
Lo olt, Zz) — ent a qd > (— (vu + mbq)e* ! 4 


where 
Bis 2a /-1 
4 logg ¢ 


Proof. By applying Fourier transform to 


FO 2) = G0 "*? exp (-1q7"*® [n +. a]), 


we have 
—_> CO ofS 
FP wa = fae ads, 
—0CoO 


After some elementary calculations, we have 
a 1- v ree = 1- vtw6sq 
FO, Zg= Pe Tq +2 J =1wz (=*) Ct w6q)- 


Applying the Poisson summation formula to the above function i (n, z), we have 


CO fo) 


Lg = YT fMag=0 YD fm. 


n=—Co m>=—oo 


See for detail [85, Proof of Proposition 2.4]. Thus we arrive at the desired result. 


3.1 q-Analogues of Bernoulli Polynomials 


Wakayama and Yamasaki [85] defined g-analogues of Bernoulli polynomials by 
means of the following generating function: 


l—g)"(v—-1)! _t. oe i 
C= O'@= 1! LP¢ad= > BMG O<q<1,teO). 
log g n} 


n=0 


GPU.9 = 


The function GY (t, z) is holomorphic at tf = 0. This function satisfies the following 
q-difference equation: 
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GM (qt.2 =e" (G2 + (q'*t)" gt) : 


Substituting t = 0 into the above equation, we have 


1—g)’(v—1)! 
Ge0,z) — 4 q) (v ) : 
logg 


By using the above q-difference equation, recursion formula for the polynomials 
B! (z,q) is given by [85] 


(1-49) D)! 


BOQ = ar 


Devt (7) tHe = CyB +o1(" Jar —ar, 
k=0 


Remark 3.1. Fort € (0,27), we have 
lim G)(t,z) = Feta, 
qti 2” e—1 
This gives us generating function for the classical Bernoulli polynomials for v = 1. 
That is, 
lim By. q) = Bn(@) 
qt 


which is defined in (1). The polynomials BY (z, q) have been studied by Tsumura 
[82] and also the author [68] which are given in the next section. 


3.2 The Modified Twisted q-Bernoulli Numbers 


In [68], the author studied the modified twisted Bernoulli numbers and polynomials 
and their interpolation functions. In complex s-plane, the generating function of the 
modified twisted g-Bernoulli numbers is given by [68] 


[oe 
: ¢" ‘ ‘i t - ee 
Hg g(t) = er = Bo;(q) + Bey ear BeM sae 
=. ! | ! 
where &" = 1 (r € Z*);€ A 1 andg € RwithO <q <1. 
This function is the unique solution of the following q-difference equation: 


Hae (t) = Ge’ Hye (qt) — 0. (25) 
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By using the above q-difference equation, the recurrence formula of the modified 
twisted g-Bernoulli numbers is given by 


B es 
06 (9) log gé 
and 
n 1, ifn=1 
n k p* * : : 
g ( Ja Be e(q) — Bes(@ = 
LA, : : 6, ei. 


Lemma 3.3 ((68]). Suppose that q € R withO <q <1, forr € Zt andé £1, 
&" = 1. Then 


Hae(t) =t DE "gq" exp (—q"[n]t). (26) 


n=1 
Proof. The right-hand side of (26) is uniformly convergent in the wider sense and 
satisfies q-difference equation in (25). 
Observe that for g € R with 0 < g < 1, we have &” = 1: 


Hyi(t) = Hy(t) =t D> q™ exp (—q""[nJe) 


n=1 


(cf. [63, 64, 68, 71, 82]). By using Lemma 3.3, we have 


oo fore) m—1 C 
' oe m m—1 (—1)* t” 
Bn > (<= > ( k ) ar] ma 


m=0 . m=1 


By comparing the coefficients a on both sides of the above equation, we obtain 


m m—1 inn 1 (-1)* 
B* ee eae 
me = Gari »( ie ee 


To define interpolation functions of the twisted qg-Bernoulli numbers and 
polynomials, we need Lemma 3.3; for g € R with 0 < q < 1,r,k € Z* and 
&€ ~1,&" = 1, we have 

ae = R* = —(—] kk — —n_/—kny,,)k-1 27 
Fr elt. g) lao= Begg) = —(-*k DIEM a. 7) 


n=1 
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3.3 The Modified Generalized Twisted q-Bernoulli Numbers 


Now we define the following generating function which is a generalization of 
(26). Let x be a Dirichlet character of conductor f € Z*; the modified twisted 
generalized g-Bernoulli numbers are defined by means of the following generating 
function: 

For g € Rwith0O <q <1, forr € Zt andé ¥$ 1, 


we define 


Ke (t.g) = SOE" (nq exp (-q-" n]t) = > Bre (a, (28) 


n=1 n=0 


The right-hand side of (28) is uniformly convergent in the wider sense. Hence, by 
using derivative operator a to Eq. (28), we obtain 


k oe) 


d ; 
Fe Meal D lao= Bre (Q) = (DST Eg "A !, 29) 


n=1 


where g € RwithO <q <1,reZt andé 41, & =1. 
Observe that if y = 1, then (28) reduces to (26). 


3.4 The Modified Twisted q-Bernoulli Polynomials 


The modified twisted g-Bernoulli polynomials Bre (x,q) are defined by means of 
the following generating function [68]: 
Letg € RwithO<q <1,reZt andé Fl, 


er = 1, 


We set 


CO foe) ym 
Hgg(t.x) =e QTE exp(-q™"n + x10) = DP Brg g— — 0) 


n=1 m=0 


or 


Hqe(t, x) = Hy et, get. 


Families of Twisted Bernoulli Numbers and Polynomials 167 


From (30), we have 
rin t™ 
3 Bn g(, = = eh > Bre(D— 
m=0 m=0 
By using Taylor series of the e* function in the above, we have 
ym iss 
YBa ela) = (> Ps (sc 1)" [x]”" =): 
m=0 , m=0 m=0 
By using Cauchy product in the right side of the above equation, we get 
m = m— m— ” 
Bide => (2 pe] ere os a 
m=0 . m=0 \k=0 


By comparing the coefficients of t” /n! in both sides of the above equation, we arrive 
at the following theorem: 


Theorem 3.1 ([68]). Let &" = 1, (r € Z*); & F 1. We have 


m 


Base) = Dev ae Jor k BF (q). G1) 


By using (31), we have 


m-—1| aa 
qv 
Bre qQ)= ae ae = aS a gate ') Eqr-k — 1 


From (30), we have 


Hge(t.x) =F . E"q"” exp (—q-"({n] +g" [x])t) (32) 


n=1 


te" g™ exp (-q7""(n + x)t) = DO Bed 


n=1 m=0 


We now give multiplication (Raabe) relation of the twisted g-Bernoulli polynomials 
as follows. 
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Theorem 3.2. Letn,r € Zt, (& =1),€ 4 1. Ifr +k, then we have 


k-1 : 
* n— —j ,—nj p* x+ J 
Bgy= (kl) eg ee (F«') (33) 
j=0 
Proof. By (32), we have 
CO t” 
y By elm ee 
n=0 
[o,@) 
= Doe exp (-g-" ([m + x))1) 
m=1 


k-1 lee) ‘ 
= ETT Deg exp (-0-™ ([» + —— ! al) ig a) 
j=0 y=l 


Loic RAT a Vi eee 
= gli Lae ( k a) oe 


By comparing coefficients t”/n! on both sides of the above equation, we arrive at 
the desired result. 


Corollary 3.1. Letn € Z*. &’ =1 (re Zt); & £1. Ifr | k, then we have 


k-1 ‘ 
* n— —j ,-nj Rp* x+J 
Bre(x.g) = [kI"" Deg ‘Bs ( ; a), (34) 


j=0 


where B*(x,q) is defined by 
* : n—-k [ 2 n—k px 
Br(x.@) = 2) : ( :) [x!"" BE(Q). (35) 


Replacing x by kx into (33), we have 


k-1 F 
* n—- —j ,—-nj p* J C 
Bt (kx, q) = (el! Seq BE (x+20), 
j=0 


Thus, we have multiplication formula as follows: 
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Corollary 3.2. Letn,r €¢ Z*, &’ =1,& £1. Ifr +k, then we have 


k-1 


1 
me 2 1g" Br (: + Lg ) = [KY " Bre(kx, 9), (36) 


and if r | k, then we have 
l k-1 j 
ape Bs (x4 Lat) = a Bi tka) 
j=0 


We now find derivative of the twisted g-Bernoulli polynomials: 


Theorem 3.3. 


d.. ee 
Fx ome q) = logq'~4 Brig, q). 


Proof. By applying derivative operator to (31), we have 


d - 
= Be Gh, q) = 84 pus i ae 1— as ie _ |) [x \"-1* Beg). 


After some elementary calculations, we arrive at the desired result. 


3.5 The Modified Generalized Twisted q-Bernoulli Polynomials 


The modified generalized twisted g-Bernoulli polynomials are defined by means of 
the following generating function: 
Let g € R withO <q <1, forr € Z* andé ¥ 1, &" = 1. We define 


Belated) = DoE xln)a" exp = (A) + LD) = Yo Big 0.0), 


n=1 m=0 
(37) 
or 


Ke (x,t.q) = Key (t, ge), 


where x is a Dirichlet character of conductor f (cf. [68]). 
By using (37), we have 


Bee ga) = (EJ EP Bi 
k=0 
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We derive the following functional equation: 


Lf] st). (38) 


Belt) = Ta Deas, ~ (4 a 


By using the above equation and (30), we have the following theorem: 
Theorem 3.4. 


Bre yg) = [fT"” be Chg ABS ag (4 ). (39) 


By substituting x = 0 into (39), we have the following result: 


k 
Bt. (q) = LT De ee doBs (Tat). ao) 


4 Modified g-Zeta Functions 


By the integral expression of the gamma function J"(s), Hurwitz’s zeta function 


foe) 


1 
£052) =) aa 
dX (x +n) 


is obtained by the Mellin transform of the generating function for the Bernoulli 
polynomials F’g(t, 1 — x) in (1) (cf. [76, 77, 85, 88]): 


a9 d 
C(s,x) = rol Fer -x0F (Re(s) > 1). 


For any 0 < a < +00 andO < € < min{a,2z7}, C(s,x) is represented by 
the following the integral expression, which is called meromorphic continuation 
of f(s, x) (cf. [85]): 


ra- —t)set—»)t qt dt 
( s) ( ) e i t’! Fg (-t, 1 —x)—, 
2nV—-l Joea e'-1 t I(s) Jo t 


G(s,x) = 


where C(é, a) is a contour along the real axis from a to €, counterclockwise around 
the circle of radius ¢ with center at the origin, and then along the real axis from ¢ 
to a. This integral expression is related to Riemann around 1859. By using Cauchy 
residue theorem, we can easily see that ¢(s, x) has a simple pole at s = 1: 


Res {0(s,x)} = Bo(x) = 1, 
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one can also show that for m € N, 


c( —m,x) = _ Bn) 


m 


Let 0 < g < 1. Dirichlet-type g-series has been defined by 


gate zt 


Coto = 3 moa 


where Re(t) > 0 (cf. [43,57, 68, 82, 85]). 
In [85], Wakayama and Yamasaki defined the following Dirichlet-type g-series: 


(n+z)(s—v) 
v ns, 
Sodj=terawge> 


n=1 


aaa ae (v EN). 


The meromorphic continuation of the above function was obtained not only by the 
binomial expansion but also by the Euler-MacLaurin summation formula. 

Since z € J, and Re(s) > v + 1, pi (t,z) is integrable on [0, 00), by 
Lemma 3.2. We are now ready to apply Mellin transformation to (23). Thus we 
have 


1 
Cs) = mf te ee a; yt, 


where Re(s) > v + 1 (cf. [85]). 

By using the Mellin transformation and Lemma 3.3, we define modified twisted 
q-zeta function. Applying the Mellin transformations to the equation (26), we find 
the g-analogue of the twisted Riemann zeta functions as follows: 


Definition 4.1 ([68]). Lets ¢ C andg € RwithO <q < 1.Letre Zt, & =1, 
& 4 1. We define 


oO eo g* 
ey) = 2a aaa (41) 
a B (q-"[n) 
The right-hand side of this series converges when Re(s) > 1. Analytic continuation 
of the q-analogue of the twisted Riemann zeta function was given by (cf. [68, 72]); 
see also cf. [86, 88, 92]. 

We now give analytic continuation of the g-analogue of the twisted Riemann zeta 
function. Firstly we need the Euler-MacLaurin summation formula cf. [86, 88, 92]: 
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Let f(x) be any (complex-valued) C® function on [1, oo) and let m and N be 
two positive integers. Then the Euler-MacLaurin summation formula is defined as 
follows: 


m 


B 
> fin) = | f(xjdx + Ye DEER (FP Em) — £8) 


n=1 


(N+1) 


(-1)"t! 4 —_ 
[Bvsvcos (x)dx, (42) 


~(N+D)! 
1 


where B; (x) is the kth Bernoulli functions, which are defined by 


0, ifn=1,x eZ, 


By, (x) = By(x —[x]g) = (43) 


B, ({x}), otherwise, 


where {x} is the fractional part of x and B,(x) denotes Bernoulli polynomials. 
Since B, (x + 1) = B, (x), B, (x) is the periodic function. Hence B,, (x) remains 
bounded over the whole interval [1,0o). Fourier expansion of this function is 
given by 
_ e2mtix 
B, (x) =—n! Onli (44) 
jean, C7) 


(cf. [86, 88]). By substituting n = 2 into (44), we obtain 


— 
= ay 


By (x) = (45) 


y= 


where By (x) = (x — [x]e)* — (x — [x]e) + i. For every positive integer N > 2, 
Zhao [92] obtained upper bounded of the function B yy (x) as follows: 


Lemma 4.1. For every positive integer N > 2 and x > 1, we have 


B = a 
| N (x) |< (2) 
Set 

&-*q-* 

(q*[x])” 
From the above equation, we find the following derivatives: 
dd —)' (Eg) @-1+4+4*)logq 

dd = ge ‘ade : 


f@)= 


d 
71 = 
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and 


ae ) = (1 —q)° (E~'g°!)* (log g)?((1 — g*)? + s(s + 1) — 351 — q* )) 
— _ ( a 2 ais 


By substituting m > co, N = 1, 4 f(x), and £ f(x) into (42), we obtain the 
q-analogue of the twisted Riemann zeta function by the following theorem: 


Theorem 4.1. Lets € C with Re(s) > 1 andletr € Z*, & =1,& £1. Thus we 
have 


co 17 
og = 1—q)*¢gsti7! s-l Ss Ws 4 lo 
nal= D( j (l—4a)"4 ra seo D £4 1 ¥, 0s), 


j=0 J &(1—s—j)logq  2& 12&(q — 1) 
(46) 
where 
__ (=a) “ j ay ‘ ( ) Ht -i4t jy? 
1,0) =—-- (x P-(s-bla+e]6 7" 
&.q 2 3 j / x]g G 6 ) 
x (logg)?((1 — q*)? +.5(s + 1) — 3s(1 — q*))dx. (47) 


From the above theorem, the right-hand side of the above formula (46) defines a 
meromorphic function on C whose only singularity is a simple pole of order | at 
s = 1. We now calculate residue of the function ¢,,,,(s) at s = 1. By using (46), 
we have 


ress=1(€¢.q(s)) = far 


Thus we arrive at the following corollary: 


Corollary 4.1. The function €¢ 4(s) is analytically continued to the whole complex 
plane, except for a simple pole at s = | with residue (q — 1)/(& log q). 


Remark 4.1. In [72], Simsek and Srivastava studied some properties of the fam- 
ily of zeta functions. As already observed by (among others) the author [68], 
the g-Riemann zeta function is defined by 


oe) —n 


b4(s) = Cars = Feq(S)e=1, 


n=1 


where gq € R withO < q < l,r € Zt, &" = 1, & # 1. The function ¢,(s) is a 
meromorphic function on C with simple pole at s = 1. Moreover, in its limit case 
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when q — 1, (41) reduces to the twisted Riemann zeta function ¢ e (s) defined by 
(Re(s) > 156" =1(r € Zt), € £1), 


CO —n 


¢@O=> Z =: Li,(&“') (48) 


n=1 


in terms of the polylogarithm function Li,(z) defined below. For a set of complex 
numbers {c,}, Tsumura [82] defined a g-extension of Dirichlet series as follows: 


_ oo cng” 
oa), Gam RO) > D. 


n=1 


which, in the special case when n € Z, 
Ch = ge", 


yields the modified twisted Riemann zeta function ¢¢,(s) defined by (41). 
Furthermore, as already observed by Tsumura [82], the g-Riemann zeta function 
fq (s), that is, 


bq(s) = beq(s) |e=1 . 


can also be continued analytically to the whole complex s-plane, except for a simple 
pole at s = 1 with residue: 


q-1 
logg” 


Remark 4.2. In [64], the author defined generating functions similar to (26). By 
using the Mellin transformation to these functions, we constructed not only q-zeta 
function and g-L-functions but also g-Dedekind-type sums. 


4.1 Modified Twisted q-Extension Hurwitz Zeta Function 


Here, we define a modified twisted g-extension of the Hurwitz zeta function. 

In terms of the generating function 9, ¢(¢,x) occurring in (32), we have 
the following integral representation for the modified twisted qg-extension of the 
Hurwitz zeta q-function ¢¢,(s,x) defined by (50), which involves the Mellin 
transformation: 

For g € RwithO<q<1,& =1(reZt),é #1, 


: ee (oo Gx (49) 
TS , qe = Eg(5, X), 
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and min {Re(s), Re(x)} > 0, where the additional constraint Re(x) > 0 is required 
for the convergence of the infinite integral occurring in (49). By using the above 
integral expression, we are to define a modified twisted g-extension of the Hurwitz 
zeta function as follows: 


Definition 4.2 ((68]). For a given positive integer r, let €’ = 1 (r € Z*) and 
— # 1. Suppose also that gq € R withO < q < 1,0 <x < 1,ands e€ C. Then we 
define a modified twisted q-extension of the Hurwitz zeta function by 


co 


_ E"g” 
inal) = ) ae exp (50) 


n=0 


Remark 4.3. In its limit case when q — 1, then ¢¢,(s,x) yields the twisted 
Hurwitz zeta function ¢(s,z), which is defined by [68]: (Re(s) > 1;&" = 1 
(r € Zt), € #1), 


$e(S,2) ~ ys = zs = PETS; mn 
n=0 


where ®(z,s,x) denotes the familiar Hurwitz—Lerch zeta function defined by (cf. 
e.g., [76, p. 121 et seq.], [27,77]) 


co 


P(z,5,a) = > . 


— (n + a)’ ’ 


i 


which converges for (a € C\Z,s € C when |z| < 1; Re(s) > 1 when |z| = 1) 
where, as usual, 


Zo = ZU {0}. 


The above-defined general Hurwitz—Lerch zeta function ®(z,s,a) contains, as its 
special cases, not only the Riemann and Hurwitz (or generalized) zeta functions 


C(s) = ®(1,s,1) and C(s,a) = O(1,5,a) 


and the Lerch zeta function 


SO 72nint ; ; 
€,(t) _ > = = eg (e « 1), 


n=1 


where t € R; Re(s) > 1, but also such other important functions of Analytic 
Function Theory as the polylogarithm [occurring already in (48)]: 


co n 


‘ z 
Lis(z) = >» ha zP(z,s, 1), 


n=1 
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where for s € C when |z| < 1; Re(s) > 1 when |z| = 1 and the Lipschitz—Lerch 
zeta function (cf. [76, p. 122, Eq. (2.5) (11)], [72, p. 2980, Remark 3]) 


oo 2nint 
P(t, a, 5) = > (i+ay = @(e""*_5,a) =: L(t, 4,8) 


n=1 


(a € C\Z); Re(s) > 0 when t € R\Z; Re(s) > 1 when t € Z), which was 
first studied by Rudolf Lipschitz (1832-1903) and Matyas Lerch (1860-1922) in 
connection with Dirichlet’s famous theorem on primes in arithmetic progressions 
(cf. [72, p. 2980, Remark 3]), and the Dirichlet’s eta function n(s) 


co 


6a1(s,1) = @C1,5,1) =o 


n=1 


(-1)""! 
ns” 


where Re(s) > 1 (cf. [15,27], [72, p. 2980, Remark 3], [76, 77]). 


In [72, p. 2980, Remark 4], due to Simsek and Srivastava, some interesting 
multiparameter generalizations of the Hurwitz—Lerch zeta function ®(z, s,a) were 
investigated by Garf et al. [23], Lin et al. [48], and Choi et al. [14]. 

This function interpolates the modified twisted Bernoulli polynomials B;* § (x,q) 
at negative integers, which is given by the next theorem [68]. 

By using Definition 4.2 and (32), we arrive at the following theorem: 


Theorem 4.2. Ifk € Zt, then we have 


(— k+1 


beg —k,x) = Fa 


By g(x, 4). 


4.2 Modified Twisted q-L-Functions 


We recall work of Iwasawa [30] and Koblitz [45] that Dirichlet L-series is defined 
as follows: 

Let f : Z > C be a periodic function with period d, f(x + d) = f(x). Then 
the Dirichlet L-series is defined by 


Ls, f= 
n=1 


for Re(s) > 1 and extended by analytic continuation to other s € C. 
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The generalized Bernoulli numbers are 


at 


t 
B,,¢ = n!.coefficient of t” in 2 ne 


One can see that for ” a positive integer L(—n, f) = —By, p/n (cf. [30,45)). 

When f = y is a character, i.c., a homomorphismy : (Z/dZ) — C* from 
the multiplicative group of integers modd (where y is extended y(n) = 0 for 
all n having a common factor with d), the L-function equals the following Euler 
product if Re(s) > 1: 


7 x(p)\" 
Loo=[[(1-=—) . 


p" 


where the product is taken over all prime p. 

It is well known that L-functions occur in many situations in Analytic Number 
Theory. For example, the class number / of an imaginary quadratic field Q(V—d) 
of discriminant —d is given by 


d-1 
h= ae N= 57 axa), 


where w = 2, 4, or 6 is the number of roots of unity in Q(/—d) and y : (Z/dZ) > 
{—1, 1} is the Legendre symbol or quadratic residue symbol (cf. [45, p. 25]). 
We shall also want to consider modified two variable twisted g-analogue 
L-functions. We assume that q € R withO <q <1," =1(reZt),é 41. 
Upon substituting from (49) into the right-hand side of (38), we obtain the 
following formula involving the Mellin transformation: 


1 k\ d 
ee Tg Of 00 (RTA) T 


d- 
= s—l —k k : x+k 
Lf] Len 1Nbgr gt (s. = ). 


with 
min {Re(s), Re(x)} > 0. 
From the above equation, modified two variable twisted g-analogue L-function 


related to the modified twisted g-extension of the Hurwitz zeta function is provided 
by the next theorem: 
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Theorem 4.3. Let s € C. Let x be a Dirichlet character of conductor f and let 
q€RwithO<q<1,& =1(r €Z*), & £1. Then 


i k 
Leg (s, x, 70) = > (Eq) * MK) as Ef (s. =) ’ (52) 
k=1 


By substituting (50) into (52), forg € RwithO<q <1, =1(reéZt)éF1, 
modified two variable twisted g-analogue L-function is explicitly given by 


E"y(n)q” 


Peal. = 20 aap 


If we substitute x = 1 into (53), we have modified twisted g-analogue Dirichlet 
L-function as follows: 


Definition 4.3 ([68]). Let s €¢ C. Let x be a Dirichlet character of conductor f and 
letq € RwithO <q <1,& =1(r € Z*),é F 1. We define 


Leg (8, X) = 3 ene Re(s) > 1. (54) 


n=1 


Remark 4.4. When x = 1, (54) reduces to (41) and 
pee Leg(s, x) = Lels, x), 


which is a Dirichlet L-function [41, 43, 66, 67]. In [43], Koblitz defined twisted 
L-functions as follows: Let r € Z*, set of positive integers, let y be a Dirichlet 
character of conductor f € Z*, and let &’ = 1, € ¥ 1. Twisted L-functions are 
defined by 


L(s,x¥,w) = b ms : 
n=1 


Since the functionn — y(n)E" has period fr, this is a special case of the Dirichlet 
L-functions. This function interpolates Carlitz’s g-Bernoulli numbers at nonpositive 
integers. 


Relation between ¢; 4(s, x) and L¢4(s, Z) is given as follows: 


Theorem 4.4 ([68]). Lets € C. Let y be a Dirichlet character of conductor f and 
letq €RwithO<q<1,& =1(re€Z*),& #1. Then 


Lye(s, X) = Te pee M x(a) ber gf (s. <). (55) 
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Proof. Substituting n = a+mf,wherem = 0,1,...,00o anda = 1,2,..., f into 
Definition 4.3, we obtain 


f love) —mf ,—-mf 
Law(s. x) = Dwg“ x@) > ea = mf])° 


a=1 m=0 


By using 


[a + mf] = [a] + 9°[f]lm : 97] 


in the above equation, after elementary calculations, we obtain the desired result. 
Oo 


By substituting s = 1 —n, n is a positive integer, into Theorem 4.4 and using 
Theorem 4.2, we have 


—] n+1 n-1 f 
LggC —n, x) = a > Eq" x(a) Br ey (4.4’) . 
k=1 


By substituting (40) into the above equation, we arrive at the following theorem: 


Theorem 4.5 ([68]). [fn > 1, where n is a positive integer, then we have 


(-1)""! < 
Lye( —1, Y= Bn @- 


In the next sections, we give modified twisted partial g-zeta function and p-adic 
interpolation function of the modified twisted g-Bernoulli polynomials, which are 
constructed by Simsek and Srivastava [72]. 


4.3 A Class of Modified Twisted Partial q-Zeta Function 


Simsek and Srivastava [72] defined twisted partial g-zeta functions, which are given 
here in detail. We assume that g € C with | q |< 1. Then a class of modified twisted 
partial g-zeta function is defined as follows: 


Definition 4.4 ((72]). Let s € C andr,n € Z*. Let y be a Dirichlet character of 
conductor f and let gq € R withO < q < 1,& = 1,and& $ 1. Also let a and F be 
integers with 0 < a < F. We define 


oo gq eden 
Hg (s,a: F)= Pe np 


n=a(mod F) 


(56) 
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From (56), we have 


co 


Heg(s,a: F)= ‘3 


m=0 


q (a+mF)(s Ye (a+mF) 


la + mF} 


so that by writing [a + mF] = [F Ie +m _: q*] and after some elementary 
calculations, we find that 


pagal) oo gra emar 
[F]s +m:qFl- 


Hgg(s,a: F) = 


a 
m=0 e 


By substituting (50) into the above equation, then we obtain the following relation- 
ship between H;,(s,a: F) and ¢4(s, x): 


a(1—s) 
Heq(s,a: F) = aed (s, ae (57) 


Substituting s = 1 —n (n € Z*) into (57), if make use of Theorem 4.2 and (31), 
we arrive at the following relation: 


ant,jn _” k-1 
Attica Dev (7) i Brer(q’). (58) 


neo Oo k) Tal 


We now modify the twisted partial q-zeta function explicitly by the following 
theorem: 


Theorem 4.6. Lets € Candr,n € Z*. Let x be a Dirichlet character of conductor 
f and letq € RwithO <q <1, & =1andé £ 1. Then 


a(1—s) l-s © _ F k-1 
Hyq(8,a: F) = ae rey (’ ; ’) oa Bien a"). 
“=0 


Proof. By substituting s = 1 — n into (58) and using (31), then we arrive at the 
desired result. 


Corollary 4.2. Let &’ = 1 (r € Z*) and& F 1. We have 


a 


(zi. (q")— ie Bir «a")) , 


q 


Heg(0,a: F) = a 
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The function Hz 4(s,a : F) is analytically continued to the whole complex s-plane 
except for a simple pole at s = 1 with residue 


Boer (q*) 
[Fle 
By using (55) in the above, we find relation between He ,(s,a : F) and Leg(s, x) 
as follows [72]: 


Theorem 4.7. Let x be a Dirichlet character with conductor f = f, and f,|F 
and let &" = 1 (r € Z*) andé F 1. We have 


Legs, x) = >) x(@)Heq(s.4 : F). (59) 


a=1 


Theorem 4.8 ([72]). Let y is a Dirichlet character with conductor f = fy, and 
fy|F ands € Cand let &" = 1 (r € Z*) andé F 1. Then we have 


F 
1 aui—s —a —s 
Leg(s, xX) = Ty 14 eee lal 
a=1 


~ 1 = Po he * 
a en | k ’) [a] Byer (q"). 


k=0 


We now give some applications of Theorem 4.8. 
If we substitute s = 0 into Theorem 4.8, then we easily arrive at the following 
corollary [72]: 


Corollary 4.3. Let x is a Dirichlet character with conductor f = f, and f,|F 
and let &" = 1 (r € Z*) and F 1. Then we have 


inop= =o (2 * (g*)— = BS"). 


If we substitute s = 2 into Theorem 4.8, then we easily arrive at the following 
corollary [72]: 


a=1 


Corollary 4.4. Let x be a Dirichlet character with conductor f = f, and f,|F 
and let &" = 1 (r € Z*) andE F 1. Then we have 


00 F(a) [FI Bt (@") 
Lig = a en . (60) 


k=0 a=1 
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4.4 A p-Adic Interpolation Function of the Modified Twisted 
Generalized q-Bernoulli Numbers 


Here we give p-adic interpolation function for the modified twisted generalized 

q-Bernoulli numbers. This function was constructed by Simsek and Srivastava [72]. 
Throughout this section, g € C,, with | g —1 |)< por and| €—1 |,< 1. 

Consequently, we note that g* = exp(x log) for g € C,, with | x |,< 1. 

We give some notations which are related to (among others) Washington [87], 
Kim [37,68] and the author [70] and Simsek and Srivastava [72]. 

Let the integer p* be defined by p* = pif p > 2 and p* = 4if p = 2 
(cf. [17, 21, 22, 29, 30, 35, 37, 38, 43-45, 70, 79, 87]). Let w denote the Teichmiiller 
character, having conductor f,, = p*. For an arbitrary character y, we define 7, = 
zw", where n € Z, in the sense of the product of characters. Let F be a positive 
integral multiple of f, = p* and f = f,.Ifq € Cy, then we assume | 1 — g |p< 


por, Let 
[a] 


w(a)’ 


<a>=<a,q >=w ‘(a)[a] = 


We note that < a >= 1(mod p* p~ >") cf. [29, 37, 38]. 
Thus, we have < a+ p*t >= w!(at p*t)[at p*t] = w '(a) ((a] +. g“[p*#)) 
1 
= |(mod p*p 7"), heret € C,, with | 1 —g |)< 1: 


D= {s€C, 1s |p< pp}, 


where D C C, (cf. [87]). For | q —1 |p< pr, we note that < a >?" = 
1(modp*). Then log, a = log, < a > (cf. [87]). 

By using (58) and Theorem 4.6, we now define a p-adic meromorphic function 
Hz pq(s,a: F) on D as follows (cf. [72]): 


Definition 4.5. Let p* | F and p* + a. Lets € D. Then we define 


= Fye 
ee ee ee eae ve Naa (ge | Been" (61) 
k=0 


According to Washington [87], < a, qt > and 


oe _ Fy 
Sam (5) at 


are analytic in D. 


Families of Twisted Bernoulli Numbers and Polynomials 183 


Theorem 4.9 ([72]). Suppose that p* | F and p + a. Then the p-adic 
meromorphic function H¢ p)q(s,a: F) satisfies the following relation: 


Ag ygA—-n,a: F)=w"(a)iegd-n,a: F),n> 1. (62) 
Proof. Substituting s = 1 — n into (61), then, we have 


Hz pgA-—n,a: F) 


(<a>) <a>)" n— [Fy B* 
a Yen a ) a Beer (q") 


k=0 


wot n k-1 
= ee E) a Bee 


=w "(a)Heg(—n,a: F). 


Thus the proof of theorem is completed. oO 


The p-adic meromorphic function H¢,,,,(s,a : F) interpolates modified twisted 
Bernoulli numbers. 
By substituting (58) into (62), we arrive at the following corollary: 


Corollary 4.5 ((72]). Suppose that p* | F and p* + a. Letn € Z*; we have 
CU" @ Brea) 


Hz pgA-n,a: F)= 
n 


(63) 


Now, we are ready to define p-adic interpolation function of the modified twisted 
generalized g-Bernoulli numbers at negative integer. This function is denoted by 
Le pq (s, x), which is defined as follows [72]: 


Definition 4.6. Let y be a Dirichlet character of conductor f and let F be any 
multiple of p* and f. A p-adic meromorphic (analytic if y ~~ 1) function 
Le pgq(s, x) on D is defined by 


F 
feng = 5. 7@ Benga: PY: (64) 
a=1 
p +a 


Thus we give the main theorem in this section as follows [72]: 


Theorem 4.10. Let y be a Dirichlet character of conductor f and let F be any 
multiple of p* and f. There exists a p-adic meromorphic (analytic if x # 1) 
function L¢ pq(s, x) on D such that 


(-1)"*! ‘ ~~ - r 
Lipg( —fn, ” = Br 00 (q) —_ [P] "yw (Pp) Br ep yw—n (q”)). 
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Tf x = 1, then L¢g pq (s, X) is analytic except for a pole at s = | with residue: 


1 F 
Tr] be HOE Bee a"). 
= 


Furthermore, we have the formula 
F 


1 ee a a) 5 nee ee 
Leal = GRP SS x@e* @? <a>)! Seen ( 7 Jatt "Beer (q") 


a=1 


pta 


Proof. By using (64), we give analytic property of this function as follows. At s = 
1, Lygg(s, X) has residue: 


F F 
lim (1-s)Lepg(s.9) =D) x(a) lim (1s) He pq(s.a 2 F) = Te HOE Bier 2"), 
a=1 a=1 
pta pta 


where we use (61) in the above. If y # 1 andé ¥ 1, then Lz ,,(s, x) has no pole 
ats = 1. Ifn > 1, then we have 


F 
LepgAd-n,xy) = > X(@) Ag pg —n,a: F). 
a=1 
pta 


By substituting (63) into the above, we have 


F 
= (-1)"t LF} —n nad &—a p* a F 
Lepg(l =) = > gw (ag Ber (Sa). 


a=1 
pta 
From the above, we obtain 
(— EE ? —n na a bad a 
Lygg(t 1) = SPE > pu-mcagreg" Beye (4.0) 
a=1 


E 

(—1)"t1[2E pr P _ _ Pi bp 

= Yow" (bp gre? Be ee (2.0") 
b=1 


=] n+l 
~ -‘ ; (Bx xw? ~@) _ xw" (p)[p]"~ "Be sw" €P (q’)) : 


This completes the proof of theorem. Oo 
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5 Twisted (4, q) Bernoulli Numbers and Polynomials 


Here, we define new type Bernoulli numbers and polynomials by using p-adic 
Volkenborn integral. We firstly give some notations and definitions. 

Let v, be the normalized exponential valuation of C, with | p| := pve’) = 
p_'. When one talks of g-extension, g is variously considered as an indeterminate, 
a complex number g € C, or p-adic number g € C,. If g € Cp, then we assume 
that |1—q|, < pe, so that g* = exp(x log) for |x|, < 1. Ifq € C, then we 
assume |g| < 1 (cf. [33, 35, 37]). 

For f€UD(Zp,C,)={f | f : Zp > Cy, is uniformly differentiable function}, 
the p-adic g-integral (g-Volkenborn integration) is defined by Kim (cf. [36]): 


pN-1 


Yo SO), (65) 


PL, & 


tf) = fF feoiduals) = him. 


where j1g denotes p-adic q-Haar distribution which is originally introduced by 
Kim [36], 


Mg(a+ p*Zy) = a NeZ*. 
[p™ lq 


If g — 1 in (65), then we have 


pN-1 


nN = fF foodie = hi pr Lf) (66) 


(cf. [2, 58, 84]). 
Observe that in (66), we easily see that /;(f) = lim Iy(f), 
q> 
hifi =hf)+ fO), (67) 


where fi(x) = f(x +1) and f (0) = £ f(x) |x=0 (cf. [36,58]). 
Let p be a fixed prime. For a fixed positive integer f with (p, f) = 1, we set 


X =X; =limZ/Zfp’, X:=Z,, X*= |) a+ /fpZ, 
—N 
O<a< fp 
(a,p)=1 


and 


at fp\Z, = {x € X |x =a(mod fp’), 
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where a € Z satisfies the condition 0 < a < fp". For f € UD(Z,,C,), 
[ foodies = [feds (68) 
Zp x 


(cf. [33, 35-37]). 
By using (67), one can easily see that 


b=] 


N(f) =N(f)+ >of GV), (69) 


j=0 


where f,(x) = f(x + b), (b € Zt) (cf. [37)). 
According to [60, 89], for each integer N > 0, C pN denotes the multiplicative 
group of the primitive p’ th roots of unity in Cy = Cy \ {0}. Let 


T,= \é en =1,for N > of = UC. 


The dual of Zp, in the sense of p-adic Pontrjagin duality, is T, = C,oo, the direct 
limit (under inclusion) of cyclic groups C, of order p’ with N > 0, with the 
discrete topology. T, admits a natural Z,-module structure which we shall write 
exponentially, viz., &* for€ ¢ T, and x € Z,. T, can be embedded discretely in C, 
as the multiplicative p-torsion subgroup, and we choose, for once and all, one such 
embedding. If € € Tp, then dg : (Zp, +) — (Cp, -) is the locally constant character, 
x — &*, which is the locally analytic character if & € {é €C,:v,(§-1)> O}. 
Then ¢¢ has continuation to a continuous group homomorphism from (Z,, +) to 
(C,,-) (ef. [33, 40, 60, 66, 70, 89]); see also the references cited in each of these 
earlier works. 
Substituting f(x) = ¢¢(x)q'*e" into (67), then we have 


Eqhe! Ni (de(x)q*e™) = Ni(pu(x)q'*e™) + hlogg +t. 


Therefore 


logg' +t > 


FOO) = h(bw(x)q™e") = — = 
q wq het = 1 


n,w 


| a 
BO@= (70) 
n!} 
n=0 
for |t| < p~'/?— and h is an integer. 
The twisted (1, q)-extension of Bernoulli numbers BY (q) are defined by means 
of the generating function: 


logg? +t © i" 
h &q h 
Fea) = ier ay = La Pne Dy |t +log (Eq) |< 2x, 7) 


n=0 
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where &” = 1 (r € Z*); € S$ 1. By applying the umbral calculus convention in the 
above equation, and the usual convention of symbolically replacing (BL(q)y" by 


a ~(Q) then we have 
h 
i 


h h 
Eq! (Be(q) + 1)" _s®i@enaet 


Big) = (72) 


where 61,, is denoted by Kronecker symbol. 

Remark 5.1. If € = 1, then (71) reduces to the following generating function: 
log gq? +t (h) t” 
Ge 

(cf. [37]). 


Remark 5.2. In recent years, many authors have studied on various interesting 
unification of the classical Bernoulli numbers B, and the Apostol—Bernoulli 
numbers 8,,(A), which are defined by means of the following generating function: 


fore) 1” 
= Bn A)— 
1 » ( vn 


(cf. [4, 37, 49, 50, 52, 75, 77, 79]). The twisted (h, g)-Bernoulli numbers are related 
to the the Apostol—Bernoulli numbers, that is, 


log q! t 
BY @)— = + 
oS ned 1 €g'tet—1 — Eqhet-1 


= > (log (&"q"") B,=-1(¢") +B (&q")) 
n=0 


Therefore, we obtain relation between the Apostol—Bernoulli numbers and the 
twisted (h, q)-Bernoulli numbers: 


Bi)(g) = log (E"q") Bn—1(q") + Bu Eq"). 


Remark 5.3. If q — 1 in the above, then we have (2). If g — 1, then (71) reduces 
to (7). 


We now give relation between the twisted (1, q)-extension of Bernoulli numbers 
and the Frobenius—Euler numbers as follows: 
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By (71), we have 


5B) log q" ee) ( ; (2) 
dX Bay = (65) (sets 7 aici) ee ae 


CO 


i co pce rt” 
= (gaz) D los!) H,,(&~'q~") + nH, (€-'q Ve 


By comparing the coefficients of t” /n! on both sides of the above, we easily obtain 


(log q") Hn(§'q"") + nH (E— ‘g") 


B&@ = 73 
n aC) q) eq = 1 ( ) 
If g — 1 in (73), then we have 
A, : 
Reese a ) n>1 
E-] 
(cf. [33,70]). 
The Witt’s formula for BY ~(Q) 1 is given by the following theorem: 
Theorem 5.1. For h € Zand q €C, with|q—-—1|p< po, we have 
BY Ax yn 
2a) =f deco stdyico. (74) 


Proof. By using Taylor series of e in (70), we have 
oO x th 00 t” id t” 
hx _ hx yn _ (h) 
q (a > = a De (Li (g(x) q"™x")) a > Bre@—- 
n=1 n=1 n=0 


By comparing coefficients t”/n! in the above equation, we arrive at the desired 
result. 


Twisted (h, q)-extension of Bernoulli polynomials B\ UG q) is defined by means 


of the following generating function: 


hy ptz 
FM (2) = thea eT peengh el) =F BM, a (75) 


h a 
5q et ! n=0 
We note that 
h h h 
Bi'(0,.q) = BY2(q). By.) = BOG@) 


(cf. [37, 66]). 


Families of Twisted Bernoulli Numbers and Polynomials 189 
If g — 1 in (75), then we arrive at (1). 


Twisted version of Witt’s formula for a (z,q) is given by the following 
theorem: 


Theorem 5.2. Forh € Z andq € Cy with| q—1|p< pr, we obtain 


Bye) = [ ge (x)q"™ (x + 2)"dy(x). (76) 


Theorem 5.3. Forn > 0 any positive integer k, we have 


k-1 
n— a a+zZ c 
Bi(¢,q) =k Dg Va ; e): 


Proof. By using (68) and (76), it is easy to see that 


BG) = / de(x)g! (x + 2)"duti (x) 
xX 


kpN-1 


= lim — » Bg" (x4 z)" 


k—-1 pN-1 


> aaa aN) peas hae eZ)", 


a=0 x=0 


1 1 
= ooo pn 


By using (76) in the above equation, we obtain the desired result. 


The polynomials BY (z,q) are given explicitly by the following theorem: 


Theorem 5.4. Forn > 0, we have 


n 


h n n—- h 
a ea= > & oa). 


k=0 


Proof. By using Taylor series of e' in (75), we have 
i ie a (h) ae 
> ( Meae)t = dX (> 9! Om x) . 
By comparing coefficients t” in the above equation, we obtain the desired result. 


Remark 5.4. By using (74) and the binomial theorem in (76), and after some 
elementary calculations, we easily arrive at the another proof of Theorem 5.4. 
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Let y be a Dirichlet character with conductor f. The generalized twisted (A, q)- 
extension of Bernoulli numbers is defined by means of the generating function: 


f ha ,at h 
(h) _ Xa)ds(a)g"“e" (t + log q") FAD) 
Frea® = D0 ee = BY a) 
n=0 
Note that 
h 
Be (y= BY (q) 
(cf. [37]). 


Theorem 5.5. Let x be a Dirichlet character of conductor f € Z*. We obtain 


B” .(q) = [ eoedbe (xq x" dpe (x). (77) 


'p 


Proof. If we take f(x) = x(x) (x)q’*e" in (69), we get 


BL gle! T (be) x@)qe") = Nge(x@q"e") 
f-l 
+ oq" x(a)dz (aye (logq" +t). 


a=0 


After some elementary calculations in the above equation, we have 


Fipg(t) = x(x) be (x)q"* e™ dpi (x) 
Zp 
il ha pat h 
=> Aage(aygie" (t + ogg") a 
Ef g'feft —] 
CO 1” 


n=0 


By using the Taylor series of e’* in (78), we obtain 


2 B® .@— = [ x(x) be (x)q"* e™ diy (x) 


n=0 


n 


nS ( [ esr vtai(s) — 


By comparing coefficients t”/n! in the above equation, we easily arrive at the 
desired result. Oo 
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We define 
£0) = XO) Ge(0)q™ eC", 
By substituting the above function into (69), then we obtain the generalized twisted 


(A, q)-extension of Bernoulli polynomials Be (z,q), which are given by means of 
the following generating function: 


Fy hie) =f x(x) be(x)qhel dy (x) 


-¥ x(a)gz(a)g'e&FO'(t + log") 
éf ght eft —] 


(79) 


a=1 


ore) i” 
= Y (h) 
> Brye® a: 


n=0 


Note that substituting z = 0 into (79), we have ie ¢ (0, Qg= Be ve Q)- Ifg—-> 1 
in (79), we arrive at ae 
Relation between Be a ie q) and Bt ee  (q) i is given by the following theorem: 


Theorem 5.6. Let x be a Dirichlet character of conductor f € Z*. We have 


h n—- h 
Bre @O =D GE “Bey e(@): 
k=0 


Proof. By using the Taylor series of e“t® in (79), we get 
Cc n n t” 
h Pia x 
a! Ae = yy $3 GE ef (x)be(x)q" sain) = 
n=0 n=0 \k=0 Zp é 


By using (77) in the above equation and comparing coefficients t”/n!, we easily 
arrive at the desired result. 


Remark 5.5. Integral representation of the generalized twisted (h, q)-Bernoulli 
polynomials is easily given as follows: 


Bi elea) =f xls)beGa™ (x + 2)"dui (a) (80) 


where g € C,,| q—1 |p< pr, 
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Theorem 5.7. For any positive integer n, we have 


f-l 
BP a q) = | > xa)oe(a)q'" BY, (‘ ; <4") (81) 
a=0 


Proof. By using (68) and (80), it is easy to see that 


Bring @ q) / x(x) be (x)q’ (x + 2)"dpi (x) 
xX 


1 fpN-1 
= jim, 57 So xxyé*gh* (x + 2)" 
x=0 
1 fr-1 pN-1 
= 7 aim, or dX lat fxjetth ght Ma + fx tz" 


_ = f" FS oeg mo fo s(x)qt* (<+° “*) di; (x). 


a=0 


By using (76) in the above equation, we obtain the desired result. oO 


5.1 The Family of the Twisted (h, q)-Zeta Functions 
and (h, q)-L-Function 


Here, we assume that g € C with | g |< lands € C.Let&’ =1(re Zt); &F 1. 
By applying the Mellin transformation to (70) and (75), we have the following 
integral representations: 


Otte 3 Ot (h) 
: te Fe (5 = P(s)be gS) (82) 
and by using similar method in the above, we have 
“ h h 
i; o? FO (1, x)dt = P(s)ef iG x). (83) 
0 


By using (82) and (83), we define new twisted (h,q)-zeta functions as follows 
(cf. [66]): 
Definition 5.1. Lets ¢ C, x € R*. We define 

A En 1 g=Ok h logg p- — lh 

cf Oe y -_ 3 


ns s—1 


n=1 


Families of Twisted Bernoulli Numbers and Polynomials 193 


and 


n—1,(n—I)h hl 00 n—1 nh 
h | og § 
roa) = See _ Hoes So 


n=0 (n + x)! s—l n=0 


Remark 5.6. Observe that when g — 1 and cs) reduces to 
c(s) = 


Riemann zeta function and i Ns, x) reduces to 


°° 1 


C(s,x) = mes 


n=1 


Hurwitz zeta function (cf. [1,4-91]). We also note that eu ») (s) are analytically 
continued for Re(s) > 1. 


The value of twisted (h, q)-zeta function at negative integers is given explicitly 
by the following theorem: 


Theorem 5.8. Let n € Z*. We obtain [66] 


Bo 
h n Bie) Dy 
. vd n)= 

n 
Proof. Proof of this theorem is similar to that of Theorem 8 in [79]. In view of (82), 
we define y(s) by the following contour integral: 


y(s) = / ‘ei eo FE (-2)dz, (84) 
c 


where C is Hankel’s contour along the cut joining the points z = 0 and z = oo on 
the real axis, which starts from the point at oo, encircles the origin (z = 0) once in 
the positive (counterclockwise) direction, and returns to the point at oo . Here, as 
usual, we interpret z* to mean exp(s log z), where we assume log to be defined by 
log t on the top part of the real axis and by logt + 277i on the bottom part of the real 
axis. We thus find from definition (84) that 


y(s) = (e27#s — y for ps 2 et FL (- -par+ fe s— 26 - FOR z)dz, 
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where C, denotes a circle of radius ¢ > 0 (and centered at the origin), which is 
described in the positive (counterclockwise) direction. Assume first that Re(s) > 1. 
Then 


> Oase— 0, 
Ce 


so we have 
y(s) = (e""8 — 1) / et FO (-n)dt, 
0 
which, upon substituting from (70) into it, yields 


y(s) = ("8 — NP (s)eE(s). 
Consequently, 


y(s) 


(NP) = 


cents) = 


which, by analytic continuation, holds true for all s 4 1. This evidently provides us 
: ; ; : (h) 
with an analytic continuation of ¢),4(s). 
Let s — 1 —n in (85), where n is a positive integer. Since 


e2tis = e2ti(l-n) =1 (n € ZY; 


we have 
; iy _ ; (e27's = 1) 1 
a ile ~ IP(s)} - a sin(zs) rd = Ss) ins 
;(—1)r-1 
= raid Ce ala (n€ Zt) 
(n—1)! 


by means of the familiar reflection formula for [’(s). Furthermore, since the 
integrand in (84) has simple pole order n + 1 at z = 0, it can also be found from 
definition (84) with s = 1 —n that 


y(l-n) = f ore odz 
2 


a Snel eee 2 gee 
= 20 Res \ Zz ok, (-2} = (277) 


: Bugg), (87) 
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where we have made of the power-series representation in (70). Thus, by Cauchy 
residue theorem, we easily arrive at the desired result upon suitably combining (86) 
and (87) with (85). 


Remark 5.7. The value of € s (s, x) function at negative integers is given explicitly 
as follows: forn € Zt, 


BY } 
Pd —n,x) = —— (88) 


Proof of (88) runs parallel to that of Theorem 5.8, so we choose to omit the details 
involved. 


The twisted (h, q)-L-function is defined as follows: 


Definition 5.2 ((66]). Let s € C. Let y be a Dirichlet character of conductor f € 
Zt. We define 


 _nhen h & _nhen 
Ss n lo n 


s—1 ns—! 
n=1 n=1 


Remark 5.8. Observe that if § > 1 in the above equation, we have 


nh q" h 


L(5, ve ye x(n) _ logg’ = qh x) 


s—1 ns—1 
n=1 n=1 


If g — 1 in the above equation, then we have 


— x(n) 
Ls, n= DoS: 
n=1 
where L(s, x) is the Dirichlet L-function (cf. [37,51, 68,79, 90]). 


Relation between ¢ s (s, z) and oy (s, x) is given by the following theorem: 


Theorem 5.9. Let s € C. Let x be a Dirichlet character of conductor f € Z*. 
We have [66] 


1 (s, 9) = FeO, (s.5). (89) 
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Proof. Substituting n = a+mf,wherem = 0,1,...,coanda = 1,2,..., f—1 
into Definition 4, we obtain 


gitihesm 


LY (8,0) = Yoh, Ops ia Ga 
m=0 
os yg? fos gre le 
at ya 10 


mpheym log gt" oO qnthgtm 


1 f lore) q 
— FF > q'“& x(a) se 5 s-1 =I 
a=1 m=0 (m + 4) m=1 (m aa 4) 


By using Definition 3 in the above equation, we obtain the desired result. Oo 


The value of twisted (1, q)-L-function at negative integers is given explicitly by 
the following theorem: 


Theorem 5.10. Let x be a Dirichlet character of conductor f € Z*. Letn € Zt. 
We have [66] 


BY 
Biss > e <(q) 


ie 
L; _ = 
gn = n+1 


(90) 


Proof. Substituting s = 1—1n,n € Z* into (89), we have 


LP (=n, y= 7 ghee xlaree? (1 =n. 5). 


a=1 


By using (88) in the above equation, we obtain 


n—-1 f 
(h) Zeal hae ny (4 ¢ B® 
Leg(l—n, x) = -—— 7 E* x(a) Bo ey (44 )=- ~B (q q). 


a=1 


By substituting (81) into the above equation, we arrive at the desired result. Oo 


5.2 p-Adic (h, q)-Interpolation Function 


Let p be an odd prime. Let v, : C, — QU {00} denote the p-adic valuation of C, 
normalized so that v,(p) = 1. The absolute value on C, is denoted by | . |,, and 
| x |p»= p-’?™ for x € C,. The integer p* is defined by 

Pp, if p > 2, 


4, if p =2. 
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Let w denote the Teichmiiller character, having conductor f,, = p*. For an arbitrary 
character x, we define y, = yw", where n € Z, in the sense of the product of 
characters. Let 


D={seCp:ls|psip* I pt 
and 
enya GE 
pip ts 


(cf. [30, 37, 44, 70, 87, 91]); see also the references cited in each of these earlier 
works. 

We recall [30,46,91] that p-adic analogue of (90) is the Kubota—Leopoldt p-adic 
L-function L,(s, x), which is unique analytic function on D (except for a simple 
pole at s = 1 when y = 1) for which 


1— n a B, 
LO = _U= xn(P)P") Jn 
nN 


where n € Zt and x, denotes the Dirichlet character yw”. 


Here, we can use some notations which are due to Washington [87], Koblitz [43], 
and Kim [37]. Let w denote the Teichmiiller character, having conductor f,, = p”*. 
For an arbitrary character 7, we define 7, = yw”, where n € Z, in the sense of 

1 
the product of characters. If g ¢ C,, then we assume that | 1—g |»< p 7. Let 
<a>=w !(a)a = a/w(a). We note that < a >= 1(mod p*Z,). Thus, we see 
that 


<at p*t>=w (at p*ty(a+ p*t) 


w '(a)a + w"'(a)(p*t) = 1(mod p*Z,[t]), 


where ¢ € C, with| ¢ |)< 1, (a4, p) = 1. 
We are ready to give p-adic analogues of the twisted two variable g-L-function. 
Let F be a positive integral multiple of p* and f = fy. 


We define 
F 
L®@ — 1 * l-s ~haga 
pg tx) =——— ) xa) <atp*t>'* git 


(s—1)F 


3G - ) aia" (91) 
k a+ p*t ker Gs 
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where € € T,, and x is a Dirichlet character of conductor f and F be any multiple 


of p* and f. Then LE (8.1.0) is analytic fort € C, with | t |»< 1, provided 
s € D, except s = 1 when y £1. 


In [70], we proved the following theorem: 


Theorem 5.11. Let & € T,. Let y be a Dirichlet character of conductor f and F 
be any multiple of p* and f. Let s € D. Then we have 


F 
1 
h * —s haga 
Leng ®t = GoayF a x(a) <a+ p*t >" g@é 
a=1 
(a,p)=1 


aly gs er F 
y _ BY F 
: ( k )(7e) Bear). 
k=0 
Then L® 


epg td) is analytic forh € Z* andt € Cy, with| t |p< 1, provided 
s € D, except s = 1. Also, ift € C, with | t |p< 1, this function is analytic for 
s € D when y # 1 and meromorphic for s € D, with simple pole at s = 1 having 
residue 


log q' (- _ gree i ~) 


ghe-1\ 1=gif 1 qPh 


when x = 1. In addition, for eachn € Z*, we have 


Bo 


(p*t,q) — Xn(p)p" B® .(p-!p*t,q?) 
L® G=n,t Y= Bran Bek 
§,).4 ay : 


n 


Proof of this theorem is the same as that of Theorem 4.10. 


Remark 5.9. Observe that if § = 1, then 
h 
Lyng St = LY (8.0.x) 
(cf. [37]). 
pay Logs.) = Lys, 0 


(cf. [17, 21, 22, 30, 37, 40, 44, 70, 87, 87,91]). 


We now give some applications related to the twisted p-adic interpolation 
function for the (/, q)-extension of the generalized twisted Bernoulli polynomials. 
Let 


Y = {¢eEC,:|¢-1|< ]}, 
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and let Y = C p \ Y be the complement of the open unit disc around 1. According 
to Kim [35], if g € Y and ord,(1 — q) 4 —o, then 


q 
piq(a + dp’Z,) = 
: ” [ap™ |, 


is the measure. We assume that q € Y and ord,(1 — g) 4 —ow (cf. see also [40)). 
By using (80), we modify twisted p-adic interpolation function as follows: 


1 1 —s AX 
10) gC.) =z ff xGsdbe(a) <x > gl dteg(a) 


where € € T, andgq € Y, with ord p(1 — q) # —oo, and y is a Dirichlet character 
of conductor f and F is any multiple of p* and f ands € D. 
Substituting s = 1—n,n € Z* into the above, after some calculations, we obtain 


h 
Leg 71) 


1 : 
=F f belayxte) <x >" ah dug(x) 


1 
~ a An (pe (x)q"™ x" dug (x) — i An( PX): (px)a"™x"diige(s)) 


= h ict 
— (Brine (Q) — Xu(p)P™" By") - 


Consequently, we arrive at the following theorem: 


Theorem 5.12. Let & € T, andq € Y, with ord,(1 — q) # —oo. Let x bea 
Dirichlet character of conductor f and F be any multiple of p* and f. Lets € D; 
then we have [70] 


1 _ 
Pep O = ia UX) Ge(x) <x >~* gq dtg(x). 


Forn € Z*, we have 


1 
L® (1m, 2) =—— [ Geld) <x >" gl dyig() 


II 


1 h n-l pth 
—— (Bi! 26) — xn(p)p"" By (4")) - 


Remark 5.10. By using the function i ae (s,¢, x), Kummer congruence of the 
generalized (h, q)-twisted Bernoulli numbers can be obtained. 
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Most of the congruence relations for the Bernoulli numbers and the generalized 
Bernoulli numbers follow from p-adic L-function. We recall from work of Wash- 
ington [87, p. 60, Corollary 5.13] that for m,n € Zand y # 1 and pq + f, then 


L,(m, x) = L,(n, x)(mod p), 


and both members are p-integral. Kummer’s Congruences 
Suppose m = n ¥ 0 (mod p — 1) are positive even integers. Then 


Bin 
m 


(cf. [87, p. 61, Corollary 5.14). 


B, 
= (mod p) 
n 


6 Bernoulli Functions and Arithmetic Sums 


The history of the Dedekind sums can be traced back, respectively, to Julius 
Wilhelm Richard Dedekind (1831-1916), who did important work in abstract 
algebra (particularly ring theory), algebraic number theory, and the foundations 
of the real numbers, and Hans Adolph Rademacher (1892-1969), who also did 
important work in mathematical analysis and number theory. It is well known that 
Dedekind sums, named after Richard Dedekind, are certain sums of products of a 
sawtooth function. Dedekind introduced them to express the functional equation of 
the Dedekind eta function. They have subsequently been much studied in number 
theory and have occurred in some problems of topology and other branches of 
mathematics. Although two-dimensional Dedekind sums have been around since 
the nineteenth century and higher-dimensional Dedekind sums have been explored 
since the 1950s, it is only recently that such sums have figured prominently in so 
many different areas. The Dedekind sums have also many applications in some 
realms such as number theory, modular forms, random numbers, the Riemann—Roch 
theorem, and the Atiyah—Singer index theorem. 

In many applications of elliptic modular functions to number theory, the eta 
function plays a central role. It was introduced by Dedekind in 1877 and is defined 
by the upper half plane 


H = {t € C: Im(z) > 0} 


by the following equation: 


fore) 
n(t) _ erit/12 I] (1 _ gone) ' 
m=1 
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CO 
The infinite product has the form [] (1 — x") where x = e7”'". If t e€ H, 
n=1 
then | x |< 1, so the product converges absolutely and is nonzero. Furthermore, 
since the convergence is uniform on compact subsets of H, y(t) is analytic on H. 
The function 7(t) is related to analysis, number theory, combinatorics, g-series, 
Weierstrass elliptic functions, modular forms, and Kronecker limit formula. The 
behavior of this function under the modular group I"(1), defined by 


ab 


ray={4=| |: ad -be = 1abed eZ : 
cd 


is given by the following functional equation: 


Theorem 6.1. Let A = i “| € I'(1). Then 
(Gs 


mi(a+d) 


log n(Az) = log n(z) + 
12c 


1 1 
- xi(s(d,c) - ) + 7 lostes + da), 


where s(d,c) is called the Dedekind sums, which are defined by (92). 


Let h and k be coprime integers with k > 0; the classical Dedekind sum s(h, k), 
which firstly arose in the transformation formula of the Dedekind eta function, is 


defined as follows: 
+= ¥ (2) ((%)): 


where ((x)) denotes the sawtooth function ((x)) : R > R, 


x —[x]g - i if x € R\Z, 
((x)) = . 
0 if x € Z, 
(cf. [6, 26]). 
Using the theory of elliptic functions, Dedekind showed that a certain reciprocity 
formula holds for these sums, that is, 


4 12\k h_ hk 


where (h,k) = 1 andh,k &€ N (cf. [6,26]). 
In 1950, Apostol [3] gave relation between Dedekind sums and Bernoulli 
polynomials and functions. He generalized the Dedekind sums as follows: 


tah 
Sab= “Bp (). 


amodk 


] 1 h k 1 
hse nse 4. (F+ rn ). 
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where (h,k) = 1 andh,k € N and B,(x) is the pth Bernoulli function, which is 
defined by (43) and (44). 
We consider now some arithmetic sums. We need some properties of the Euler 
functions, which are given below. _ 
The first kind mth Euler function E,,, (x) is defined as follows: 
_ 2(m!) ed e2ntl)rix 
Ey, (x) = —— ———___—_., 93 
( ) (i)"*1 aa (2n + 17+ ( ) 
where m € N, 0 < x < 1 (cf. [39, 69, 74, 76, 77]). 
Observe that if 0 < x < 1, then (1) reduces to the first kind nth Euler polynomials 
E,,(x) which are defined by means of the following generating function: 


2e! 


—_ = = Fs) (|t| < =). 


n=0 


Observe that E;,(0) = E, denotes the first kind Euler number which is given by the 
following recurrence formula: 


n n 
Ej=1 and E, --¥(j)e (94) 


Some of them are given by 1, —1/2, 0, 1/4, ..., E, = 2” E,(1/2) and Eo, = 0 
(n € N) (cf. [1, 6-92]) and see also the references cited in each of these earlier 
works. 

From (93) it is easy to see that 


(-1)t "+? Bom 44 


Cc 
= : 95 
di 2n+ TEE 4(2m + 1)! ) 


(cf. [1,6—-92]) and see also the references cited in each of these earlier works. 
The second kind Euler numbers, E* are defined by means of the following 
generating functions: 


sechx = oe fee ae es ya (Ix! < =) (96a) 
"hn 2 


coshx e+] 


(cf. [1, 6-92]) and see also the references cited in each of these earlier works. By 
(96a), it is easy to see that 


E,, = » (7) 


n=0 
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From the above Ej = 1, Ef = 0, EY = —1, Ey = 0, Ef =5,...,and EZ,,,, =0 
(cf. [39, 69, 77]). 
The first and the second kind Euler numbers are also related to tan z and sec z. 


; e2lz 2 eT 2tz 2 
anz = . = r : 
oo Lei) at e+ 


From the above equation, we have 


foe) 2j+1 : Qj+1 
2j+1 Ga 
tanz= So (-1)"27*1 (5 Ex |) ———~.. 
‘ae - ( ( k )e (27 +0! 


j=0 k=0 


By using (94), one can find that 


lee) 
Qr+1E, 41 XT 
t = —] n+l iis 2n+1 ( < =) 97 
a dA eee ile) me 
(cf. [39, 69, 77)). 
" ef — eA iz ; 2 i: 4 
7tanz = — oe LS = ; ; 3 
Z ef + en lz e2iz _ | etiz —] 


From the above equation, we have 


nt (1 — 4") Bon on. 
ztanz = oe 1)” Gn)! eee 
n=0 


see also (cf. [39,69,77]) and the references cited in each of these earlier works. By 
using the above, we arrive at (97): 


me Score (<3) 


n=0 


(cf. [39,69, 77]) and see also the references cited in each of these earlier works. 
Kim [39] and the author [69] have studied on the Dedekind-type DC (Daehee- 
Changhee) sums, which are defined as follows: 


Definition 6.1 ((39]). Let 4 and k be coprime integers with k > 0. Then 
k-1 


T(t) = 2-1", (z). (98) 
j=l 


where E,,,(x) denotes the mth (first kind) Euler function. 
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We now modify (93) as follows: 


2(m!) Sy sin((2n + 1)xx) 


(i)™t! = Cale 


, ifm+1 is odd, 


= 


Em(x) = (99) 


2m!) Sv cos((2n + 1)2x) 


Ti m+1 on + 1 m+1 
n=0 


, if m + 1 is even. 


If m+ 1 is even, then m is odd; consequently, (99) reduces to the following relation: 
For y € Nandm = 2y — 1, we have 

Qy-1)! y cos((2n + 1)x) 
9 (Q2n+ 1)? - 


Eny—1(x) = 4(-1) 


v7 


If m + 1 is odd, then m is odd; hence (99) reduces to the following relation: 
Form = 2y, y €N, we have 


(2y)! Sy sin((2n + 1)2x) 


Sa anc 
Par) = SON art 2a One at 


Hence, from the above equation, we arrive at the following Lemma. 


Lemma 6.1 ([69]). Let y € N and0 < x < 1. Then we have 


(—1)4(2y — 1)! QS cos((2n + 1)2x) 
S 


Eo, = 100 
ayaa) mY 4 (2n + 1)” a 
and 
= (—1)?4(2y)! Sy sin((2n + 1)2x) 
Ey (x) = yal d OnE DeF (101) 
We now modify the sum T,,,(, k) for odd and even integer m: 
Definition 6.2 ([69]). Let and k be coprime integers with k > 0. Then 
— j hj 
_ i) 
Try-1(h,k) = 22 Cv! pent (Z) (102) 
and 
— ig (hi 
_ ee 
Toy (h, k) = 2D Cy a (7) (103) 


where Fag-4 (x) and Evy (x) denote the Euler functions. 
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By substituting equation (100) into (102), we have 


°° cos (ug) 


_ 8-1 Q2y- 1 
a coe Hoe eee - 


a (104) 
n=0 (2n + ly 


From the above we have 


Try-1(h, k)= se 3 Xe 1)/ j cos (ao) ; 


kv 4 a1) 4 k 
(105) 
We next recall from [12,24] that 
e if2n + 14 0(k) 
i ; » Wen , 
k-1 (on-Ll)ahij Gn lnih Le 1 
y- je k — 
_ k(k-1 
j=l a if 2n + 1 =0(k). 
From the above, it is easy to get 
k-1 
Ont iyrhij k 
Ae See 
j=l e k —1 
By using an elementary calculations, we have 
(2n + 1)rhj k 
y“(-1/ j cos Lee (106) 
; k 2 
j=l 
and 
k-1 . k tan wh(2n+l) 
2 1)xh ( k 
evs sin (‘ i 7 i ") = : : ) (107) 


j=l 


where 27 + 1 ¥ 0(k). By substituting (106) into (105) and after some elementary 
calculations, we obtain 


8(—1) 2y — I)! > 1 
2 


Thy-1(h, k) = = 
kn? = (n+ 1)” 


By substituting (95) into the above, we easily arrive at the following theorem. 
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Theorem 6.2. Let y € N, then we have [69] 


Toy-1 (h, k) = 4Foy-| ‘ 


By substituting equation (101) into (103), we have 


: Qn+)hjnx 
gE, sin (SM) 
Thy (h,k) = Ent me Lys iL enya’ (108) 
By substituting (107) into the above, we arrive at the following theorem. 


Theorem 6.3. Let h and k be coprime positive integers. Let y € N, then we have 
[69] 


hx(2n+1) 
4(—1)’(2y)! = tan (eg) ) 


qe2ytl : (2n + 1)27+1 : 
n= 
2n+140(mod k) 


Toy(h,k) = (109) 


The DC-sums related to many special functions (cf. [69]). In [74], Srivastava proved 
the following formulae which are related to Hurwitz zeta function, trigonometric 
functions, and Euler polynomials: 


Aya iy 2 Sf =] oF 1 
Baya 2) = Cu ar Dat (2) eos ), 
j=l 


q 


where y,g € N, p € No: 0 < p < q, and 


y 4@y)! 2j-1\.. (xpQj -1) 
Ex (7 )=cCy cent t(2) +1, 24 ) sin ( q ). 


where y,g € N, p € No; 0 < p < g and ¢(s, x) denotes the Hurwitz zeta function. 
By substituting p = 0 in the above, then we have 


4A2y—D! 


By using the above equation, we modify the sum 7>,_(h, k) as follows: 


Corollary 6.1. Let y,gq € N. Then we have [69] 


Tayi) = (1 2 Ds (.% 1), 
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The famous property of the all arithmetic sums is the reciprocity law. By using 
contour integration, we prove reciprocity law of (109). 

The initial different proof of the following reciprocity theorem is due to Kim 
[39], for the sum 7, (h, k). 


Theorem 6.4. Let h, k, y € N with hh = 1(mod2) and k = 1(mod2) and 
(h,k) = 1. Then we have [69] 


kh? +1 Ty, (hk) + hk? *" Thy (kh) 


y-1 


—1) ny +1 ee ey ie 
(-1) (2y ) Big ci + 4n?(2y)! J a+1£2y—2a-1 
2r(4y + 2) = (2a + 1)\(2y —2a+4 1)! 


where ['(n + 1) = n! and E,, denote Euler gamma function and first kind Euler 
numbers, respectively. 


Proof. We shall give just a brief sketch as the details are similar to those in 
[9, Theorem 4.2], [12, Theorem 3], [25] or [26]. For the proof we use contour 
integration method. So we define 


tan whztanwkz 
Py @)= yt 
Let Cy be a positive oriented circle of radius Ry, with 1 < N < ov, centered at the 
origin. Assume that the sequence of radii Ry is increasing to co. Ry is chosen so 
that the circles always at a distance greater than some fixed positive integer number 


from the points 2 and +, where m and v are integers. 


2h 2k? 
Let 
1 tan zhztanakz 
Cy 
From the above, we get 
20 7 ‘ 
‘ 1 | tan (zhRye'®) tan (wkRye'”) ae 
N= ey 
20 Y (Rye ) 


By Cy, if Ry — oo, then tan (Ry e!*) is bounded. Consequently, we easily see that 


lim Jy=0O as Ry >o. 
N->oo 


Thus, on the interior Cy, the integrand of Jy that is F(z) has simple poles at 


zy = tl 00 < m < oo, and zy = 4t!,-oo < n < ov. If we calculate 


the residues at the z, and z2, we easily obtain, respectively, as follows: 


Q2vt1 Ky ; (= + 1)xh 


— an , —0O<m<oo 
(2m + 1)2»+! 2k ) 
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and 
22941 pry (2n + 1)xk 
_ , —0O<N<OO. 
w(2n + 1)27+! 2h 
If h and k are odd integers, then F’,(z) has double poles at ee —0O<j<oo. 


Thus the residue is easily found to be 


(2y + 1)2?7+! ; 
“2Q7 +o ~~ SIS 


The integrand of Jy has pole of order 2y + 1 at zy = 0, y € N. Recall the 
familiar Taylor expansion of tan z in (97). By straightforward calculation, we find 
the residues at the z4 as follows: 


— a —2a— 
(-1Y 22)??? Boge Hoye 
— (Qat+D!Qj -—2a-1)! 


Now we are ready to use residue theorem; hence we find that 


22v +1 py2v tan (Sp) Q2vt1f2y tan (S5p*) 
| einen - ee Rc & 
cd (2m + 1)274+1 TU (2n + 1)27+1 
Pmt Ry [21 <Ry 
(2y +1)227 = 


1 
Seg ee eS —1)” (27)? +2 
m2hk Ze (27 + 1)? + (-1)* Cx) 


f2er 1 k2y-2a-1 


1 
y Exa+1 E2y-2a-1 
= (Qa+ 1)!(2y —2a— 1)! 


By using (95) and letting N — oo into the above, after straightforward calculations, 
we arrive at the desired result. 


Remark 6.1. We also recall from [55, p. 20, Eqs. (11.2) and (11-3)] that 


2k—1 


= 6 
ee 110 
a d *Ok—D! am 


where 


= ae e—1 Bax 2k 1\92k 
J, = (-1) (ak) 1)2™. 
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The integrand of Jy has pole of order 2y + 1 at zy = 0, y € N. Recall the 
familiar Taylor expansion of tan z in (110). By straightforward calculation, we find 
the residues at the z4 as follows: 


yt+l 
Jad yal 
2) y avy—a fy24-| p2v-2at 1 
(Qa — 
a=0 


1)!(2y — 2a— 1)! 
Thus we modify Theorem 6.4 as follows: 


(-1)’x”— Fy + 1) 


kh? *! Ty (h, k kt! T) (kh) = E4y 
h ay (h,k) +h ay (k, h) aT (ay +2) 4y+1 
y+ 
4 (=1)? Qy) 3 JaTy—a4+1 20-1 p2y—2a+1 
4y eer! (2a —1)!Qy —2a—1)! 


We now give relation between Hurwitz zeta function, tan z, and the sum 7, (h,k). 
Hence, substituting = rk+j,0<r<oo,1 <j <k into (109), and recalling 
that tan(z + a) = tana, then we have 


b> tan (S201) 


4(—1)’(2y)! > 7k 


Thy (hk) = —— aor Q(rk + f) +274 


j=lr=0 


k lee) 
4(-1)(2y)! (A + ») 1 
=> tan . 
m29+1(2k)2v1 dX ok d (- n a 


Thus we arrive at the following theorem: 


Theorem 6.5. Let h and k be coprime positive integers. Let y € N. Then we have 
[69] 


k 


4(—1)"(2y)! mh(2j +1) 2j+1 
Try (hk) = — tan (ACEO) (ay 41, ). (111) 
: (2k)?! dX 2k 2k 


where €(s, x) denotes the Hurwitz zeta function. 


We set 


= i tanz ++ ——_.— (112) 


where i? = —1. 
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Hence setting 2iz = hai(2n + 1)/k, with (h,k) = 1,n € N in (111) with 
(109), we obtain the following corollary: 


Corollary 6.2. Let h and k be coprime positive integers. Let y € N; then we have 
[69] 


' ( pic ey! 3 1 oman ow mato 

(h, k) ; al : : 

id (2kx)2?+1 = Were ys 4a 
2n+1¥40 (modk) 


(113) 


In (109) if h and & are odd and y = 0, then 72, (h, k) reduces to the Hardy—Berndt 
sum 55(h, k) which is defined by: 
Let h and k be integers with (h,k) = 1. Then 


sth = Denne ((f)). au 


j=l 
From the above, recall from [12] that we have 


k 5 
ss(h.k) = Oy Eee, (115) 


j=l 


By substituting the well-known Fourier expansion (cf. [12,24]) 


4 S&S sin((2n + 1)2x) 
—1)ble = 
CY X pS 2n+1 


n=0 


into (115), we get 


love) k ‘ 
4 1 ©, . (Qn+1)rhj 
h,k) = — —l)/js —__—— ]}. 
55(h,k) =D ee ‘ yj sin ( k 


n=0 j= 
By substituting (108) into the above, we immediately find the following result: 
Lemma 6.2. Let h and k be odd with (h,k) = 1. Then we have [69] 
To(h, k) = 28s(h,k). 
By using Lemma 6.2 and Theorem 6.3, we arrive at the following theorem: 
Theorem 6.6. Let h and k be odd with (h,k) = 1. Then we have [69] 


S5(h, ki y) = 5 
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Remark 6.2. Substituting y = 0 into Theorem 6.6, we get ss5(h,k) = 285(h, k; 0). 
Consequently, the sum 7), (h, k) gives us generalized Hardy—Berndt sum ss (h, k). 


In [71], we define the following Y(h, k) sum: 


Y(h,k) = 4kss(h, k), 


where / and k are odd with (h,k) = 1. Thus from Lemma 6.2, we have the 
following corollary: 


Corollary 6.3. Let h and k be odd with (h,k) = 1. Then we have [66] 


Y(h,k) 


To(h,k) = FE 


Observe that the sum Try (h, k) also gives us generalization of the sum Y(h,k). 
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Combinatorial Interpretation of a Generalized 
Basic Series 


A.K. Agarwal and M. Rana 


Dedicated to Professor Hari M. Srivastava 


Abstract Recently Goyal and Agarwal (ARS Combinatoria, to appear) have 
interpreted a generalized basic series as a generating function for a colour par- 
tition function and a weighted lattice path function. This resulted in an infinite 
family of combinatorial identities. Using a bijection between the Bender—Knuth 
matrices and the n-colour partitions established by the first author in Agarwal 
(ARS Combinatoria, 61, 97-117, 2001), in this paper we extend the main result 
of Goyal and Agarwal to a 3-way infinite family of combinatorial identities. 
We illustrate by two examples that our main result has the potential of yielding 
many Rogers—Ramanujan—MacMahon type combinatorial identities. 


1 Introduction, Definitions and the Main Result 


A series involving factors like rising g-factorial (a; q),, defined by 


7 (l1—aq') 
(a; q)n = 7 EE, 
Gag *) 


is called basic series (or q-series or Eulerian series). The following two “sum- 
product” basic series identities are known as Rogers—Ramanujan identities: 
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lo) n2 lo) 

q _ [Ia —g"-)(q — gn )1 (*) 

n=0 (4: Qn n=1 

CO 24 ioe) 

> q ‘ _ [[a = ge”) _ ra ee (**) 
(Dn 


n=1 


They were first discovered by Rogers [20] and rediscovered by Ramanujan in 1913. 
MacMahon [19] gave the following partition theoretic interpretations of (*) and 
(**), respectively: 


Theorem A. The number of partitions of n into parts with minimal difference 2 
equals the number of partitions of n into parts which are congruent to £1 (mod 5). 


Theorem B. The number of partitions of n into parts with minimal part 2 and 
minimal difference 2 equals the number of partitions of n into parts which are 
congruent to +2 (mod 5). 


Partition theoretic interpretations of many more q-series identities like (*) and 
(**) have been given by several mathematicians. See, for instance, GolInitz [13,14], 
Gordon [15], Connor [12], Hirschhorn [18], Agarwal and Andrews [6], Subbarao 
(22] and Subbarao and Agarwal [23]. 

In all these results ordinary partitions were used. In [7] n-colour partitions were 
defined. Using these partitions several more basic series identities were interpreted 
combinatorially (see, for instance, [1—4, 16]). Recently in [17] the basic series 


oo girth ag: Q)n 
(g454*)n 


n=0 


where k is a positive integer, was interpreted as generating function of two different 
combinatorial objects, viz., an n-colour partition function and a weighted lattice 
path function. This led to an infinite family of combinatorial identities. Our objective 
here is to extend the main result of [17] by using Bender and Knuth matrices. This 
gives us an infinite family of 3-way identities which have the potential of yielding 
many Rogers—Ramanujan—MacMahon type combinatorial identities like Theorems 
A and B. First we recall the following definitions from [7]: 


Definition 1.1. A partition with “n + ¢ copies of n” (also called an (n + f)-colour 
partition), ¢ > 0, is a partition in which a part of size n, n > 0, can occur in (n + f) 
different colours denoted by subscripts: 1;,12,...,%n++. For example, the partitions 
of 2 with “n + 1 copies of n” are 


23, 2; +0;, 1; 4+1,, 1,4+1,4+ 01, 
22, 22+0), loth, b+1,4+01, 


23, 23 +0), loth, bh+14+01. 
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0012 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 


Fig. 1 Lattice paths 


Note that zeros are permitted if and only if ¢ is greater than or equal to one. Also, in 
no partition are zeros permitted to repeat. 


Definition 1.2. The weighted difference of two parts m;,nj;,m = n is defined by 
m—n—i— j and denoted by ((m; —1n;)). 


Definition 1.3. We reproduce the following definitions of lattice paths from [8]: 
All paths will be of finite length lying in the first quadrant. They will begin on the 
y-axis and terminate on the x-axis. Only three moves are allowed at each step: 


Northeast: from (i, 7) to (i +1, 7 + 1) 
Southeast: from (i, 7) to (i + 1, 7 — 1), only allowed if 7 > 0 
Horizontal: from (7,0) to (i + 1,0), only allowed along x-axis 


All our lattice paths are either empty or terminate with a southeast step: from 
(i, 1) to i + 1,0). 
The following terminology will be used in describing lattice paths (Fig. 1): 


PEAK: Either a vertex on the y-axis which is followed by a southeast step or a vertex 
preceded by a northeast step and followed by a southeast step. 

VALLEY: A vertex preceded by a southeast step and followed by a northeast step. 
Note that a southeast step followed by a horizontal step followed by a northeast 
step does not constitute a valley. 

Mountain: A section of the path which starts on either the x-axis or y-axis, which 
ends on the x-axis, and which does not touch the x-axis anywhere in between the 
end points. Every mountain has at least one peak and may have more than one. 

PLAIN: A section of the path consisting of only horizontal steps which starts either 
on the y-axis or at a vertex preceded by a southeast step and ends at a vertex 
followed by a northeast step. 


The HEIGHT of a vertex is its y-coordinate. The WEIGHT of a vertex is its 
x-coordinate. The WEIGHT of a path is the sum of the weights of its peaks. 


Example 1.1. The following path has five peaks, three valleys, three mountains and 
one plain. 

In this example, there are two peaks of height three and three of height two, two 
valley of height one and one of height zero. 

The weight of this pathisO+3+9+12+4+17=41. 
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Definition 1.4. A plane partition 2 of a positive integer v is an array of 
non-negative integers for which )7, ; i,j = v and rows and columns are arranged 
in non-increasing order. The non-zero entries n;,; are called the parts of z. 


Nyt N12 11,3 °°" 
N21 12,2 12,3 °° 


Bender and Knuth [11] proved the following: 


Theorem (Bender and Knuth). There is a one-to-one correspondence between 
plane partitions of v, on the other hand, and infinite matrices aj; (i,j = 1) of 
non-negative integer entries which satisfy 


Dr} O aupae 
r>1 it+j=rt+l 
on the other. 


Note. For the definition and other details of the one-to-one correspondence of this 
theorem which is denoted by ¢ the reader is referred to [9]. 


Corresponding to every non-negative integer v we shall call the matrices of 
the above theorem BK,-matrices (BK for Bender and Knuth). These are infinite 
matrices but will be represented in the sequel by the largest possible square matrices 
whose last row (column) is non-zero. Thus, for example, we will represent six 
BK3-matrices by 


001 000 
10 11 0 
(3), Go ico}: ioe) 000}, [000 
000 100 
We give here three more definitions: 


Definition 1.5. We define a matrix £;,; as an infinite matrix whose (i, 7 )th entry is 
1 and the other entries are all zeros. We call E;,; distinct units of BK,-matrix. 


Definition 1.6. In the set of all units the order is defined as follows: Ifr+s < p+q 
then E,, < E,, andifr+s = p+q, then E,, < Ey 4, where r < p. Thus, the 
units satisfy the order: 


Ey, < E,2 < Ex) < Ey3 < E22 < E31 < Ey4 < E23 < E32 <-:-. 
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Definition 1.7. The order difference of two units E,,,E,; (p + ¢ = r +5) is 
defined by g — s — 2r and is denoted by {{F,.4 — E,s}}- 


The following result was proved in [17]. 


Theorem 1.1. For a positive integer k, let A,(v) denote the number of n-colour 
partitions of v such that 


(1.1.a) the parts are greater than or equal to k, 

(1.1.b) the parts are of the form (21 — 1); or (21)o, if k is an odd and of the form 
(21 — 1)2 or (21), if k is an even, 

(1.l.c) if m; is the smallest or the only part in the partition, then 
m=i+k-—1(mod 4)and 

(1.1.d) the weighted difference between any two consecutive parts is non- 
negative and is = 0 (mod 4). 


Let By(v) denote the number of lattice paths of weight v which start at (0,0), 
such that 


(1.1.e) they have no valley above height 0, 

(1.1.f) there is a plain of length = k — 1 (mod 4) in the beginning of the path; 
other plains, if any, are of length which are multiples of 4 and 

(1.1.g) the height of each peak of odd (resp., even) weight is | (resp. 2) if k is 
odd and 2 (resp., 1) if k is even. Then 


Ax(v) = Bev), forall v, (1) 
and 
= a ma n@atk—) (_ ind i 
S > A(v)q” = » By(v)q” — > ul z = q ) . (2) 
v=0 v=0 n=O (47.47) 


In this paper we shall prove the following result which provides a 3-way extension 
of Theorem 1.1: 


Theorem 1.2. Fork, v > 1, let Cy(v) denote the number of Bk,-matrices A such 
that 


(1.2.a) ifk is odd (resp. even), then even (resp. odd) columns are zero, 

(1.2.b) all rows after the second row are zero,. 

(1.2.c) if E;,; is the (i, j)th entry in A such that either it is the only non-zero 
entry ori + j is minimum, then j = k (mod 4), 

(1.2.d) the order difference of any two units of A is non-negative and is = 
0 (mod 4), 

(1.2.e) for odd k > 1, the first (k — 1)/2 odd columns are zeroand 

(1.2.f) for even k > 2, the first (k — 2)/2 even columns are zero, then 


Ax(v) = Cx(v),  forallk and v. 
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Note. In view of (1.2.d) the entries in A cannot exceed 1. 


Example 1.2. A,(5) = 2, since the relevant n-colour partitions are 5;, 4) + 1;; 
C\(5) = 2, since the relevant BKs5-matrices are 


00001 
00000 100 
00000], 001 
00000 000 
00000 


Example 1.3. A3(8) = 2, in this case the relevant n-colour partitions are 82,5; +3); 
C3(8) = 2, since the relevant BKg-matrices in this case are 


0000000 00101 
0000001 00000 
0000000], 00000 
0000000 00000 
0000000 00000 


Remark 1.1. Theorem 1.2 extends the Identity (1) to a 3-way identity 
Ax(v) = Bu(v) = Cx(v). (3) 


Using Agarwal’s bijection [5] between BK,-matrices and n-colour partitions of v, 
we shall prove Theorem 1.2 in the next section. In Sect. 3 we discuss two particular 
cases and obtain new combinatorial interpretations of two well-known basic series 
identities, viz., 


3 q" (-4@)n _ (459? )o0(G*: 4 )00(G*: 4 )o0 e 
= Aa": ra (47: 47 )o0 
SHG: In (4: P )o0 (4°: 4 )00(G: 120 (*: 100 ~ 


n=0 (q*54)n 7 (47; 4? )oo 
Identity (4) is due to Slater [21, p. 154, Eq. (25)] and Identity (5) was given by 
Andrews [10, p. 105]. 
Here we recall Agarwal’s bijection from [5] for clarity. Let 


A =4,,F\) +4128, 2 +++: 4+ a2) Fo) + d22F22 +: (6) 


be BK,,-matrices, where a;,; are non-negative integers which denote the multiplici- 
ties of FE; ;. 
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We map each unit EF, of A to a single part m; of an n-colour partition of v. 
The mapping denoted by f is defined as 


fi Eng > (D+9-—Dp, (7) 
and the inverse mapping f~' is easily seen to be 
i a > mj; > Ei m-i+1- (8) 


For v = 3, this bijection is illustrated in the following table: 


BK;3-matrices A F(A) 

(3) = 3411 3H hth+h 
it =Aat+e 1,+2 
oo} = Eu 12 1 1 
10 

(10) = But Ban 1, + 2) 
001 
000 — E.3 3, 
000 
00 

(; I) = Ey 32 
000 
000 = F3, 33 
100 


2 Proof of Theorem 1.2 


We shall prove that if A is a matrix enumerated by C;(v), then the n-colour 
partition f(A) is enumerated by A;(v), and conversely, if z is an n-colour partition 
enumerated by A;(v), then the BK,-matrix f—!(z:) is enumerated by C;(v). 

Let the matrix enumerated by E;(v) has representation (6). Clearly, in view of 
the note given after Theorem 1.2, each a;,; = 1 or 0. Let Epg, Erxs(p + q =r+s) 
be two units of A which correspond to two n-colour parts m;,n; of f(A). Then 
m; = (p+q-—1),andn; = (r+ s—1); by (7). Since (p+ q =r +5), therefore 
m >n and 


((m; —n;)) = (p+q—-l)-—p-(rt+s—l1)-r=q-s—2r = {Eng — E, sh}, 


which is non-negative and = 0 (mod 4). This shows that (1.2.d) implies (1.1.d). 
Since f(£;,;) = G@ + j — Di = mi (say), by (7), so if E;,; is the only non-zero 
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entry in A ori + j is minimum, it means that in f(A) either m; is the only part or 
the least part. Thus (1.2.c) implies (1.1.c). 

Next, we see that if k is odd, then by (1.2.a) even columns in A are zero which 
means that in F,,, g is odd. Further since p < 2 by (1.2.b), we conclude that 


qd; if p=1, 


F(Epgq) = : 
(q+ 12, if p =2. 

This shows that in f(A) the parts are of the form (2/ — 1), or (2/)2. Similarly, we 
can show that if k is even, then in f(A) the parts are of the form (2/ — 1)» or (2/),. 
Thus (1.2.a) and (1.2.b) imply (1.1.b). Finally, when & is odd, say, (2/ — 1), the 
first (J — 1) odd columns, that is, Ist, 3rd, ..., (22 — 3)th are zero by (1.5d) and 
since Ey 2)-3 = (21 — 3); and Ex 2)-3 = (2/ — 2)2, we see that in f(A) the parts 
are > k. Thus (1.2.e) implies (1.1.a) when & is odd. Similarly, we can show that 
(1.2.f) implies (1.1.a) when k is even. Thus f(A) is enumerated by Ax(v). 

To see the reverse implication, let 2 be an n-colour partition of v enumerated by 
A;(v). We shall prove that the BK,-matrix f~!(s) is enumerated by C;(v). 

Let mj,n;(m > n) be two parts of x such that f7'(m;) = Epg and 
f-'(nj) = E,s5. Then Eng = Ejm—i41 and E,s = Ejn—j+1 by (8). Since 
(m >n), wehavep+q=m+1>n+1=r+s,and 


{Eng — E,s}} = {{ Ei m-i+i —Ej,n-j + 1}} 
=(m—-i+1)-(n-j+1)-2j 
=m—-n-i-j 


= ((m; —nj)). 


Thus (1.1.d) implies (1.2.d) since f~!(m;) = Ejm—i+1 = E;,; (say) [by (8)], so if 
m; is the only part or the least part of zr, it means that in f~'(sr) either E;,; is the 
only non-zero entry ori + 7 is minimum. Thus (1.1.c) implies (1.2.c). 

To prove (1.2.a), (1.2.b), (1.2.e) and (1.2.f), we first consider the case when k 
is odd. Since f—'((2/ — 1);) = Ejzi-; and f~'((21)2) = E22/-1, we see that 
in f—!(z) even columns are zero and all rows after the second row are zero. This 
proves (1.2.a) and (1.2.b). Furthermore, by (1.1.a) we see that in f—'((2/ — 1);) = 
E, 21-1, (22 —1) > k andin f~!((2/)2) = Ex2/-1, (21) > k, that is, (1.2.e) and 
(1.2.f) are satisfied. Similarly, we can prove the case when k is even. This completes 
the proof of Theorem 1.2. Oo 


3 Identities (4) and (5) and Their Combinatorial Meanings 


By a little series manipulations, Identities (4) and (5) can be written in the following 
forms, respectively: 
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rl “4-(5 gq" oo rl 1 
4. 74 

n=1 n=0 qq Jn n=1 

n 1,2 (mod 6) n 2,+3,6(mod 12) 


and 


oe gq” *+2n ( q: q?) oO 1 
Meae(E we) (le) 


n=1 
n = +2,3(mod 6) 


Now an appeal to Theorem 1.2 with k = | and k = 3 gives the following 4-way 
combinatorial interpretations of the identities (9) and (10), respectively: 


Theorem 3.1. Let D\(v) and E\(v) denote the number of partitions of v into 
parts = +2,+3,6(mod 12) and the number of partitions of v into parts = 
+1, +2 (mod 6), respectively. Then 


E\(v) = Y> Ai(k)Di(v —k) = YO Bik) Div —k) = YO Ck) Div — be). 


k=0 k=0 k=0 


Theorem 3.2. Let D3(v) denote the number of partitions of v into parts 
= 2(mod 4), and let E3(v) denote the number of partitions of v into 
parts = +2,3(mod 6). Then 


E3(v) = ) > A3(k)D3(v —k) = )~ B3(k)D3(v — k) = C3(k) D3(v — kd). 


k=0 k=0 k=0 


Remark 3.1, Each of Theorems 3.1 and 3.2 yields six combinatorial identities in 
the usual sense. 


Remark 3.2. A different combinatorial interpretation of Identity (10) was given by 
Alladi and Berkovich in [9]. 


4 Conclusion 


The work done in this paper shows a nice interaction between the theory of basic 
series and combinatorics. Theorem 1.2 in conjunction with Theorem 1.1 gives a 
3-way identity for each value of k. Thus we get infinitely many combinatorial 
identities. In particular cases, viz.,k = 1 and k = 3, we get 4-way combinatorial 
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interpretations of two well-known basic series identities of L. J. Slater and G. E. 
Andrews. It would be of interest if more applications of Theorems 1.1 and 1.2 
are found. 
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Identities for Reciprocal Binomials 


Anthony Sofo 


Dedicated to Professor Hari M. Srivastava 


Abstract Euler’s results related to the sum of the ratios of harmonic numbers and 
binomial coefficients are investigated in this paper. We give a particular example 
involving quartic binomial coefficients. 


1 Introduction and Preliminaries 


In the paper [24], Sofo and Srivastava studied the expression of infinite sums of 
harmonic numbers in closed form. In this paper the author extends the results given 
in [24]; we continue with the study of representations in closed form of the sum 


A, 
wae Bren ai23. <3 
n>1 ( k ) 


in terms of zeta functions. For the harmonic numbers H,, and the generalized 
harmonic numbers HY defined by 


n 1 
H,:= H® and H® := — seC; neéN), 
n n > ks ( ) 


the following elegant formulas: 


ed HY SAY 5 
arerey. =¢(3) and YO—4- = 26(4) 
n=1 
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were discovered by Euler in relation to Euler sums. In terms of the Riemann zeta 


function, ¢(s) is defined by (see [26]) 


cara | t= i 
= R 1 
» ks = 258 2 (2k _ 1)s’ e(s) ams 
k=1 k=1 
S(s) = 
1 SED! 
io d 7 Re(s) > 0; s #1, 


and there is also a recurrence formula 


n—-1| 


(2n + 1)f(2n) =2)°€ (2r)¢ (2n —2r), 


r=1 


which shows that in particular, forn = 2, 5€(4) = 2(€(2))* and that more 
generally ¢ (27) is a rational multiple of (¢ (n))”. Another elegant recursion known 


to Euler was 


lo) q-2 
2 a =@4+26@+)- EC +D)E@-n). 
n=1 r=1 
Also in terms of the psi function, 
‘let, “ » 
A, = = ny Gr ts A, := 0, 


du; 


where y denotes the Euler—Mascheroni constant defined by 


n 1 
y = lim (>: — — log ) = — (1) © 0.5772156649..., 
noo 7=1 r 


and where w (z) denotes the psi, or digamma function defined by 


1 
re-L(aa- —)- is 


Y¥@= flog (0) = 


and the gamma function 


[o.e} 
r@= | we“ du, 
0 


(1) 
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for Re(z) > 0. For a complex number a and a nonnegative integer n let (a),, denote 
the rising factorial defined by (a)) = 1 and 


I (a+n) 


(a), =a(a+1)(a+2)---(@+n-1)= Tew 


forn > 0. 
The polygamma function yy (z) is defined as 


a+l 


d d® 
¥ (2) = a bog (@)] = Wel, z# {0,-1,-2,-3,...}. 


To evaluate H Ne we have available a relation in terms of the polygamma function 
w™ (z), for real arguments z, 


HEY =t@+1+ = a ee (2) 


Euler sums have been recently considered by Liu and Wang [13], and recently 
Dil and Kurt [10] evaluated various binomial identities involving power sums 
with harmonic numbers. Further work in the summation of harmonic numbers and 
binomial coefficients has also been done by Basu [2], Choi [5], Choi and Srivastava 
[8], Chu [9], and Munarini [14]. The identity 


Hi) _k 
n=1 ee 7 (k = ‘ 


fork > 1 is alluded to by Cloitre as reported in [25] and later proved in [19]. In [19], 
the author also gave the identity 


Spt a 
n=1 () 


k-1 k 
(= wig (=1)" (4=2") 
=(- peta 2samay (* \S vy ( jo 


r=1 


Similarly in [21] the author proved the identities 
Co 
H® 
2 wey = pai EO-HE) 
m= a (5 
n=1 ( k ) 


and 
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Specifically, we investigate closed form representations for sums of harmonic 
numbers and binomial coefficients; we then give a particular example involving 
quartic binomial coefficients. The works [1, 17-20, 22, 23] and [27], and references 
therein, also investigate various representations of binomial sums and zeta functions 
in simpler form by the use of the beta function and other techniques. Srivastava 
has also contributed many works on series and harmonic numbers (see, e.g., 
[4,6, 7, 11, 12, 15, 16,28, 29]). 


2 Some Lemmas 


The following lemmas are required for the proof of the main theorem: 


Lemma 2.1. Let k,n, and p € N. Then, 


1 (k!)? Ap—m (k, 1) 
= ; 3 
CHP G+: a ae Wen . 
where 
Ap—m (k, r) = ( _ m)! lim — = as ry (4) 
P ! neon ry? 


r=2 


Proof. By partial fraction expansion 


1 = k! )' 1 
Cay: n+1}) (n+2)7,, 


Il +r) 
r=2 
_ (kY? > > Ap—m (k,n) 
7 (n + 1)? r=2m=1 (n + ry" 
and A p—m (k,r) is given by (4). oO 
Corollary 2.1. For p = 4 we have 
1 k) A3 (k Aa (k, A, (k, Ao (k, 
= Hy {ate aD gee a 
ey (n+ 1)* : n+r (n+r) (ntry  (n+r) 
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where 


r=2 
d 
Ai (ker) = tim ON 8 ae NYO GN, 
I] @+ r)* 
r=2 


and YS (kr) = HO. + H®,forqéeN, r>2; 


1. dd n+r)* 
Ai {k.r) = 2 is oP) ‘ 
; I] @+ r)* 
r=2 


= 2Ag (k, 1) E (x) (k, rn) +¥ (k, | : 


1. @& (n+r)* 
A3(k,r) = 31 ee dna Vk 


Il@+nr)* 
r=2 


3 
= —F Ay (k,r) 16 (uo (k, r)) +12¥ (kr) Y (kr) +2¥ (k, | 


Proof. The proof follows by the evaluation of Ap—m (k,r) for p = 4 andm = 
1,2,3,4. Oo 


Lemma 2.2. Let a and b be positive real numbers, p,q € N. Then fora 4 b 


H 1 
R = i = Hy — Hy + H®, — H® 
ee) 2 Gea a8) NEE : a eee rij: 
7 (5) 
and for b =a 
A, 
R(a,a) =) = ¢€(3)+¢(2) Ho — Hy1H®?,-H®,. (6) 


a 
eT (n+ a) 
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Further, for p = 2, 


ye a 


Rp-1 (a,b) = (nta)’(n+b) (p—1)! dar! 


R(a,b), (7) 


n>1 


and for p = 1, Ro (a,b) = R (a,b). Finally, for p,q = 2, 


A, 
Rye (4.6) = 
p-1q-1 (4,5) Dara t oy 


jiy gptaq-2 
~ (p—DI(q—D! daP—!ab7 
and for p = q = 1, Roo (a,b) = R(a,b). 


R (a,b), (8) 


Proof. From [3], fora 4 b 


v (n) ol ; - a ; 
2 (nta)(n+b)  2(a—b) [W’ (b+1) —W' (atl) -—W* (641) +? (at+))] 


Y 
-y oe 


n>1 


We can also evaluate 


1 1 
_GenGen aon 


1 1 
Sjn(ntajy(n+b) = ab(a—b) 


(aH, = bH,) . 
We also have the property 
n—\" 


1 
Ho = = + H® 


Hence, using the identity of the polygamma functions (2), we attain (5). To prove (6) 
we begin with the identity given in [3]: 


v (n) 7 H,—+-y 
dX (n+a)’*? a dX (n+a)t? (9) 
= 2 ae (v+2) (v-r) (r+) 
~ (+b! sv (a+1)— ye (a+ly (a+1) 


r=0 
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and choose v = 0 so that 


ar " 
yg Oe N-5¥ (a 1). (10) 


Now we notice that 


y= yw @t Db, 


A (n+ a) 
1 _ytvatl watt 
as —_ ’ 
n>1 n(n +a) ae 7 


substituting in (10) and simplifying and using the polygamma identity (2) we 
obtain (6). To prove (7) we utilize (5) and differentiate with respect to a, (p — 1) 
times. Similarly to prove (8) we utilize (5) and differentiate (p — 1) times with 
respect to a and (g — 1) times with respect to b. Oo 


Corollary 2.2. From Lemma 2.2 for p = 4,a = 1, b =r, q = 1,2,3, andma 
positive integer, let 


VPr-D=AM +H"). 


Then 
6 


) Ay, 
313! da30b3 


R(a,b) pas oe 
(a=1,b= a n>1 (n+1)* (n+r)* 


R33 (1.r) = (11) 


_ 4€6) — 2€2)€@) , 4) A iB 9 
~¢-1' GD | ¢—D +0) ( + ee ( —1)' 


rs f (2) 10H,—| 4H? Viger 10 (HuA®, + HH”, + Ve (r = 1)) 
i Gedy? rad aie 


2((#2,): + 2H,— 2, +34) H® A? + H,.H®, +20 
r— tm idee r= rl 


(r—1)° (r —1)* 


1 


312! wane nee) 


R39 (1,7) = (12) 


(a=1,b=r) 


= A, = 20 F608) 
Ser e@ty ¢-1 G1 
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6 (4) | ( 10 | Ay ) | jan | 4H, —1 
2(r— 1) ae (oiP * &=1)' ro (es “(—)> 


2 
5V 2) r=1) (#2,) +2089, 4389, 4(4, 182, + H,) 


(r—1)° (r—1)* (r—1)* 
R3, (1,1) a R (a,b) Hy (13) 
r)= saa . = RES TIES) 
ee 311! da3ab aaa Sat iastry 
_ 265) FB) $4) “ Ag (3) 
Gaily -Y=F. Bri a1 
6Q)H-1 Han? + Ao, n 2V (r-1) 
(r- 1) ( -1)* ¢-1) 
and 
a A, 
R30 (1,r) = — —-—~R(a,b =) —_"___ "°(14 
sot) 310! aa * a GEG oa 


_ 266) §@EB)_ 24) (15) 
r—-1 36(r—1) 4(r—=1) 
(2) (p — 
63), 3588Q)_ | VO (r=) 


f=1P 72¢=)  2¢=1)"- 


Proof. Consider (11), 


2 oe (16) 


4 4 
— (n+ 1)" (n+r) 


-> Hy Lo 4 ‘ 10 
~~ S-1t L@¢d* (-)@4D?) 7 -1° 417 


n>1 


1 4 10 20 
+ + + - : 
(n+r)* (r—1) (n+r)° (r—1)° (n+r)? (r—-1)° (n+1) aa 
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Now each of the sums can be listed as follows. From (9) and after some 
simplifications, 


A, 
Byer = 26 (5) —£ (2)£ (3), 
n>1 


H, _ .6(4) 
a re ae Ae” 


n>1 


A, 
———~ = 27 (3), 
reaey ¢ (3) 


H,, VP o-d 
Sera ree ie I7op’ "7 


n>1 


Ay 
2 Gi = 26 (3) + € (2) H-1 - Bato a Fs bole 


n>1 


A, 
» (n +r)3 


n>1 


u Bo). aH 
= ) +¢(3) #,-1+(Q)4©, - ad ey cee 


and 


y aos = 26 (5) — £(2) £3) +6 (4) Ha + £3) H, + 62) H®, 
n>1 


2 3 4 5 
=H Ao Ha =oH”.. 


Putting each of these sums into (16) and collecting like terms we attain the 
identity (11). 
Similar analysis leads us to the sum identities (12), (13), and (14). oO 


Theorem 2.1. Letk, p ¢ N. Then fork > 2 


H, aes 
Yo es = DY DY ED? Apn (K7) Rpm (1), (17) 
n>1 


k ) r=2 m=1 
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and fork = 1 
A, p2 
age ee em, 18) 


where Ap—m (k, 1) is defined in (4) and Rp—1,m-1 (1,1) is defined in (8). 
Proof. Expand 


y Ay _ 3 (k!)? Hy, = > (k!)? Ay 

PtP Ot Dey : 

n>1 n>1 kel mel (ny 4 1? I] m+r)’ 
r=2 


KN? Ha GN? Ayn (KE) 
Laer war 


r=2 m=1 


where A p—m (k, 1) is given by (4). Now interchanging the order of summation 


H, —— H 
ee = 1)? n 
*. oy d X i aie dX, (a+ 1? try" 
kK Pp 
= ye » (k!)? Ap—m (k,r) Rp-1.m-1 (LF) 
r=2 m=1 


by Lemma 2.2. For k = 1 the identity (18) comes from [23]; hence, the proof is 
complete. Oo 


Corollary 2.3. Let p = 4. Then 


k 4 
> ma = Yo SS Nt Aan (k,r) R3m-1 (1,r) 


n>1 ( k ‘i r=2m=1 


k 
= (k1)* (A3 (k,r) R30 (1,7) + Ad (kyr) R31 (1,7) 
r=2 


+ Ay (k,r) R32 (1,1) + Ao (k, 7) R33 7). 


Proof. From Theorem 2.1, we choose p = 4 and we have the evaluations of 
Ao (k, 1), Ai (k, 1), Ao (Kk, r) and A3 (k, r) from Corollary 2.1. Similarly R39 (1,7), 
R3, 1,7), R32 0,1), and R33 (1,7) are evaluated in Corollary 2.2; hence, the proof 
is complete. Oo 
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Example 2.1. We have 


Hn 2835 
» Ce: = 2916¢ (5) — 14586 (3) ¢ (2) + ae (4) 
n>1 3 

42525 77355 485757 
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A Note on q-Stirling Numbers 


Mircea Merca 


Dedicated to Professor Hari M. Srivastava 


Abstract The q-Stirling numbers of both kinds are specializations of the complete 
or elementary symmetric functions. In this note, we use this fact to prove that the 
q-Stirling numbers can be expressed in terms of the q-binomial coefficients and 
vice versa. 


1 Introduction 


We start with the g-analogue of the classical binomial coefficients which are called 
the g-binomial coefficients and are defined by 


[n]q! 
[Alq![n —k]q! 


0, otherwise, 


fork € {0,...,n}, 


Pin 
a) 
————— 
Q& 
II 


where 
[n]g! = [ngin — Vg + (Hq. 
is q-factorial, with [0],! = 1 and 


va a 
de Sra a? Se 


is g-number. 
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The q-Stirling numbers of the first kind s(n, k), and the second kind S(n, k), are 
a natural extensions of the classical Stirling numbers [3]. These are the coefficients 
in the expansions 


n 


Ong = Y> s(n, k)gx* 


k=0 
and 
= 0 S(n. Kg (xa. 
k=0 
where 


n—-1 


(ng = [[@ — [k]q), 


k=0 


with (x)oq = 1. 
In this paper, we prove: 


Theorem 1.1. Let k and n be two positive integers. Then 


i (it n—tl . 
lsn+1,n4+1—k), =(- eye 1yF- Olt ee 
q 


i=0 


k é 
2, (;) =g PM Ya-a! (; 7 st fine i=in, 
q 


i=0 


k ‘i 
3. Sin t1+k,nt Vy = 9) Ea) (2 ( ' : 
q 


i=0 


k : [nt+k 
4, @ = a9 ((E set tint by 
q 1=0 


2 Proof of Theorem 1.1 


In order to indicate that 


A= [A1,A2,...,Ar] or A= (12s: ny 
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is an integer partition [1] of 7, 1.e., 
n=dA,;+A.+---+4A, and Ay Sadan e+ 21,>0 
or 
n=t) +2h+-:-+nth, 
we use the notation A - n. We denote by /(A) the number of parts of A, i.e., 
lA)=r or 1A) =th tit---+h. 


For each partition A  k, the Schur function s, in n variables can be defined as the 
ratio of two n x n determinants as follows [4, 1.3]: 


A;+n-j 
det (x :) 
1<i,j <n 


Sj (X1,X2,.--,Xn) = 


’ 


i 


det (2) 
1<i,j <n 


where we consider that A; = 0 for j > /(A). 
To prove the theorem we use the following Schur function formula [4, p. 47]: 


Gi +1,...5% +1) = Do drysuG,..-.%n); (1) 


HOA 


uae 
dnp = oa ( sl | F 
Hee 1<i,j<n 


If A = [1*], it is well known that s, is the kth elementary symmetric function e;, 


where 


Ck (X1,X2,-.-,Xn) = = oe ee 
1 Si) <ig<+<ig <n 
This implies 
k 
ex (x1 + Leen FD = DY dpeyemem (1, «+++ %n). (2) 
m=0 


According to [2, Theorem 1], it is an easy exercise to show that 


n—-m 
dy = (; _ ") . 
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Taking into account that the q-Stirling numbers of the first kind and the g-binomial 
coefficients are specializations of the elementary symmetric functions, i.e., 


s(n,n—k)q = (-1)*ex ([I]q, 2lq.---> [ — Me) 


and 


n _(k one 
() =q De(1,g,....g"), 
qd 


we can write 


1 ape j{n-i n-1 
= (2g) Leo’ (L iene 
as (iy (2 i\[n 
_ 1 a\-k _1yk-i (4 = 
=(1-g “ICD S¢ alas 


i=0 


and the first identity is proved. 
It is immediate from the relation (2) that 


k 
—m{["—m 
ex (X1, oe Xn) = yen ( _ ment ee eee 1+ Xn). 


m=0 


Now 


@ = q7)(—q)*ex (-g, -9?,..-,-9") 
q 


k é 
= q-O(-g)* ee é _ Je —4q,...,1-q") 


i=0 


k ei 
— -(*F) ee a Oe —*) 
=¢ YY Cvia-4 (=i )e( us 


i=0 P< =a 


k F 
= g CP) 2 = q)' é 7 st +1,n+1—- i)g 


and the second identity is proved. 
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On the other hand, for A = [k] it is well known that s, is the kth complete 
symmetric function hz, 


hk (X1, X2,.-.,Xn) = ) Ni, Xin. Xiz- 


<i, SinS...<ig<n 


_~ 


By (1), we obtain 


k 
hy (x) +.1,...,% +D= ¥ Akt (X1,. ++ Xn)s (3) 


m=0 


n—-1l+k 
Aeon) -( ae ) 


where 


Taking into account that 


n+k 7 
( k = hk(1,g,...,9") 
q 


and 
Sn+k,n)q = hy(]q, 2lg,---5 lq, 


we have 


1-gq 1-q? er) 


1+k 1), =h ; sane 


k 
i n—k * 
=(1-g)*>) (a eee ") 
i=0 


k 
a a. _ yi f[e—k\ [nti 
= (1-q) 2 q) (1-")( : ). 


The third identity is proved. 
By (3), we deduce that 


k 
n—-1l+k 
hy (X1,.--.Xn) = Dene( —_— Yeh steed -ba) 


m=0 
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We have 
n+k > ‘ 
( ; = (-q)*hk(-q,-@’,...,-g"*") 
q 
s n+k 
= (-4)* > °( Sala Jvc iegkagt) 
i=0 
k 
oi ee a ,[a+k l-g 1—q"t! 
eye (eG a 
i=0 


k 
cn ;[ut+k ; 
=¢q ” (q-1) (thse strane, 


and the last identity is proved. 
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Part II 
Analytic Inequalities and Applications 


A Survey on Cauchy—Bunyakovsky—Schwarz 
Inequality for Power Series 


Alawiah Ibrahim and Silvestru Sever Dragomir 


Dedicated to Professor Hari M. Srivastava 


Abstract In this paper, we present a survey of some recent results for the celebrated 
Cauchy—Bunyakovsky—Schwarz inequality for functions defined by power series 
with nonnegative coefficients. Particular examples for fundamental functions of 
interest are presented. Applications for some special functions are given as well. 


1 Introduction 


The Cauchy—Bunyakovsky—Schwarz inequality, or for short the CBS inequality, 
is also known in the literature as the Cauchy’s, the Schwarz’s, or the Cauchy- 
Schwarz’s inequality. It plays an important role in different branches of modern 
mathematics such as Hilbert space theory, probability and statistics, classical 
real and complex analysis, numerical analysis, qualitative theory of differential 
equations and their applications. 

It is well known that the classical CBS inequality has been generalized, refined 
and applied by a remarkably large number of researchers for different and various 
motivations. For the detail, see particularly the survey paper [9], the relevant 
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chapters in the books [10], [12, Chap. 2], [11, Chap. 1] and the numerous references 
which are cited therein. 

The main aim of this paper is to survey some recent results obtained by the 
authors, that is, to identify the inequalities for power series that are related to 
the CBS inequality. Utilizing the classical results that have been available in the 
literature such as the de Bruijn inequality and the Buzano and Schwarz results, we 
provide some refinements and improvement of the CBS inequality for functions 
defined by power series with nonnegative coefficients. Particular examples that are 
related to some fundamental complex functions such as exponential, logarithm, 
trigonometric and hyperbolic functions are presented. Some applications for special 
functions such as polylogarithm, hypergeometric, Bessel and modified Bessel 
functions of the first kind are presented as well. 

This paper contains seven sections including Sect. | as above. Section 2 provides 
the basic inequalities of the CBS type in real and complex numbers and in inner 
product spaces. The corresponding version of the CBS inequality for functions 
defined by power series is also given. Some results related to the celebrated CBS 
type such as the de Bruijn inequality and the Buzano and Schwarz results are 
mentioned as a foundation for the next sections. These are followed by the recent 
results on the CBS inequality for functions defined by power series with nonnegative 
coefficients on utilizing the de Bruijn, the Buzano, and the Schwarz results and 
by making use of the different techniques based on the continuity of the modulus 
(see Sects. 3-6, respectively). The inequalities in Sects. 3-6 can be applied for some 
fundamental complex functions and for the special functions such as polylogarithm, 
hypergeometric, Bessel and modified Bessel functions as well, which are given in 
Sect. 7. 


2 The CBS Type Inequalities 


2.1 CBS Inequality for Real and Complex Numbers 


In the following, we state the Cauchy—Bunyakovsky—Schwarz’s (CBS) inequality for 
real numbers which is also known in the literature as the Cauchy’s inequality [16, 
p. 83] (see also [10, p. 1]). 


Theorem 2.1. [fa = (aj,42,...,@,) and b = (by, bz,..., bn) are sequences of 
real numbers, then 


n 2 n n 
( asm) sS be Oe (1) 
k=1 k=1 k=1 


with equality if and only if the sequences a and b are proportional, i.e., there is a 
real number r € R such that ax = rb, for eachk € {1,2,...,n}. 
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The following version of the CBS inequality for complex numbers also holds. 


Theorem 2.2. If a = (aj,d2,...,4,) and b = (by, b,..., bn) are sequences of 
complex numbers, then 


2 n n 
< olan? Yo be? (2) 
k=1 k=1 


n 
daub 
k=1 


with equality if and only if the sequences a and b are proportional, i.e., there is a 
complex number c € C such that ay = cb, for any k € {1,2,...,nh}. 


Remark 2.1. The inequality 


n 2 n n 
DE rade) < YO pe lanl? YF pe [bel 3) 
k=1 k=1 k=1 


where px > 0, while az, by € C,k € {1,2,...,n} is called the weighted version of 
the CBS inequality (2). 


Remark 2.2. By the CBS inequality for real numbers (1) and the generalized 
triangle inequality for complex numbers, i.e., 

Yizl|< doll, ze eC, ke {1,2,...,n}, (4) 
k=l k=1 


we also have 


2 n 2 n n 
< (>: jun < Olax? Do bel’. (5) 
k=1 k=1 k=1 


2.2. De Bruijn Inequality 


There are a large number of refinements of the CBS inequalities (1) and (2) in the 
literature (see [2, 8, 17] and the reference cited therein). For instance, in 1960, de 
Bruijn ((5], [16, p. 89], [10, p. 48]) established the following refinement of the 
classical CBS inequality. 


Theorem 2.3 ([5]). [fb = (1, bz,..., bn) is a sequence of real numbers and z = 
(Z1, Z2,.++5 Zn) is a sequence of complex numbers, then 


n 2 n n 
So bez 7 a: (> lex? + 
k=1 


k=1 k=1 


n 
dt 
k=1 
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(= vay i) (6) 


k=1 k=1 


Equality holds in (6) if and only if fork € {1,2,...,n}, be = Re (Azz), where d is 
a complex number such that the quantity 7 ee fed is nonnegative real number. 


The proof of Theorem 2.3 can also be found in the book of Mitrinovic et al. [16, 
p. 89] and Dragomir [10, p. 48]. 


Remark 2.3. The weighted version of the de Bruijn inequality also holds, namely 


, (7) 


2 
n 1 n ‘ n ; 
d Peowz| < 5 d DKb;, (>: Pk lz + 


where px > 0, bk ER, EC, k € {1,2,...,n}. 


n 
2 
> Pk% 
k=1 


2.3. A Generalization for Power Series 


The following result holds [7]. 


Theorem 2.4. Let F : (—r,r) > R, F(x) = opp ax" with a, > 0, k € N. If 
a = (d1,d),...,dn) and b = (bj, bz, ..., bn) are sequences of real numbers such 
that 


ajbj,a7,07 € (-r,r) forany j € {1,2,...,n}, 
then one has the inequality 


n 


\-F (a;b;) =F (a) YF (9). (8) 


j=l 


Particular inequalities of (8) for some fundamental functions hold [7] and are given 
as follows: 


1. Ifa and b are sequences of real numbers, then one has the inequality 


n 2 n n 
(>: exp tho) < SS exp (a;) > exp (bj) , 
k=l k=l 


k=1 


n 2 n n 
(> sinh tho) < > sinh (az) > sinh (bz) : 
k=1 k=1 


k=1 
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n 2 n n 
(> cosh tbo) < > cosh (az) > cosh (b;) : 
k=l k=l 


k=1 


2. If a and b are such that agby € (—1,1),k € {1,2,...,m}, then one has the 
inequality 


n 2 n n 
(>: tan xh) < > tan (az) a tan (b;) ‘ 
k=1 k=1 


k=1 


n 2 n n 
(> arcsin i) < > arcsin (az) - arcsin (bg) . 
k=1 k=l 


k=1 


2.4 CBS Inequality in Inner Product Spaces 
and the Related Results 


Let H be a linear space over the real or complex number field K. The functional 
(-,-) : H x H = Kis called an inner product on H if it satisfies the following 
conditions: 


Gi) (x,x) > 0 for any x € A and (x, x) = Oif and only if x = 0. 
(ii) (ax + By,z) =a (x,z) + B (y,z) foranya, B € Kand x,y,z e H. 
(ii) (y,x) = (x, y) forany x,y € A. 


If we denote ||x|| := Wie on x € H, then one may state the following 
properties: 


(a) ||x|| = 0 for any x € A and ||x|| = Oif and only if x = 0. 
(b) |lax|| = |a| ||x|| forany wa ¢ Kandx e€ H. 
(c) |lx + y]| < |]xl] + ||y|| for any x, y © A (the triangle inequality). 


That is, ||-|| is a norm on H. 
A fundamental consequence of the above properties (a)—(c) is called the Schwarz 
inequality, that is, 


I(x, 9)? < (x, x) (y, ») (9) 


for any x,y € H. The equality holds in (9) if and only if the vectors x and y are 
linearly dependent, i.e., there exists a nonzero constant a € K so that x = ay. 

In [3], Buzano obtained the following extension of the celebrated Schwarz’s 
inequality (9) for a real or complex inner product space (H; (-,-)). 
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Theorem 2.5. Let a,b,x € H. Then 
1 
|(a, x) (x, b)| < 5 (lal - HOI] + Ia. b) I ell? (10) 


with equality holds if and only if there exists a scalar 4 € IK (Ror C) such that 
x=ha. 


It is clear that fora = b, the above inequality (10) becomes the standard Schwarz 
inequality (9). 

Further, in 1985, Dragomir [6] has obtained the following refinement of the 
Schwarz inequality in inner product space (H;(-,-)) over the real and complex 
number field K. 


Theorem 2.6. Forany x,y € H ande € H with |le|| = 1, the following refinement 
of the Schwarz inequality holds: 


llll vl] = 1x, ¥) — (%, e) (ey) + (x, e) (@, 9) 2 I, y)|- (11) 
Remark 2.4. If in the first inequality of (11) we choose e = fl ,z © A\ {0}, then 
we get 
lo Moll zl? = [d2e, 2) (z= |e, y) Mell? — (x, 2) (zy) (12) 
for any x,y,z € H. 
2.5 CBS Inequality for Power Series 
Let 
Cc 
{@ =o anz" (13) 


n=0 


be a power series convergent on the disk D (0, R), R > 0. If the coefficients a, 
in (13) are complex numbers and applying the well-known CBS inequality (2), then 
we can deduce that 


2 [oe lo, 2) 1 
= lanl? i = 
nN {= \z|? 


n=0 n=0 


If@P = 


Solan? (14) 


n=0 


[oe 
Yat 


n=0 


for any z€ D (0, RR) D (0,1). 

If we assume that the coefficients in the representation function (13) are 
nonnegative and utilizing the weighted version of the CBS inequality (3), then we 
can state that 
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2 


Day [2l" Yo ain wl” = F (le?) F (lw?) 5) 


n=0 n=0 


CO 
Yauco" 


n=0 


| f(w)|? = 


for any z, w € C with zw, |z|?,|w|> € D (0, R). 

In the power series (13) with real coefficients a,, we can naturally construct 
another power series which will have as coefficients the absolute values of the 
coefficient of the original series, namely 


oe) 


f@=> lalz: <eD@,), (16) 

n=0 
where a, = |a,,| sgn (a,),n € {0,1,2,...} with sgn (x) is the real signum function 
defined to be 1 if x > 0,—lLifx < 0 and Oif x = 0. Itis obvious that the new power 
series f, (z) in (16) have the same radius of convergence as the original power series 


J (2) in (13). 


3 Applications of the De Bruijn Inequality for Power Series 


On utilizing the de Bruijn inequality (6), Cerone and Dragomir [4] established some 
inequalities for power series (13) with nonnegative coefficients as follows: 


Theorem 3.1 ([4]). Let f(z) = \-2.9anz" be an analytic function defined by a 
power series with nonnegative coefficients ay, n > 0, and convergent on the open 
disk D (0, R) C C, R > 0. Ifa is a real number and z a complex number such that 
az, a”, 2, |z|° € D (0, R), then 


If al? < 5F (a) [f (eh) + [FI]. a7) 


Proof. First of all, notice that by the de Bruijn inequality (6) for the choice by = 
JSakCks Zk = ./agwe with az, > 0, cg € R, and we € C,k € {0,1,...,7}, we can 
state the weighted inequality: 

: (18) 


n n n n 
| 2 2 2 
Se acckwe Ss 5 >> axe} Yo ak Iwe|o + So acwi 
k=l k=l k=1 k=l 


Now, on making use of (18) for the partial sums of the function f(z) = 77 agzk 
with nonnegative coefficients a;, we are able to state that 
(19) 


2 


2 1 n n 
2k 2k 
<5) aa Y > ak |zl + 
k=1 k=1 


n n 
Yaad Yat 
k=1 k=1 


for anyn > 0,a € R,z€ C with az,a?, 2, |z|? € D (0, R). 
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Taking the limit as 7 — oo in (19) and noticing that all the involved series in (19) 
are convergent on D (0, R), we deduce the desired inequality (17). Oo 


The inequality (17) is a valuable source of particular inequalities for real numbers 
a and complex numbers z as will be outlined in the following. 
1 [o,) 
1. If in (17) we choose the fundamental power series f(z) = i * ZZ€ 
n=0 


D (0, 1), then we can state that 
(1 |g? + J1—2) L—azi* = 2(1-a’) (1-|z)7)|1-2]| = 20) 
for any a € (—1,1) andz € D(0, 1). 


2. If in (17) we choose the function f(z) = exp(z) = 7°29 az", z € C, then we 
have 


1 
lexp (az)? < 5 exp (a?) [exp (IzI*) + lexp(2*)]] (21) 


for any a € R and z € C. In particular, the choice z = i in (21) generates the 
following simple and interesting result: 


et) 


lexp (ia)|* < exp (a’) (22) 


for anya ER. 
lee) 
3. Now, if we choose the power series f(z) = —In(1—z) = > i2", ze D(0,1) 


n=0 
and apply the inequality (17), then we get the following inequality for logarithms: 


lin (1 —az)|" < sl (=z) lin(; =z) -at -*)I ans 


for any a € (—1,1) and z € D (0, 1). Moreover, if in (23) we choose z = +ib 
with b € (—1, 1), then we obtain the simpler result: 


1 1 1+b° 
[In(1 4iab)|? < 51n(—3) (7255) (24) 


for any a,b € (—1, 1). 
4. Further, if we utilize the following function as power series representations with 
nonnegative coefficients: 
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oe) 


1 
h = —__ 7", EC, 
cosh (z) » Gi Zz 
[o,@) 
. 1 n 
sinh (z) = > Gapi® at ZeC, 
n=0 
1 l+<¢ a ae te 
= | = —__ 7" ; Ee D 0,1 ’ 
5in( 72) Dorey ee 
SL (n +5) 
sin”! = a eg Or) 5 e (0, 1); 
@) 22 roan Dat ees 
CO 
1 
ih = sae ze D(0,1), 
n=1 


where I" is the gamma function, then we can state the following inequalities: 


|cosh (az)|* < cosh (a?) [cosh (iz!”) + |cosh(e?)} | : 


A 


|sinh (az)|? < ; sinh (a’) [sinn (i!”) + |sinn(e?)} 


for alla € R, z € C and 


1 er | l+a@ 1 ; 1+2 
- + az Zits +a i + |z| aha +z . 
l—az 2 1-a@ 1s\27 1-2 


5 sin (a’) [sin~' (Iz!) + jsin~'(2%)|| ; 


sin“! (az) : 


IA 


|tanh7! (az) : 


IA 


1 
tanh! (a*) [tanh (iz!”) + |tanh' (z*) 


|. 


fora € (—1,1),z¢ D(0, 1). 


255 


Cerone and Dragomir [4] have also proved an analogous inequality of (17) for 


functions defined by the power series with real coefficients. 


Theorem 3.2. Let f(z) = 0-29 dnz" be a function defined by power series with 
real coefficients and convergent on the open disk D(0,R) C C,R>0.IfaeR 


and z € Care such that az, a?, 2, \z|* € D (0, R), then 


LF ayh? fa (@)[ fa (le?) + La@]. (25) 
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Proof. Again, utilizing the de Bruijn inequality with positive weights (18), we have 


CoO 
If (az)? = |) lan sign (an) a2" 
n=0 
1 Co lo.) Co 
< 5D lanl [sign (an)? a?" baz iP" +o nl 
n=0 n=0 n=0 
1 
= 5 fa (a’) [fa (Ie?) + e@)I| (26) 
for any a € R,z € C with az,a”, 2, |z|’ € D (0, R). Oo 


In the following examples, we exemplify how the above inequality (25) may be 
used to establish some inequalities for real and complex numbers: 


1. If we take the function 


ooas = — lf 2n+1 
f(@ = sin (2) Dana , ze, 


then 


aa 1 


1 
_ 2n+1 _ og: _— | a er 4 
f=) aD = sinh (z) = AG e*) 
for z € C. Applying the inequality (25) for this function will produce the result 


|sin (az)|? < : sinh (a?) [sinn (i2!”) + |sinn(e?)} (27) 


for any a € R and z € C. Now, if in (27) we choose z = ib with b € R, then we 
obtain the inequality 


|sin (iab)|* < sinh (a’) sinh (b7) (28) 
for anya,b ER. 
2. The function 
7 1" 
FS (2) = cos (z) = 3 Onyi™ , ze, 


n=0 


has the transform 


fale) = cosh (2) = 5 (e+e) 
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for z € C. Utilizing the inequality (25) for f (z) as above gives 
|cos (az)|° < 5 cosh (a’) [cosh (iz!”) + lcosh(e”)} | (29) 
for any a € R and z € C. In particular, we have from (29) with z= ib,b ER, 
|cos (iab)|” < cosh (a?) cosh (b) 


foreacha,b ER. 


The following result is also obtained in [4], which shows a connection between 
two power series, one having positive coefficients. 


Theorem 3.3. Let f(z) = 072.9 dnz" and g(z) = Y-p2.9 bnz” be two power series 
with a, > 0 and b, € R,n > 0. If f is convergent on D (0, Ri), g is convergent 
on D (0, R2) and the numerical series \~°-_.) b?/ay, is convergent, then we have the 
inequality 


Isl < 1yo8 /an[ Jf (Ie?) + |f@)] (30) 
er 


for any z € C with z € D (0, R2) anda, \z|* € D (0, R}). 


Proof. Utilizing the de Bruijn weighted inequality (18) we can state that 


[o.e) 
by 
le @/ = Anz" 
n=0 Gn 
1 CO [o,@) 
<5 (2) [dane + [doa 
2720 n=0 n=0 
any 5 
- ae (lel?) +|7@)]] G1) 
for any z € C with z, 2”, |z|? € D (0, R1) NM D (0, Ro). O 


Remark 3.1. The above inequality (30) is useful in comparing different functions 
for which a bound for the numerical series )°°° , b?/a, is known. 


The following corollaries hold [4]. 


Corollary 3.1. Let g(z) = )°-2.9 bnz” be a power sors with real coefficients and 


convergent on D (0, R). If the numerical series > 40, . is convergent, then 
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co 


1 aie? 4 lle 
Clg» a ; teal 
n=0 (1 _— |z| ) |1 =| 


(32) 


for any z € C with z € D (0, R) and z, Iz|? € (0, 1). 


Corollary 3.2. Let g(z) be as in Corollary 3.1. If the numerical series ¥--~_, (n Te) 
is convergent, then 


_ 


lg @P <5 5 (nt62) [exp (le?) + fexp)|]. (33) 


n=0 


for any z € D (0, R). 


If we consider the series expansion 


I 1 0° a 
™(2)=Laa z € D(0,1)\ {0}, 


z 


then utilizing the inequality (32) for the choice b, = 1/(n + 1) and taking into 
account that 


co 


1 5a 
cee =Va=t@=> (34) 
n=1 


where ¢ is the Riemann zeta function, we can state the following inequality: 


2 L-|z?+l1-2 
\z| Iz| + | Z| 
(1 = II”) [1 — 22| 


In(1 —2)|* 
[in(1 =z)| =D 


(35) 


for any z € D (0,1). 


4 Power Series Inequality via the Buzano Result 


S. S. Dragomir has observed that from [5], on utilizing the Buzano inequality (10) 
in the complex inner product space (H;; (-,-)), one can obtain the discrete inequality 
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n n 
>) pyejXj >, Pixzb; 
j=l j=! 
1/2 
n 


1 n = n 
25 2? i les? a Joi) +) do aiesbi] | Oo py il? 
f j=l j=l 


j=l 


» (36) 


where pj; > 0, x;,b;,c; € C,j € {1,...,n}. If we take in (36) bj = c;, for 
Jj €{1,2,...,n}, then we get 


» 37) 


n n 1 n n n 
05%; ox |< — : eal 4s 2 ; x)? 
PjCjXj PICIMI| 5 Pj \¢j PjCj Pj |X; 
j=l j=l j=l j=l 


j=l 


for any p; > 0,x;,c; €C,j € {1,2,...,n}. 
As pointed out in [4], if x;,7 © {1,2,...,n} are real numbers, then (36) 
generates the de Bruijn refinement of the celebrated weighted CBS inequality 


2 


pee 25003] YP Je)? + > Piz , (38) 


j=l j=l j=l j=l 


where p; > 0,x; €R,zj €C,j € {1,2,...,n}. 
The following result has been obtained in [13] by Ibrahim and Dragomitr. 


Theorem 4.1. Let f(z) = )op204anz" be a power series with nonnegative 
coefficients a, and convergent in the open disk D(O, R). If x,a, B € C so that ax, 
Bx, |a|°, B?, aB, |x|? € D(O, R), then 


foxy ¢ (Bx)| = 5] [4 (wr) # (P)]" + |r (28) |] r (Ie?) 69 


Proof. On utilizing the inequality (36), for the choices py = dn, Cy = @", X, = x", 
b, = B",n = 0, we have 


m m n 
Yana)" 0 ay (B)' 2" 
n=0 n=0 


Sian |x|", (40) 


n=0 


> ano" (B)" 


n=0 


a1 m m 1/2 
= (3 jar" Dan ar") + 
n=0 n=0 


for any m > 0. 
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Since ax, Bx, |a|’, [BI’, wB, |x|? belong to the convergence disk D (0, R), 
hence the series in (40) are convergent and letting m — oo, we deduce the desired 
inequality (39). oO 


A particular case of interest is as follows: 


Corollary 4.1. Let f (z) be as in Theorem 4.1 and z,x € C with zx, zx, IzI, Zz, 
|x|? € D (0, R). Then 


IF eH) Fools 5[F(le?) + [f I] FUP). a) 


This follows from (39) by choosing a = z, B = Z. 


Remark 4.1. In particular, if x = a e€ R, then from (41) we deduce the 
inequality (17) [4]. 


The above result (39) has some natural applications for particular complex 
functions of interest as follows: 


1 
1. If we apply the inequality (39) for f(z) = To’ z € D (0, 1), then we get 
=f 


1 1 1 ue 1 1 
= 2° 2 + at 2? 
2}\l-lel 1-|B| 1—aB|| 1—|x| 
(42) 


for any x,a, B € D (0, 1). This is equivalent with 


2(1-Ix1’) |1-23| JO — lal?) = [BI 


< |1—ax| )1 — Bs| | —09 + (1- ler) =i"). (43) 


| 1 1 


1—ax 1— px 


for x,a, B € D (0, 1). In particular, if 8 = @, then we get from (43) that 
2(1— |x|) (1- lel?) |1 — 2? | 
< [1-5] |1-ex|[|1-07| +1-la/?], (44) 


for any x,a € D (0,1). 
2. If we apply (39) for f(z) = exp(z), z € C, then we get the inequality 


lexp (ax + Bx) | 


< 5 | (cxr((el? + 167))"" + exo (ad) |Jexo (Ie?) 
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for any a, 8, x € C. In particular, if a = B, then we get from (45) that 


1 / 
lexp 2a Re(x))I = 5 | (exe la?) + |exp ()|| exp(Ix?), 46) 


for anya,x €C. 
3. If we apply (39) for the Koebe function f(z) = z/ (1 — z)*, z € D(0, 1), then we 
get 
eB |x|” 


(1—axy (1 ~ Bx) 


1 a ap x 
a si __,|_ 8 _})_br gy 
(1-lel?) (1-18?) |(1-aB)'}} (1-181?) 
for any x,a, B € D (0, 1). If we simplify (47), then we get 
1/2 
1 =(x/ 1 1 (48) 


=a] = + = 
Jax) (1-Bx)|~ \2(1-Ia/?) (1-18?) a1 —a| 
for any a, 8, x € D (0,1). In particular, if 8 = a, then we get from (48) that 


1/2 
1—|x|* 1 1 
= Ss z+ 5} 
| — ex) 1 — ax)| 2(1—|a/?) 2|1—a2| 


; (49) 


for any a, x € D (0,1). 
4. If we apply the same inequality (39) for the function 


CO 


f(z) = cosh(z) = > 


n=0 


zen 


(2n)!" 


zeEC, 


then we obtain 


‘cosh (ax + Bx) + cosh (ax = Bx) | 


< ([; (cosh (cl? 4 iB") i cosh (|e? - er))] if ‘cosh («)) 


x cosh (Ix?) F (50) 
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for any x,a, 6B € C. In particular, for 8 = @, we get that from (50) 
|cosh (2a Re (x)) + cosh (2ia Im (x))| 
< [cosh (|a”) + |cosh (2?) | cosh (|x|) (51) 


that holds for any a, x € C. 


The following result contains an inequality which connects the power series 
function f(z) with its transform f4 (z) proved by Ibrahim and Dragomir in [13]. 


Theorem 4.2. Let f(z) = )>p2. dnz" be a function defined by a power series with 
real coefficients and convergent on the open disk D (0, R) C C, R > 0. Ifa, B, x 
are complex numbers such that aX, Bx,oB,|o|* ,|B|° . |x?| € D (0, R), then 


Lr xy £ (Bx)| = 5 (La (lel?) tu (180?) + | 4 (2B)]) fa (Is?) 62 


Proof. By choosing pp = |@n|, Cn = a", by = B" and x, = sgn(a,)x",n > 0 
in (36) we have 


Se (ax)” Ya Bx) 


n=0 i 


m 


=|>" |dn| sgn (ay) a” (x)" 3 la, | sgn (an)x oy 


n=0 n=0 


<3([> ele” 9 ar] + 


n=0 


ay lanl (@B) 


n=0 


")) Xotonis (53) 


for any a, B, x € C with ax, Bx, wB, |a|?,|B|°, |x|’ € D(O, R). Taking the limit 
as m — oo in (53) and noticing that all the involved series are convergent, then we 
deduce the desired inequality (52). oO 


In what follows we provide some applications of the inequality (52) for particular 
functions of interest: 


1. If we take the function 


fo= =e if ze: 2ep0, 1), 


n=0 
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then 


fat) = yz = ae zéD(0,1). 
n=0 


1-z 


Applying Theorem 4.2, we get the following inequality: 


2128 (11°) (te?) (1-8) 
=i aat|i+Bs|(l1-eF] + [(0-ter)(1-r)}"), 


for any a, 8, x € D (0,1). In particular, if a = B, then from (54) we obtain 


2|1—a?| (1—|a|?)(1— |x|?) < [1 + ax 1 + a] (1—la|? + |1-@? 


), (55) 
for any a,x € D (0,1). 
2. For the function 
lo e) 
= (-1)” : 
f() =e Sa ae z’, zeéeC, 
n=0 


we have the transform 


Utilizing the inequality (52) we obtain 


: = < 
|exp(ax + Bx)| 


5 {exp[ 5 (lel? +161?) + Ix] + exp(Ixi?)lexp(@A)|}. 66) 


for any a, 8, x € C. In particular, if « = B in (56), then we get 


= SRS < 5 [exp(le? + iB) + exp (Ix|”) lexp (a?)|]. (57) 


for anya,x €C. 
3. If in (52) we choose the function 


co 


f@ = cosz= )> 


n=0 


=|)" 
( ) gn 


C, 
(2n)! 
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then 


CO 


1 ee . 
fal) = Yo Gayle" = Sosh() = 5 ee). 


n=0 


Applying the inequality (52) will produce the result 


lcos (aX) cos (Bx) | (58) 


= 5 [co (oro) + sh (8) cos (i 


for any a, B,x € C. In particular, if we choose a = B in (58), then we obtain the 
inequality 


|cos (wx) cos (ax)| < ; [cosh (|a'*) + |cosh (a”) ] cosh (|x?) , (59) 


for anya,x €C. 


Ibrahim and Dragomir [13] have proved the following result, which connects two 
power series, one having positive coefficients. 


Theorem 4.3. Let g (z) = \--o9 gnz" and f (2) = Yop Anz" be two power series 
with g, € C anda, > 0 forn > 0. If f and g are convergent on D (0, R1) and 
D (0, R2), respectively, and the numerical series ¥--~.y |gn |? /dn is convergent, then 
we have the inequality: 


Is@s@ls ale “fe (Ie?) + LF ©] (60) 


for any z € C with z, 2, |z|? € D (0, Ri) N D (0, Ro). 
Proof. On utilizing the inequality (37) for the choices py = dy, Cy = 2", Xn = 
&n/An,n = 0, we have 


m 


ys bie. 


n=0 n=0 


m 
ak 


n=0 


=5[Soa (e"Y'+ 


n=0 


m 2 
Ee. @ 


n 
n=0 


for any m > 0. 


Observe: that }748.2 = day ee@"” atid then [¥7_,e2| = 
[org &n (Z)"|. Replacing this in (61) we get 
. (62) 


hfe! ube (:8)"4 


n=0 


m 


ye gaz" 3 8n (Z)" 


n=0 n=0n 


= an (ey 


n=0 
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Since z, z’, \z|? € D(0, R1) N D (0, Ro), hence the series in (62) are convergent 
and letting m — oo, we deduce the desired inequality (60). oO 


Remark 4.2. If the coefficients g,, > O are real, then we recapture the inequal- 
ity (30) (or the inequality (27) from the paper [4]). 


Corollary 4.2. Let g (z) = 072.9 nz" be a power series with complex coefficients 
and convergent on the open disk D (0, R). If the numerical series Y~°--o |n lg is 
convergent, then 


ae 1=|2? + [1-2 
Is@s@l = 5D Ign’ | | (63) 


n=0 (1 . iI”) [1 > 2 
for anyz€ D(0,1)N D (0, R). 


This follows from (60) for f (z) = 1/(. —z),z€ D (0, 1). 
If we consider the series expansion 


1 1 on 
—] = ne D (0, 1) \ {0}, 
= (7) DP rsr a AN 


n=0 


then, on utilizing the inequality (63) for the choice g, = i"/(n + 1) and taking into 
account the identity (34) we can state the following inequality: 


1 1 3 ‘ 1=|g\? + |l-2 
iit = int Ve BT ESe\. 46H 
l—iz 1—iz 12 \1—|z/? |1 — z?| 


for z € D (0, 1). 


Corollary 4.3. Let g (z) = \r-.9 gnz" be a power series with complex coefficients 
and convergent on the open disk D (0, R). If the numerical series ¥--°.9 1! |n |? is 
convergent, then 


Igg@| < . Sal lgnl? [exp (Iel”) + |exp (2)|| (65) 


n=0 


for any z€ D (0, R). 


This follows from Theorem 4.3 by choosing f(z) = exp (z). 
Some applications of the inequality (65) are as follows: 


co . 
1. If we apply the inequality (65) for the function sin (iz) = >> ae , then 
n=0 


we obtain the inequality 
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|sin(iz) sin(iZ)| < 2 = - aT 5 [exp (Izl”) + |exp (2) ls (66) 


n=0 


for any z € C. 


2. If we apply the inequality (65) for the function sinh (iz) = et ton “th ont! then 


n=0 


we obtain the inequality 


|sin(z)|° < < ; > Qn aT [exp (iz!”) + lexp (2) | : (67) 


n=0 


for any z € C. Indeed, observing that 
|sinh (iz) sinh (iZ)| = |i sin (z) - i sin (Z| = |sin (z) sin(D| = |sinz|?__—- (68) 


and by (65) we have 


I]. 9) 


‘ bento om — n} 2 2 
|sinh (iz) sinh (iZ)| < 5 > (ons DIP [exp (eI ) + lexp (z 


n=0 


then we deduce desired inequality (67). 
The next result is also given in [13]. 


Theorem 4.4. Let g(z) = oreo gnz", A(Z— = Werohnz" and f (2) = 
ye anz" be three power series with gn,hn € C and a, > 0 forn > 0. If 
fg and h are convergent on D (0, R,), D (0, R2) and D (0, R3), respectively, 
and the numerical series \~°°.9 |gn\°/dny Doro \n|?/Gn and S29 Snltn/an are 
convergent, then we have the inequality: 


Ignl° An |? nh n 
Ie(Qh@| < 5(|> ~ 3 + [So Sele —)) f(r). 7) 
n=0 n n=0 an n=0 nt 
for any z € C with z, |z|? € D (0, Ri) N D (0, Rx) A D (0, R3). 
Proof. On utilizing the Buzano inequality (36) for the choices py = dyn, Cy = 
8n/An. On = hy/ Gn, Xn = Z",n = O, we can state that 
[o,@} 
le@h@l = |Soa (& “)e +3 ()e | (71) 
n=0 an n=0 an 
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2 


I loo) g lee) h 2 1/2 
< 2 baa i 2a rs 
&n hy 
+ a (£) (2) x ar (i Vs 
n=0 an a n=0 


f (Ie) 


for any z € C with z, |z\*> € D (0, R}) N D (0, Rx) N D (0, R3). Oo 


II 
rs | 
i [43 

oe 
s | > 
U—_ 


+ [So eee Enh, n 
an 


n=0 


Remark 4.3. In particular, if g, = hy, then from (70) we have 


Isl? <¢ (1a?) (72) 


n=0 
for any z, |z\° € D (0, Ri) M D (0, Ro). 


Remark 4.4. Also if hy, = g,,, then we get the following inequality: 


Ie@s@l s 5 3 (5 te eal ale f(t). (73) 


n=0 
for any z, |z|7 € D (0, Ri) N D (0, Ro). 


Corollary 4.4. Let g(z) and h(z) be power series as in Theorem 4.4. If the 
numerical series ¥~°°9 |gn|°, So [hn ? and yal eete 


are convergent, then 


Yo gntn| |. (74) 


n=0 


le(Qh(2| < 7 CE a) [Seieat Sma] + 


n=0 n=0 


for any z€ D(0,1)N DO, R2)N D (0, R3). 


If we consider the series 


1 1 a ae 
ee)" 2 ea” z€ D (0,1) \ {0} 


and 


1 < (-i)" 
1 = " ze€D(0,1), 
"(7) d ge OSD 


268 A. Ibrahim and S.S. Dragomir 


then on utilizing the inequality (74) for the choices gy = hy = 0, g, =i"/(n +1), 
h, = (—i)"/n,n => 1 and taking into account that 


co 


Yo gnhin = Gad : = == (75) 


n=0 n=1 


and the equality (34), we obtain the following inequality: 


1 1 2 
(eae) a (ge) 
1—iz 1+ iz 12 1—|z| 


for any z € D (0,1). 


5 Power Series Inequality via a Refinement 
of the Schwarz Inequality 


If we write the inequality (12) for the particular inner product space (K"; (-,-)), 
where 


n 
p— » PjXjVj 
j=l 


for x = (X1,%2,.--,Xn), Y = O11, Y2,---, Yn) € K" and p = (/—i, po,.--, Pn) with 
p; = 9, 7 €{1,2,...,}, then we get the discrete inequality 


1/2 1/2 
Pi Ix? yo Pi Ii > Pi lzi|"- >) Dixjz} > PiziV; 
j=! j=l j=l j=l j=l 
= |S mi) Do es Loss Dey, ; (77) 


j=l 


where p; > 0, x;,yj,.zj € K,j € {1,2,...,m}. In particular, if we take in (77) 
yj =X; for j € {1,2,...,n}, then we obtain 


Pi esl oP lzi|’- Dp See (78) 


j=l j=l j=l 
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n n n n 

> 2 2 = 

> 1° pyx? > pj zi | — D5 wypxiZs D> jx 32); 
j=l j=l j=l 


j=l 


for pj > 0,x;,z; € Kj € {1,2,...,n}. 
On applying the inequality (77) for power series, Ibrahim and Dragomir [14] 
established the following result. 


Theorem 5.1. Let f(z) = opo 9 anz" be a power series with nonnegative coef- 
ficients a, and convergent on the open disk D (0, R). If x,y,z € C, so that 
Ix|?.|yl?.|zl?, x% 2, xy € D (0, R), then 


[yr (it?) ¢(IoP)] # (2) -L6 FI (79) 
> (fon) f (’)- Seas). 


Proof. If we choose Pn = An, Xn = x", Yn = y", w= ene {0,1,2,...,m} 
in (77), then we have 


ba (nry'] baz (vry'] Se (le?) 


n=0 n=0 
=| an 2)" Do an (Y" 
n=0 n=0 
= a (xy)" > an (Ie?) _ ~ An (x)" _ An (xy)"|. (80) 
n=0 n=0 n=0 n=0 


Since |x|’, Iy|?, |z|°, xZ, zy, xy belong to the convergence disk D (0, R) and taking 
the limit as mm — oo in (80), we deduce the desired result (79). oO 


Some examples for particular functions that are generated by power series with 
nonnegative coefficients are as follows: 


1. If we choose in the above inequality (79) for f(z) = 1/(1—z),z € D (0, 1), then 
we have 


| — x2) 1-29) _, | G-9a-9) 
\ 11/2 12 _ 7 
[(: 7 IxI”) (1 ~|y| )| (1 —|2\’) (1-29) (1 — |zI ) 


for any x, y,z € D (0, 1). In particular for z = X in (81) we get 


—1), (81) 
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|(1 — x?) d—xy)| 7 (l=) =x). _ 


(1-iP) "(i= pry" Ja-s9 (1- FP) 


for any x,y € D (0,1). Also, if z = a € Rand x,y € C, then from (81), we 
obtain 


1), (82) 


1- 1—ay 1- l-—ay 
Leite a =e i ar o -1) (83) 
=x —a 
[G@-b?) @-bP)] a-4%) 2 
for any x, y € D (0,1) anda € (—1, 1). 
2. If we apply (79) for f(z) = exp(z), z € C, then we get 
2 2 
Xx| + = 
oy (mayer 7 | — lexp (xz + z7)| 
= 2 = = 
> exp (x7 + lel”) - exp az+ 2), (84) 
for any x, y,z € C. In particular, for z = X in (84), we get 
3 |x? + Ly? = 
exp (eee _ |exp Ge + xy)| 
= 2 Se 
> [exp (x7 + lx?) ~exp(x? +39)]. (85) 
for any x, y € C. Also, if z= a € Rand x, y € C, then from (84), 
2 2 
X|" + = 
om (= - «| — lexp [a(x + Y)II 
> |exp(x¥ + a’) — exp[a(x + ¥)]], (86) 


forany x,y € Canda eR. 


3. For the Koebe function f(z) = z/(1 — z)?, z € D (0, 1), we get from (79) the 
following inequality: 
1 1 
2 7 a 
(1-1?) (1-pe)(Q-rr) la-aa-aP 
1 1 
2 = (87) 


7 [a x9 (1-1e?) J (d—-x)—-@Pl 
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for any x, y,z € D (0, 1). In particular, for y = X in (87), we get 


1 1 
[(@-ir)(-ee)P la-290-x20P 
1 _ 1 (88) 
[a-2y(1-1e2)f 9G -x0 P|) 
for any x,z € D (0,1). Also for z = X, we have from (87) 
1 _ 1 
(i-br) (-pr) |la-2a-sP 
> - s__| go) 
[a -»9 (1-Ix1’)| (=x?) 1 — sy) 
for any x,y € D(0,1).Ifz =a e€ Randx, y € C, then from (87) 
1 _ 1 
(1-ia?’) (1-bP)a-a)  |ld-ax) a -ayP| 
> ——— a (90) 
[(a—xy)(l—a’) [Gd —ax) 0 —ay)] 
for any x,y € D (0,1) anda € (—1, 1). 
Remark 5.1. If z = 0, then from (79) we obtain 
1/2 
[7 (bP) F(bP)] -lF lz IF oH - FOL, (1) 


where f(0) = ao > 0, |x|’, ly’, xy € D(0, R). 


Some applications of the inequality (91) for particular functions of interest are as 
follows: 


1. If we apply the inequality (91) for the function f(z) = exp (z), z € C, then we 
obtain the inequality 


2) 2 
exp (sper) —1> lexp(xy) - 1], (92) 
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for any x, y € C. Moreover, if y = X, then from (92) we get 


exp (II?) -1> |exp e) -1 


> 


for any x € C. 
2. If we apply the same inequality (91) for the function f(z) = cos (z), z € C, then 
we get the following inequality: 


1/2 
[eos (ix!?) cos (Iv?) ] —1 > |cos (xy) - 1], (93) 
for any x, y € C. Also, if y = X, then from (93) we get 


cos (x!) -1> |cos (e) -1 


’ 


for any x € C. 
3. For the function f(z) = 1/(1 —z), z € D (0, 1) and applying the inequality (91) 
we obtain 


(Ce) al 


for any x, y € C with |x|*, ly|?,xy € D (0,1). 
Remark 5.2. If y = x in (79), then we get 


f (Ia?’) (le?) - fds O12 |F (0°) F (le?) - Foas OD 


¢ (94) 


for x,z € C with |x|? : \z|* ,xz,zx € D (0, R). Moreover, for z = a € R, from (94), 
we deduce 


(EP) F(@)-IF@orP=[F)/(@)-P@d|, 5) 


for any x € C,a € R. If we choose in (95) a = 1, then we have the inequality 


f(b?) SO- OP ZI &)SM-£ OI, (96) 


for any x €C. 


For some applications, we apply the inequality (96) for the function f(z) = 
exp (z); then we have 


exp (Ix? + 1) — |exp (2x)| > |exp (x* + 1) — exp (2x)], (97) 
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for any x € C. Since |exp (2x)| 4 0, then (97) is equivalent with 


exp (ix/? + 1) 


——__—_—~ -1> lexp(x- 1)?=1 ; 
lexp (2x)| 


for any x € C. 


Remark 5.3. If z = X in (79), then we get 


[yr (ist?) ¢ (IP) # (xP) 1 0) £9) 
= |f ons (le?) - ££ OD 


: (98) 


for x, y € C with x”, xy, |x|°, |y|? € DO, R). 
If we apply the inequality (98) for the function f(z) = exp(z), z € C, then we get 


3 |x|? + |yl? 
xp (eth) = lexp [x? + xy | > lexp (x7+ Ix?) — exp (x? + xy) (99) 
for any x, y € C. Moreover, if x = a € R, then from (99) we obtain 
3a? + |y|? 
exp (Soe > lexpla (a+ yl, (100) 


forany ye C,aeR. 


Theorem 5.2 ({14]). Let f(z) = ~ 6 anz" be a power series with real coef- 
ficients a, and convergent on D(0,R) C C, R > 0. If x,y,z € C, so that 
Ix|?. ly, |zl?, xz zy, xy € DO, R), then 


[fa (Ie?) fa (Io?) ] fa (le?) - LF DF HI 
> | 7) fa (ke?) -F ODS]. (101) 


Proof. By choosing Py = |dn| > 0, X, = Xx", Vn = Y", 2% = sgn (adn) z",n = 0 
in (77), we have 


Ye an (x2)" Voy or 


n=0 n=0 


m 


Y- lan| san (an) x" @" J |an| san (ay) 2" GY" 


n=0 n=0 
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m 1/2 m 1/2 m 
= (Soltis (¥> a vP*) Yo lan! [sgn (an) 2"? 


n=0 n=0 n=0 


m m 


Se lanl x” OY" Ye [an] [sgn (an) 2"? 


n=0 n=0 


m m 


— SF lan| x” [sgn Gn) @"] x YS Jan! [sgn (an) 2"] 7)" 


n=0 n=0 
mt 2 n “ mm 2 n ue m 2 n 
=(Solal(Is?) | (Solent (I?) J So lanl (le) 
n=0 n=0 n=0 


(102) 


m m m m | 


Yo lanl FY" D7 lanl (Ie?) — D7 an 22)" Dan HN" 


n=0 n=0 n=0 n=0 


for any x,y,z € C with xy, xz, zy, |x|?.|y|?. zl? € D (0, R). Taking the limit as 
m — oo in (102), then we deduce the desired inequality (101). oO 


In what follows we provide some applications of the inequality (101) for 
particular functions of interest: 


1. If we take the function 


1 = nin 
fone =) z’, zeD(0,1), 


n=0 


then 
_ 1 
fa@= ae =7— 7€P OD. 
Applying the inequality (101), we can state that 


eee ee 
i=(e Llp 1—|z|* 1+xz l+zy 


1 1 
[0-ne)(-pe)) G-ee) eFC FONT 
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_id+290+9)1-[(1- be) (1-P)]" (1-e?) 


[(-le?) (1-pr) PG -Kr)ia+9a+5 
1 1 1 1 
le 1—|g2 1 +22 sl 
(+220 +9) - 1-29) (1-I2?)| 


Ja x7) (1-2?) [Id +90 +2)1 


Hence we have 


(1 +22) (1+ 3) _-|Gad+a) _ 
[U-r?) (1-pr)]" G-te) 7 (1-9) (1- Id’) 


for any x,y,z € D (0,1). In particular, if y = X, z = a € R, then from (103) 
we get 


1], (103) 


(1+ ax)? 
(i= x?) (1—a?) ~ 


[1 + ax|? 
=12 
(1- |x?) @-2) 


> 


for any x € D(0,1),aeER. 
2. For the function f(z) = exp (—z) = 7%, Gz", z € C, we have the transform 


n=0 nn! 


f@=>> a2 =exp(z), zeC. 


n=0 


Utilizing the inequality (101) we obtain 


’ 


2 2 
Xx|> + = = _ = a 
exp( SPT 1c) lexp (xZ + zV)|-1 = Jexp(x¥ + |zl* + xZ+ zy) -1 
(104) 


for any x, y,z € C. In particular, if y = x, z= a € R, then from (104) we get 
exp (Ix? + a’) lexp (2ax)|—1> lexp (Ia? +a+ 2ax) — 1 : 


foranyx € C,aeER. 


In the following result, we state a connection between two power series, one 
having positive coefficients while the other having complex coefficients. 


276 A. Ibrahim and S.S. Dragomir 


Theorem 5.3 ([14]). Let g(z) = yo) Buz" and f(z) = rr.) Anz" be two power 
series with g, € C anda, > 0,n > 0. If f and g are convergent on D (0, Ri) and 


Ignl? 


0 is convergent, then we 


D (0, R2), respectively, and the numerical series )-°° 
have the inequality 


Ignl = = lgn|” — 
yl! f (ie2) -le@e@l= [So ¢(2)-e@e@]. 05) 
n=0 an n=0 n 
for any z € C with z, 2 |z/> € D (0, Ri) M D (0, Ro). 
Proof. On utilizing the inequality (78) for the choices p, = dy, Xy) = 2", 2, = a 
n € {0,1,2,...,m}, we have 
Ya Yan |2*[ 19 ant (2) Sane (‘)| 
n=0 n=0 n=0 n=0 ao 
Ignl? . — on 1 
=n (Ie? y = —|>0 3,2 Sone , 
n=0 n=0 n=0 n=0 
=|) ae” Ya, |& oy ae (%) 2) Sane (& ‘y 
n=0 n=0 n=0 n=0 
m y' len|? m , 
=|) dale yt 5 lel ee ~S\°g,2 ae. (106) 
n=0 n=0 n=0 n=0 
for any m > 0. Observe that }7"_ 2" = doy Sn (Z)" and then 
> 2,2") = | oe "| (107) 
n=0 n=0 
Replacing (107) in (106) we get 
lgn|? m a n 
y) gal a (Ie? y- Yo gn" D> gn2" 
n=0 an n=0 n=0 n=0 
m ' * 1gnl _ n 
An ( z nz]. (108 


Since z, z” (z|? € D (0, R1)ND (0, R2), hence the series in (108) are convergent and 
letting m — oo, we deduce the desired inequality (105). oO 
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Remark 5.4. Tf the coefficients g,,n > 0 are real, then we have the inequality 


oo 2 
V=Bre)-v@], 109) 


n=0 


oo 2 
> =f (IX’) -le@e@l = 


n=0 


for any z € C with z, 2”, |z|’> € D (0, R1) N D (0, Ro). 


Corollary 5.1. Let g(z) = 0-29 gnz" be a power series with complex coefficients 
and convergent on the open disk D (0, R). If the numerical series Y~°-o |gn 7 is 
convergent, then 


1 [o,e) 
(=) do len!’ — le@e@l = 
n=0 


for any z € D(0,1)N D (0, R). 


This follows from (105) for f(z) = 1/(1—z),z € D(0, 1). 
If we consider the series expansion 


an : > Ef € D (0, 1) \ {0} 
rma = ; ; 
j 1—iz ee 


1 
- n=0 


» (110) 


1 = oe 
(, =) di len? =e tz) 


n=0 


then on utilizing the inequality (110) for the choice g, = i”/(n + 1) and taking into 
account the equality (34), we can state the following inequality: 


7) 2, 
ua 2 - |in( =z) In( =) 
6 \1—|z/? l—-iz 1—iz 
qt zs sn 1 1 
— { ——_— n n 
6 \1l-2 1—iz 1+iz 


Corollary 5.2. Let g(z) = \---.9 gnz" be a power series with complex coefficients 


(11) 


for any z € D (0,1). 


and convergent on the open disk D (0, R). If the numerical series ¥°--.9 1! |n | is 
convergent, then 
Co Cc 
Yin! |gn|? exp ((z!”) —|g@g@l =] >on! lgnl exp (?)-— g@g@], (112) 
n=0 n=0 


for anyz€ D (0, R). 
This follows from Theorem 5.3 by choosing f (z) = exp (z). 
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If we apply the inequality (112) for the function 


oe) 


. . i n 
sin (iz) = > Gnapie os, 


n=0 
then we obtain the inequality 


~ n! 4 ee 
Lore? )- |sin(iz) sin(z)| (113) 
~ 

DS Gari oP) ~sin Cis) 


n=0 


’ 


for any z € C. 


6 More Power Series Inequalities on CBS Type 


Utilizing a different technique based on the continuity properties of modulus, in this 
section, we provide more inequalities for power series related to the CBS inequality. 
These results contain in [15]. We begin by proving the following result. 


Theorem 6.1. Assume that the power series f(z) = Y-p-9 Pnz" with real coef- 
ficients is convergent on the disk D(0,R), R > 0. If x,z € C are such that 
x, xz, |x| |z|? € D (0, R), then we have the inequality 


fa(lxl lz?) fa (xD—1fa (x1 OP = PCOS lel Dd — fez) fC |zl)| = 0. 14) 
Proof. If z € D (0, R), then 
let 2 fP = [et =! | fe" 2! | > |e" 2 | [lel — Let (115) 
for any n, 7 € N. We also have 
2? —2/ |? = [z"P —2Re (2°) + |e! |? = [zl?" —2Re (z'Z/) + |z|¥ 
and 


Jet = 2! | |lel” — fel?) = Jet el” 2! fel? = 2" el =a Ie" 


foranyn, 7 €N. 
Utilizing (115) we get the inequality 


Iz/" — 2Re (z"z/) + |z|/ > 


Z" ||" +2! lel? — [zl4 2? — ||" z!| (116) 
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x|’ > O where x € 


for any n,j € N. If we multiply (116) by |p,| |x|" |p; 
D (0, R) andn, 7 € N, then we have 


| i 


[Pal Lx" zl?" py Lx + [pal Ll" py bx! le?! = 2Re ([pal [xt 2" [pj] Ix? 2) 


> | pax” |z|" 2" pjxt + pax” pjpx |z|! z/—pyx"2" pix! |z\1 —pax” kl" pjxiz!| 
(117) 
foranyn, 7 €N. 


Summing over 7 and j from 0 to k and utilizing the triangle inequality for the 
modulus, we have from (117) 


pal IIx" | PD Ia eh! + Ll HI | (al? lel 


n=0 n=0 
k k a 
—2Re| > [pal xl"2" >> |pj| Ix! @! 
n=0 j=0 
ase ™ |g|" 2" Yrs + Spe ‘ Spy Iz? 2 
n=0 J n=0 7 
k k 
— SO px" >> pjx! \z|/ — ps x” it psa Z|. (118) 
n=0 j=0 n=0 


: k i 7s\j k 
Since j= |2;| |x? @? = Lye [Pal |x[" z*, then 


k k k 2 
Re { )> [pal Ix" 2" >> |py| |x? @? | = |S [pal [xl 2" (119) 
n=0 j=0 n=0 
Hence, from the inequality (118), we have 
2 
ie ||" i" |x|" — ie Fie 
n=0 n=0 n=0 
k k k k 
> es es Iz|" 2? — Spee > pax’ |Z" (120) 
n=0 n=0 n=0 n=0 


Since all the series whose partial sums are involved in (120) are convergent, then by 
taking the limit over k — oo in (120), we deduce the desired inequality (114). O 
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Corollary 6.1. [f \°°°.9 |pn| < 00, ie, f4(1) < 00, then for any & € C with 
|¢| = L, we have 


fale?) fa -IMOPZIOF ED - (EDEL 20. 2 
In particular, for € = 1, we have 
fale?) A O-la@P= OF Mdd-FOMDIZ0 22) 
for any z,|z|” € D (0, R). 
Some applications of the inequalities (114) and (122) are as follows: 


1 
1. If we apply the inequality (114) for the function f(z) = To’ z€ D(0,1), 
—Z 
then we get 
| rm 1 — |z{ 
(1 — |x|) (1 = [a] |zl?) [1 — [x] 2]? ~ 1 = x) 0 — xz) I — x |e)  — x [eI 2) 
(123) 


for any x,z € C with x, |x| |z|? € D (0, 1). 


1 oo 
2. If we apply the inequality (114) for the function f(z) = eae Ys (-1)" 2", 
z n=0 
z € D (0, 1), then we get the inequality 
|1 —z| ” 1 —[z| 
(1 = |x|) (1 = |x| |[z|?) [1 = [xe] zl? 7 1} +x) + xz) 2 + x (el) + [el 2) 
(124) 


for any x,z € C with x, xz, |x| |z|* € D (0, 1). 
3. If we apply the inequality (122) for the function f(z) = exp(z), z € C, then we 
get the inequality 


exp (Ic? +1) — lexp (I? = lexpzicl + exp (+(e)! (125) 


for any z € C. 


Remark 6.1. The inequality (114) can also be written in the form 


dx Fx) F(x) | (126) 


> 


fa |x| [zl fa (|x|) 
sal a Fx lel) f Celeld 


fa(lxlzZ) fa (Ix) 


for any x,z € C with x, xz, |x| |z|? € D (0, R). 
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Theorem 6.2 ([15]). Assume that the power series f(z) = Yo Paz" with real 
coefficients is convergent on the disk D (0, R), R > 0. If x,z € C are such that 
x, xz, |x| |z|? € D (0, R), then we have the inequality 


fa (xl) fa (lel el?) -Re[ fi (x12)] 


1 
2 5 IPOVF Ola D + PODS lal — fODLO le) — Fle) FOI. 


(127) 
Proof, \fz € D (0, R), then 
ie" - @! = |e" - @'| e"- @ | 
> |" - @| le" - le | 
= |lal" 2" + @! lel’ — le 2" - lal" @| (128) 


for any n, j € N. We also have 
|z" — @/ |’ = |z"/? —2Re (z"z/) + |2/ |? = |z\P"” —2Re(z"z/) + [27 (129) 
for any n, 7 € N. Utilizing (128) we have the inequality 
le" —2Re (z'z/) + lel > |le" 2+ @/ ze ke @| 130) 


for any n, 7 € N. Now, on utilizing a similar argument to the one in the proof of 
Theorem 6.1, we deduce the desired result (127). The details are omitted. oO 


Corollary 6.2. If z= X in (127), then we have 
fa xl) fa (Ix?) = Re Lf x1] 
1 
> 5 (£00/ (Ix?) + £00 F (lx?) — Aa Fd) — f (al F (°)| 
(131) 


for any x € C such that x, |x| x,|x| x? € D (0, R). 


In the following, we give some applications of above inequality (131) for 
particular complex functions of interest: 


1. If we take the function f(z) = 


1 1 
,z € D (0,1), then we have f4(z) = ——, 
1+z 1-z 
z € D (0,1). Applying (131), we get the following inequality: 
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1 


1 2 
— Re { —___ 
(1 — |x) (1 It’) ia 


.! 24. [xl x? + (xl? 24+ x24 |x|? 
~ 2) +x) (1+ la?) 0+ ela?) +x) + [x19 (1+ IP) 
(132) 


for any x, |x| x, |x|.x? € D (0, 1). 
2. If we apply the inequality (131) for the function f(z) = exp(z), z € C, then 
we get 


exp (Ix + lxl*) — Re exp 2x1 %)] 
1 
> 5 [expe [al?)+ exp(x+ [x] x2) exp(x]? + [x] x) exp([x] x42?) 
(133) 


for any x € C. 


Theorem 6.3 ({15]). Assume that the power series f(z) = e 6 Pnz" with real 
coefficients is convergent on the disk D (0, R), R > 0. If x,y € C are such that 
|x|? . |y|? < R, then we have the inequality 


fa (Ix?) fa (Iv?) - Le GP LALO F (91D) = Uy OFX DL. 34) 


Proof. If x, y € C, then we have 
|x” OY! = "YP = |x" OY — x! ("| |x" OY — x! "| 


> |x" VY — x! "| Ill" yl = bel? Ly” (135) 


for any n, 7 € N. We have upon simple calculations that 
|x|" [yl —2Re (x"y" )! ) + Ly" bel? 
> |lx|" x" Ll OD! + Ly GY" bx! x4 = [yl 2" Lx! OY = Ll" GD" vl! 2] 
(136) 


foranyn, j €N. 
If we multiply the inequality (136) with | p,,| | Pj | > 0 and summing over n and 
j from 0 to k, then we have 


k lee) k k 
S- bpal lel?” S- |py| ly? + 92 Leal Lv?" > |p; | bol?! 
j=0 


n=0 jJ=0 n=0 
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k 
—2Re} Y*|pnlx"y “> |p) @ (y)/ 


n=0 j=0 
iy, lal Yr, lvl? OY + 5h yl" oy" De ae 
n=0 J n=0 
pie “Dn Ix? OY - pa be onde, Iyl/ x4]. (137) 
n=0 n=0 


Due to the fact that S59 [Pal x"»" DF0 [Pj] @ GY = |Dhao lal x"y" 
the inequality (137) is equivalent with 


k 
> |Pn| x" y" 


n=0 


k k 
Se Ipnl x?" S > Lal Ly?" — 


n=0 n=0 


k k k k 
Zz >. Pn |x|" x" S Pn lyl" @)" — >. Pn |y|" x” Yo pn |x|" Gv)" 


n=0 n=0 n=0 n=0 


. (138) 


Since all the series with the partial sums involved in (138) are convergent, then by 
taking the limit over k — oo in (138), we deduce the desired result from (134). O 


Remark 6.2. The inequality (134) is also equivalent to 


fa (Ie?) fav) fxlx) yl) 
“Ae f(b?) lel Fenydrn | 


for any x, y € C with |x|? ,|y|? < R. 


The inequality (134) has some applications for particular complex functions of 
interest which will be pointed out as follows: 


oe 
1. If we apply the inequality (134) for the function f(z) = ,z € D(O, 1), then 
—Z 


we get 
1 1 


(1-1?) (1-bP) ~ fl—xyP? 


1 1 
G=-x|]x)p@-lyy) G-blya-kI~ 


(140) 
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for any x, y € C. In particular, if in (140) we choose y = 0, then we obtain the 
simpler inequality 


1 


ee ees 141 
1 [a( = R | a 


for any x € C. 
2. If we apply the inequality (134) for the function f(z) = exp(z), z € C, then 
we have 


exp ([xl? + [y?) — lexp Gry)? = lexp (x [x1 + LyI5) — exp (ly x + bx 9)| 
(142) 


for any x, y € C. In particular, if in (142) we choose y = 0, then we get 
exp (x1?) —1 > jexp(x |x|) - 1] (143) 


for any x € C. 
3. If we take the function f(z) = cos (z), z € C, then we have f4(z) = cosh (z), 
z€C. Utilizing the inequality (134) for f(z) as above gives 


cosh (ix!) cosh (II?) — |cosh (xy)|? 
2 |cos(x |x|) cos (|y| ¥) — cos(|y| x) cos(|x| ¥)| 44) 
for any x, y € C. In particular, we have, with y = 0 in (144), 
cosh (ix?) —1 > |cos (x |x|) — 1| (145) 


for any x € C. 


Theorem 6.4 ([15]). Assume that the power series f(z) = Yo Pnz" with real 
coefficients is convergent on the disk D (0, R), R > 0. If x,y € C are such that 
|x|? |y|? < R, then we have the inequality 


fa (Ix?) fa (Iv?) - Re [2 @Y)] 
SSIS Uv D+ MADE (yl) Ay Fy Ua). 


(146) 
Proof. If x, y € D (0, R), then we have 
n (=\J = j ,n|2 n (=\J —=\j yn n (=\J —=\j yn 
|x” (Y — GY "| = |x" OY! — Ge) y"| |x" OY — @) y”| 
> |x" Oy — @Y y"| Hel" ll? — bel? Ll” (147) 
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for any n, j € N. Doing simple calculations we get that 
lx |y/7 —2Re[x" GY! x/ GY") + lal” [yl 
= xl" x" Iyl7 OY + be? GY [yl vy" — lel" y" Lvl? Ge — Ly" x" |x? OY 
(148) 


foranyn, j €N. 
If we multiply (148) with | p,, | |p; | > 0 and summing over 7 and j from 0 to k, 
then we get 


Slat SP? —2Re 5 pal 2 (y)" YI |x? G) 


n=0 


oe pe" Sole | |x|?! 


n=0 


Sees |x|" x” De lvl’ OY + 5 pa" [y!" vo a? Gy 


n=0 n=0 
k k 
> pale y" ve Iv GY — Do pa lvl" x" >) py lx GY) 149) 
n=0 n=0 j=0 


foranyn,j €N. 
Since all the series whose partial sums are involved in (149) are convergent, then 
by taking the limit over k — oo in (149), we deduce the desired result (146). oO 


The inequality (146) is also a valuable source of particular inequalities for 
complex functions of interest that will be outlined in the following: 


1. In (146), we take the function f(z) = exp(z), z € C, then we can state that 
exp (|xI? + Ly?) — Re lexp (2x9)] 
1 = = 
2 5 lexp (xl x + ly] ¥) + exp (1x1) + lvl y) 


— exp (|x| y) + |y| x) — exp (|y| x + |x| ¥)| (150) 


for any x, y € C. If in (150) we choose y = 0, then we obtain the simpler result: 


1 
exp ([xI*) — 1 2 5 lexp ({x1 x) + exp ([x1 3) —2 (151) 


for any x € C. 
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2. If we apply the inequality (146) for the function f(z) = cos (z), z € C, with its 
transform f4(z) = cosh (z), z € C, then we get 


cosh (Ix!”) cosh (Iv?) —Re [cosh” (xy)] 
1 
2 5 leos(|x] x) cos (ly| y) + cos(|x] x) cos (Iy| y) 


— cos(|x| y) cos(|y| Xx) — cos(|y| x) cos(|x] ¥)| . (152) 


for any x, y € C. In particular, if in (152) we choose y = 0, then we obtain that 
2 1 = 
cosh (I! ) -1> 5 |cos(|x| x) + cos(|x| x) — 2| (153) 


for any x € C. 


7 Applications to Special Functions 


7.1 Definition and Basic Concepts 


In this section, we give some inequalities for special functions such as polylog- 
arithm, hypergeometric, Bessel and modified Bessel functions of the first kind. 
Before we state our results for these special functions that can be obtained on 
utilizing the de Bruijn, the Buzano and the Schwarz inequality, we recall here the 
definitions and some basic concepts. 

The polylogarithm Li, (z) also known as Jonquiére’s function is a function 
defined by the power series: 


Li, (Z) = —. 154 

O= da (154) 
k=1 

This series (154) converges absolutely for all complex values of the order n and the 


argument z where z € D (0, 1). 
The polylogarithm of nonnegative order n arises in the sums of the form 


Cc S 
1 . 
7 eee n.k a n-tl 
Li_y (r)= ok eo Gant 2 Bur , 
k=1 i=0 


where E,, ; is an Eulerian number, namely, we recall that 


k+l 


Enk = ey ( = ' (k =] + 1)” ‘ 
j=0 J 
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Polylogarithms also arise in sum of generalized harmonic numbers H,,, as 


3 A," = ee @) ’ 


1-z 


n=1 


for z € D (0,1), where Hy = Dopey ge and Ans = Hn = Doped Z- 
The polylogarithm function involves the ordinary logarithm for = 1, ie., 


1 
Li, (z) = In (—). while for n = 2, we have 
=< 


Lin (z) = ze D(0,1), (155) 


Awe 
BI a, 


which is called the dilogarithm or Spence’s function. Other special forms of low- 
order polylogarithms include 


z(z+ 1) . Zz 
’ L = =o 
Gage” aw 


for all z € D(O, 1). The polylogarithm also has relationship to other functions for 
the special cases of argument z. For instance 


Li_2 (z) = Lig (Zz) = = 


1 
LinQ)=f(), Lin(-lI)=—n(n), Lin (ti) = 5s 1 {) +iB(n), 


where ¢ (n) , y(n) and B (7) are the Riemann zeta, Dirichlet eta and Dirichlet beta 
function, respectively. 
The hypergeometric function > F (a, b; c; z) is defined for all |z| < 1 by the series 


Hbags 5 OO (156) 


! 
n=0 (Jy n. 


for arbitrary a,b,c € Rwithc # 0,—1,—2,..., and the (¢),, € {0,1,2,...}isa 
Pochhammer symbol which is defined by 


1, ifn = 0, 
©), = (157) 
t(tt+1)---@+n-1), ifn>0. 


Hypergeometric function (156) with particular arguments of a, b, and c reduces to 
elementary functions, for example, 
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1 
a ae = 2F, (1, 2;2;z), 
1 
(1—z)”’ 
1 1 
2Fi (1, 15252) = = In( 
Zz 1 


2F, 1,2:12 = 2F (a,b; b3z) = 


i 
(l=z)"" 


1 
),2Fi(1:2:-2) = ~In(1 +2). 


The Bessel functions of the first kind Jy (z) are defined as the solutions to the Bessel 
differential equation, i.e., 


292 4294 (2-2) y =0 (158) 


for an arbitrary real or complex order a. This solution of (158) is an analytic function 
of z in C, except for a point z = 0 when a is not an integer. These solutions, denoted 
by Jy (z), are defined by Taylor series expansion around the origin [1, p. 360], i-e., 


[o,) 
(-1)" Z\ 2n+a 
Ju (2) = (<) 159 
@) 2 5@se com 2 ee 
where I” (x) is the gamma function. 

For non-integer order a, Jy (z) and J_, (z) are linearly independent and therefore 
the two solutions of the differential equation (158). The Jy (z) and J_, (z) are 
linearly dependent for a integer; hence, the following relationship is valid [1, 
p. 358]: 


Ja (2) = (—1)* Ja (2). (160) 


If z in (158) is replaced by the arguments +iz, then the solutions of the second- 
order differential equation, /, (z), are called the modified Bessel functions of the 
first kind. It is easy to verify from (159) that the modified Bessel function is defined 
by the following power series [1, p. 375]: 


= 1 


z 2n+a 
hO= » aaa a (tel) 


n=0 


for a, z € C. We observe that the function /, (z) has all the nonnegative coefficients. 
Similar to Bessel functions, the modified Bessel function (161) also satisfies the 
following relations: 


Tq, (—z) = (—1)* Ia (2) and I-g (2) = La (2) 
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fora € Z,z € C. The modified Bessel functions of the first kind of order a, Jy (z), 
can be expressed by the Bessel function of the first kind, that is, 


Jy (iz) = 1% Tq (Z). (162) 


7.2 Some Inequalities for Polylogarithm Functions 


It is clearly seen that the polylogarithm function (154) is the power series with 
nonnegative coefficients and convergent on the open disk D(0, 1), so that all the 
results in Sects. 3—6 hold true. Therefore, for instance from (17), (39), (79), (114) 
and (134), we have the following corollaries. 


Corollary 7.1. /f Li, (z) is the polylogarithm function, then we have 
1 
[Lin (a? < 5 Lin (a) [Lis (Iel”) + [Lin@)|] (163) 


fora € (—1,1),z € C with az,a?,2,|z\> € D(0,1) and n is a negative or a 
positive integer. 


Corollary 7.2. If Li, (z) is the polylogarithm function, then we have 
ee 1 fe ee ee oe ‘fin? 
Lin (@¥) Lin(Bx)| <5 [Lin(lal?)Lin(II?)] + [Lin(aB)] | Lin(|xI?) (164) 


for any a, B,x € C with |a|’ ,|B|’ |x!’ ,aB, ax, Bx € D (0,1) and n is a negative 
or a positive integer. 


Corollary 7.3. If Li, (z) is the polylogarithm function, then we have 


[is (Ix?) Lis (Io?)] Lin (le?) - [ein 2 Lin 
> Li, (x9) Lin (lel?) — Lin (22) Lin (| (165) 


for any x,y,z € C such that lel? vl? ,|2l?,xZ,27,.xy € D(0,1) andn isa 
negative or a positive integer. 


Corollary 7.4. [f Li, (z) is the polylogarithm function, then we have 


Lin (Ix lel?) fa (a) — [Lin (lI 2? & [Linx Lin (& [el 2) — Lin oz) Lin [EDI 
(166) 
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and 
Lin (|x|?) Lin (|y?)— [Lin (xy)? > [Lin ([x| x) Lin ly] ¥) —Lin(ly| x) Lin (Ix y)], 
(167) 


2 |z\? € D (0,1) and n is a negative or a 


for any x,y,z € C with x, xz, |x| |z|”, |x| 
positive integer. 


In the following, we present some results that connect different order 
polylogarithms. 


Theorem 7.1 ([4]). Let Li, (z) be the polylogarithm function, a € (—1,1), z € 
D (0, 1) and p,q,r integers such that the following series exist. Then 


1 
[Lis pq (a2)|” < 5 Lirtap (4°) | Lirs (lel?) + [Lirtaq@)||- (168) 


Proof. Utilizing the de Bruijn inequality (18) with positive weights we have 


: 2 1. a 2 
[Lirtptg (a2) = aaa k4 
k=1 
fe, TD aE hg lel = oe 
=3( =e) (be wet |e ee 
k=1 k=1 k=1 
1 


II 


gbirtap (a’) [ Lirt2g (Iz!”) + |Li-sog @)|] (169) 


and the inequality (168) is proved. oO 
Theorem 7.2 ([{13]). Let a, B,x € C, ax, Bx, |a|* ,|B|?.aB, |x|? € D (0,1) and 


P.4q.1 integers such that the following series exist. Then 


jenere (aX) Lir+p+q (Bx) | 


55 ([Lirsae (la) Lirsae(\8?)] + |Etrs24 (#B)|) Lirsay (2?) 


(170) 


Proof. Utilizing the Buzano inequality (36) for py = 1/k", cp = ak /k4, by = 
BY /k4 and x, = x*/k?, we have 


AK 
7 x B 
bere tre |= are Se S| 


1/2 
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= ; (a (lal?) Lir+aq (ia?) # |Lirtoq («®)|) hii (Iz?7), (171) 


and the inequality is proved. Oo 


On making use of the above result (170), we can get some simpler inequalities. 
For instance, if a = z, 8 = Z, then from (170) we can state that 


Lintepey (2X) Lir+ptq (zx)| 
yi 
<5 [Lins (Ie? ) +(e) | Liven (Ix/?). (172) 


Moreover, if x = a € R, then from (172) we deduce the inequality (163) or the 
inequality (33) in paper [4]. 


Theorem 7.3. Let x,y,z € C with |x|°,|y|?.|z)?,xZ,2y.xy € D(0,1) and 
P.4q,¥ integers such that the following series exist. Then 


; 2 . eer = 
[Lita (|xI*) Lir+2q (Ir?) | Lir+2p (Iz!) — | Lips p+ (XZ) Lirtptg (2y)| 


. = : 2 ‘ = é = 
Z |Lira2g (xy) Lir+op (Iel ) — Lips ppg (XZ) Lir+ pq (| , (173) 
oe : : : k yk 
Proof. Utilizing the discrete inequality (77) for py, = a Xk = fa Ve = ae 
ok 
Zk = tik € {1,2,...,m}, we have 
m 1/2 m L 2 1/2 m n k n - 

(i 21ei)"(GeEN halel eugene 
& i | ka & kr lke kr [ke | | ker ied ke ker ke 
s)y a2 Oe) ees a 
r= mk kd k4 Qk kp =k k@ kp fo hr ke ka 

hence 


m We hp V2 om 
Ce Ps wm (> ax (i) ‘ » aay (le?) 


apy 2D" ae — (cy) i 


m 2 m = m -_ 
(xy) y (Iz ) _ (x2) «yy (174) 
= kr+2q kr+2p kr+p+4 kr+p+q’ 
k=1 k=1 k=1 k=1 


form > 0. 
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Taking the limit as 7 — oo in (174), then we deduce the desired inequality (173). 
| 


On making use of the above result (173), we can get some simpler inequalities; 
for instance, if y = xX, then from (173) we can state that 


Lines, (Ix?) ies (ie?) =| tay GLb pan | 


> |Lirtaq (2?) Leap (Iel?)  Lirtptg (x2) Lirtpty QD], 175) 


for x,z € C. Moreover, if z = a € R, then from (175) we deduce the inequality 


Li; +2q (ix!) Lipse,(a") = Tipe py (ax)|” 


, (176) 


= [Lita (er) Li,+2p (a’) _ ae (ax) 
foranyx €C,a eR. 


From a different perspective, we can state the following inequality which 
incorporates the Riemann zeta function, ¢: 


Corollary 7.5. Let z€ D (0,1) and p,q,r integers such thatr + 2p > 1. Then 


1 
Lire org (a2)|” < 58 (r+ 2p) | Lirgag (Iz?) + [Lirsaee)|]- 7) 


Proof. The proof follows by Theorem 7.1 fora = 1. oO 


Corollary 7.6. Leta, 6 € D (0,1) and p,q,r integers such thatr +2p > 1. Then 
Lir+ p+q (—ai) Lir+ p+q (Ri) 


< st (r + 2p) (a (lel?) iy (ale 4 [Lira («B) ) 


(178) 
The proof follows by Theorem 7.2 for x = 7. 
Corollary 7.7. Let x € D (0,1) and p,q,r integers. Then 
‘ ‘ 2 
G(r + 2p) Lir+aq (Ix!) = |Lirtptg (x)| 
= Ic POD) Di oy CANAD ya (x (179) 


The proof follows by (176) fora = 1. 
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On utilizing the inequalities (177)-(179) and taking into account that some 
particular values of ¢ (n) are known, such as (34) and €(4) = 24/90, then we can 
state the following inequalities: 


7 
~ 12 


A 


1. |Ligss OL SS [Ling (lel?) + [Linn @)I] 


x* 


2. |Lig+2 @|° < a [Liza (iz!”) ~ |Ling 2)|] 


A 


3. |Lig+1 (—ai) Lig+1 (2i)| 


2 


=F ([4 (ar) (8?) + es (8) 
4. [Lig (—ai) Lig+2 (Ri)| 


Z = (Zz (or) Ling (8) |" + Lin («#)|) 


5. \Ligas (—ai) Ligs3 (Bi)| 


4 1/2 = 
< = (Zen (la?) Ling+1) (I6?)] =F [Ling («B) ) 
én Aye: Pee 2) _ hi 2 
| Ling (x?) — Lig4i (x)| < G bin ( )- [Liga (x)| 


ee , 
< 90 v4 (Ix!?) _ |Lig+2 (x)| 


oo py 2 
7. 99 Liza (x?) — Lig+2 (x) 


a+ 


2 
8. 99 Le i2@tH) (x?) = Lig43 (x) 


<n ; 2 
< 90 ve i2@tH (Ix1?) _ |Lig+s (x)| 


for any a, B,x,z € D (0,1) and q an integer. 


7.3 Some Inequalities for Hypergeometric Functions 


It is clearly seen that the hypergeometric function (156) is the power series with 
nonnegative coefficients and convergent on the open disk D(O, 1), so that all the 
results in Sects. 3-6 hold true. Therefore, for instance from (134), we have the 
following corollaries (see [15]). 
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Corollary 7.8. Let > F, (a,b; c;z) be the hypergeometric function. Then 


2Fi (a,b:e;|xI?), Fi (a,b:c;|yl?) - 2Fi (a, bse xy)? 
2 |2Fi (4,03 ¢; |x] x) Fi @, bs es |ylY) —2 Fi @, bs ¢3 |y| x)2 Fi (4,5 5 |x] Y)| 
(180) 
for any a,b,c € R, withe #0,—1,-2,... and x,y € C such that |x| ,|y| < 1. 

Corollary 7.9. If in (180) we choose c = b, then we have 

1 _ 1 
[(i- lr’) (-e)] [1 — xy|"" 

> | =e =a (181) 
[(a-|xlxyd-lymP [A-lylx*)d-|x1y)] 


for anya €R, x,y € C such that |x| ,|y| < 1. 


Remark 7.1. For a = 1, the inequality (181) reduces to (140). 
Corollary 7.10. [fin (180) we choose a = b = 1, c = 2, then we have 


n(—5e) "(pe) Inia) 
1= [3p 1—|y/? 1l—xy 
(=a) " (Tas) -* (ae) "(s) 
In | ———— ] In | ———— }] - ln In — (182) 
1—|x|x 1—|y|y 1—|y|x L=|x|¥ 


for x,y € Cwith |x|,|y| <1. 


2 


2 


7.4 Some Inequalities for Bessel Functions 


Similar to the polylogarithm and hypergeometric function, the modified Bessel 
function (161) is also the power series with nonnegative coefficients and convergent 
on the open disk D(0, 1), so that all the results in Sects. 3-6 hold true. Therefore, 
for instance from (134), we have the following corollaries (see [15]). 


Corollary 7.11. [f Jy (x) and Iy (x) are the Bessel function and modified Bessel 
function for the first kind, respectively, then we have 


Ta (II?) fa (Iv?) = Me ey)? = Jalal Ju U1 F) = Jelly Je(l41 P| 
(183) 
fora €R, x,y € C with |x| ,|y| < 1. 
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In particular, if y = a = 0 in (183), then for any |x| < 1, we obtain that 


Io (Ix?) — 1 = IJo(lxl x) = DI (184) 
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Topics in Special Functions ITI 


Glen D. Anderson, Matti Vuorinen, and Xiaohui Zhang 


Dedicated to Professor Hari M. Srivastava 


Abstract The authors provide a survey of recent results in special functions of 
classical analysis and geometric function theory, in particular, the circular and 
hyperbolic functions, the gamma function, the elliptic integrals, the Gaussian 
hypergeometric function, power series, and mean values. 


1 Introduction 


The study of quasiconformal maps led the first two authors in their joint work with 
Vamanamurthy to formulate open problems or questions involving special functions 
[14, 16]. During the past two decades, many authors have contributed to the solution 
of these problems. However, most of the problems posed in [14] are still open. 

The present paper is the third in a series of surveys by the first two authors, the 
previous papers [20, 23] being written jointly with the late Vamanamurthy. The aim 
of this series of surveys is to review the results motivated by the problems in [14, 16] 
and related developments during the past two decades. In the first of these we studied 
classical special functions, and in the next we focused on special functions occurring 
in the distortion theory of quasiconformal maps. Regretfully, Vamanamurthy passed 
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away in 2009, and the remaining authors acknowledge his crucial role in our joint 
work. For an update to the bibliographies of [20, 23] the reader is referred to [12]. 

In 1993 the following monotone rule was derived [17, Lemma 2.2]. Though 
simple to state and easy to prove by means of the Cauchy Mean Value Theorem, 
this l’ H6pital Monotone Rule (LMR) has had wide application to special functions 
by many authors. Vamanamurthy was especially skillful in the application of this 
rule. We here quote the rule as it was restated in [21, Theorem 2]. 


Theorem 1.1 (l’H6pital Monotone Rule). Let —co < a < b < ~w, and let fg : 
[a,b] — R be continuous functions that are differentiable on (a,b), with f(a) = 
g(a) = Oor f(b) = g(b) = 0. Assume that g'(x) 4 0 for each x € (a,b). If 
I'/g' is increasing (decreasing) on (a,b), then so is f/g. 


Theorem 1.1 assumes that a and b are finite, but the rule can be extended easily 
by similar methods to the case where a or b is infinite. The LMR has been used 
effectively in the study of the monotonicity of a quotient of two functions. For 
instance, Pinelis’ note [146] shows the potential of the LMR. As a complement to 
Pinelis’ note, the paper [21] contains many applications of LMR in calculus. Also 
the history of LMR is reviewed there. 

In this survey we give an account of the work in the special functions of classical 
analysis and geometric function theory since our second survey. In many of these 
results the LMR was an essential tool. Because of practical constraints, we have had 
to exclude many fine papers and have limited our bibliography to those papers most 
closely connected to our work. 

The aim of our work on special functions has been to solve open problems in 
quasiconformal mapping theory. In particular, we tried to settle Mori’s conjecture 
for quasiconformal mappings [127] (see also [118, p. 68]). For the formulation of 
this problem, let K > 1 be fixed and let M(K) be the least constant such that 


f(a) — f(@)| < M(K)la —2|'"*, forall a, 2 € B, 


for every K-quasiconformal mapping f : B — B of the unit disk B onto itself with 
(0) = 0. A. Mori conjectured in 1956 that M(K) < 16'~!/¥ . This conjecture is 
still open in 2013. Some of the open problems that we found will be discussed in 
the last section. 


2 Generalizations of Jordan’s Inequality 


The LMR application list, begun in [21], led to the Master’s thesis of Visuri, 
on which [109] is based. Furthermore, applications of LMR to trigonometric 
inequalities were given in [109]. Numerous further applications to trigonometric 
functions were found by many authors, and some of these papers are reviewed in 
this section and the next. 
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By elementary geometric methods one can prove that 


2 sin x 
—< <1, 0<x< 
cA x 


Na 


a result known as Jordan’s inequality. In a recent work, Klén et al. [109] have 
obtained the inequalities 


cos? 5 < —_ < cos? = x € (-V 27/5, 27/5) 


x 


and 


sinh 


x 
cosh!/4 x < ——— <cosh!/?x, x € (0, 1). 
x 


Inspired by these results, Lv, Wang, and Chu [121] proved that, for a = 
(log(1/2))/ log V2 ~ 1.30299, 


x sin x 
ARE a, 
x 


cos < cos” _ x € (0,7/2), 


ru 


where 4/3 and a are best constants and that for b = (log sinh1)/(log cosh1) 
0.372168, 


sinh x b 
— <cosh’x, x € (0,1), 


cosh!/3x < 
where 1/3 and b are best constants. 

Many authors have generalized or sharpened Jordan’s inequality, either by 
replacing the bounds by finite series or hyperbolic functions or by obtaining 
analogous results for other functions such as hyperbolic or Bessel functions. 
The comprehensive survey paper by Qi et al. [150] gives a clear picture of these 
developments as of 2009. For example, in 2008 Niu et al. [143] obtained the sharp 
inequality 


sin x 


o) n 
<ait+ So Be (ar? =a). Se = 9/2, 
1 


2 n 
—+ Yo ag (0? adge)* < 
ca 

k=1 k=1 


x 


for each natural number n, with best possible constants a, and 6;. That same 
year Wu and Srivastava [198] obtained upper and lower estimates on (0, 2/2] for 
(sin x)/x that are finite series in powers of (x — 0), where 6 € [x, 7/2], while Zhu 
[211] obtained bounds as finite series in powers of (7 — 4x”). Zhu [210] obtained 
bounds for (sin x)/x as finite series in powers of (r? — x”) for0 < x <r < x/2, 
yielding a new infinite series 
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sin x 


CO 
= Darl (r?—x?)", for 0 < |x| <r <2x/2. 


Yang [199] showed that a function f admits an infinite series expansion of the above 
type if and only if f is analytic and even. 

In 2011 Huo et al. [97] obtained the following generalization of Jordan’s 
inequalities: 


in6 
 e(6" — x") a < rox (6! = x')f 


k=1 k=1 


fort > 2,n € N,and0 < x < @ < 7, where the coefficients wz, and w, are defined 
recursively and are best possible. 

More recently, in 2012, Chen and Debnath [74] have proved that, for 
0<x<27/2, 


sin x 


fi(x) < < f(x), 
where 
=f—j —) —20-1 
fils) = 2 + (xy) + CE et ty 
and 
—0-— _ _ —20-1 
fox) mee = : (x9 7 (2x)°) ae (1 2)0 ; 2)x (x? _ (2x)*)?, 


for any 6 > 2, with equality when x = 7/2. 

In a recent work Sandor [164] (see also [165, p. 9]) proved that h(x) 
[log(x/ sin x)]/ log((sinh x)/x) is strictly increasing on (0,2/2). He used this 
result to prove that the best positive constants p and q for which 


(=) x (=) 
<< 
x sin x x 
is true are p = 1 and gq = [log(z/2)]/ log((sinh(/2))/(2/2)) + 1.18. 


In an unpublished manuscript, Barbu and Piscoran [28] have proved, in 
particular, that 


- ; 
(1 —x2/3)-/4 < _ 21% = x €(0,1). 
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Kuo [116] has developed a method of obtaining an increasing sequence of lower 
bounds and a decreasing sequence of upper bounds for (sinx)/x, and he has 
conjectured that the two sequences converge uniformly to (sin x)/x. 

Since there is a close connection between the function (sin x)/x and the Bessel 
function J1/2(x) (cf. [219]), it is natural for authors to seek analogs of the Jordan 
inequality for Bessel and closely related functions. Baricz and Wu [35, 40], Zhu 
(219, 220], and Niu et al. [144] have produced inequalities of this type. Zhu [221] 
has also obtained Jordan-type inequalities for ((sinx)/x)? for any p > 0. Wu and 
Debnath [195] have generalized Jordan’s inequality to functions f(x)/x on [0, 6] 
such that f is (7 + 1)-times differentiable, f(0) = 0, and either n is a positive even 
integer with f* increasing on [0, 6] or n is a positive odd integer with f+) 
decreasing on [0, 0]. 


3 Other Inequalities Involving Circular 
and Hyperbolic Functions 


3.1 Redheffer 


In 1968 Redheffer [157] proposed the problem of showing that 


sinax 1—x? 
> 


ae Ao for all real x (1) 
or, equivalently, that 
sinx _ a?7—x? ee (2) 
> ———., forall real x. 
x m2 + x? 


A solution of this problem was provided by Williams [192], using infinite products, 
who also proved the stronger inequality 


sinax _ 1—x? (l1—x) 


= , forx 21. 
UX 1+x2  x(1+ x?) 


Later, using Erd6s-Turan series and harmonic analysis, Li and Li [120] proved the 
double inequality 


_ ~2y(4— ¥2)(9 — x2 : =42 
(l—x*)(4-— x“) x") _ sinax _ 1-x 


< < , for 0< 1. 
x® — 2x4 + 13x2 + 36 WX V1+ 3x4 = ~~ 


They also found a method for obtaining new bounds from old for (sin x)/x, but Kuo 
[116] gave an example to show that the new bounds are not necessarily stronger. 
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In 2003 Chen et al. [76], using mathematical induction and infinite products, found 
analogs of the Redheffer inequality for cos x: 


— 4x orate U 
cosx > or |x| < =, 
24 4x2? 2 
and for hyperbolic functions 
sinhx — 2? +x? m? + 4x? a 
= —5 3+ for0< |x| =a; coshx = —~—__,,. for|x| = = 
x m*—x m* —4Ax 2 


In 2008, inspired by the inequalities above, Zhu and Sun [224] proved that 


HA? \* m2 —4x2\? 
———~ <cosx < | ————~]}] , for0<x< 
m2 + 4x? 


with best possible constants ~@ = 1 and B = 27/16, and 


m?—x?\" — sinx m2—x2)° 
< < , forO<x<Z, 
nm? + x? x m2 + x? 
with best possible constants y = 1 and § = 27/12. They obtained similar results 
for the hyperbolic sine and cosine functions. In 2009 Zhu [216] showed that 


nm? — x? sin x m2—x2 \? 
< S , O< xX SN, 
J m4 + 3x4 x V1 + 3x4 
holds if and only if @ > 27/6 and B < 1, with analogous results for cos x and 


(tan x)/x. In 2009 Baricz and Wu [41] and in 2011 Zhu [222] proved Redheffer- 
type inequalities for Bessel functions. 


3.2 Cusa-Huygens 


The inequality 


sinx 2+cosx 
< 


,0O<x<21/2 
x 3 


was discovered by N. de Cusa in the fifteenth century (cf. [71]) and proved 
rigorously by Huygens [98] in the seventeenth century. In 2009 Zhu [218] obtained 
the following inequalities of Cusa-Huygens type: 


sinx \* aes ye, 0 I Si 
< —+—(cosx <x<—, a2l, 
x ae ee Ge 


Topics in Special Functions III 303 


and 


sinhx\* 2 1 
<.+x=(coshx)*, x >0, a1. 
x 3. 3 


That same year Zhu [214] discovered a more general set of inequalities of Cusa type, 
from which many other types of inequalities for circular functions can be derived. 
He proved the following: Let 0 < x < 7/2. If p = 1, then 


(1—a@) + a(cos x)? < (=) < (1 — B) + B(cosx)? (3) 


if and only if 6 < 1/3 anda = 1 — (2/z)?. If 0 < p < 4/5, then (3) holds if 
and only ifaw > 1/3 and B < 1— (2/z)?. If p < 0, then the second inequality in 
(3) holds if and only if 6 > 1/3. In a later paper [219] Zhu obtained estimates for 
(sin x)/x and (sinh x)/x that led to new infinite series for these functions. For some 
similar results see also [194]. 

In 2011 Chen and Cheung [71] obtained the sharp Cusa-Huygens-type inequality 


2+cosx\* — sinx 2+cosx\? 
< < : 
3 x 3 
for 0 < x < 2/2, with best possible constants a = (log(2/2))/log(3/2) ~ 1.11 
and B = 1. 
In 2011 Neuman and Sandor [142] discovered a pair of optimal inequalities for 


hyperbolic and trigonometric functions, proving that, for 0 < x < 2/2, the best 
positive constants p and gq in the inequality 


1 sin x 1 


< < 
(cosh x)? x (cosh x)4 


are p = (log(2/2))/logcosh(z/2) ~ 0.49 and q = 1/3 and that for x # 0 the 
best positive constants p and q in the inequality 


sinh x \? 2 sinh x \4 
< < 
x cosx + l x 


are p = 3/2 andq = (log2)/ log[(sinh(/2))/(2/2)] ~ 1.82. 


3.3 Becker-Stark 


In 1978 Becker and Stark [49] obtained the double inequality 


8 tan x a cA 
0<x<-H—, 


< < : 
m2 — 4x? x mm? — 4x? 2 


where the numerator constants 8 and zr are best possible. 
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In 2008 Zhu and Sun [224] showed that 


mq? + 4x2\% _ tanx m2 + 4x2\F é X 
—_ ~ ’ < <7>> 
m* — 4x? Xx n> — 4x? =o 


holds if and only if a < 17/24 and B > 1. 
In 2010 Zhu and Hua [223] sharpened the Becker-Stark inequality by proving 
that 


m?+ax? tanx 2% + Bx? 1 
< < ,0<x<-, 
m2 — 4x2 x = 4x? 2 


where a = 4(8—z7)/2? = —0.76 and B = 1*/3—4 = —0.71 are the best possible 
constants. They also developed a systematic method for obtaining a sequence of 
sharp inequalities of this sort. 

In 2011 Ge [88] obtained 


8 me 8 : tanx x4 1 ala mw 
———— = < ——j], 
m2 — 4x2 a x 12 m2 — 4x2 12 


for 0 < x < 2/2. That same year Chen and Cheung [71] proved the sharp Becker- 
Stark-type inequality 


a * tanx ra 
< < , 
m2 — 4x2 x mw? — 4x? 


with best possible constants ~@ = 27/12 ~ 0.82 and B = 1. 


3.4 Wilker 


In 1989 Wilker [190] posed the problem of proving that 


: 2 
t 
(=) 12 So rege (4) 
x x 2 
and of finding 
sin x \2 tanx 
4+_—-2 
c= inf ( * * . (5) 
O<x<z/2 x3 tan x 


Anglesio et al. [191] showed that the function in (5) is decreasing on (0, 2/2), that 
the value of c in (5) is 16/z*, and that, moreover, the supremum of the expression 
in (5) on (0, 2/2) is 8/45. Hence 
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sin x 


16 
2+ ov tanx < ( 
cA x 


t 8 
+ stasis <2+ —x3 tanx, (6) 
x 45 


for0 < x < 2/2, where 16/m* = 0.164 and 8/45 ~ 0.178 are best possible 
constants. (Note: [21] erroneously quoted [191] as saying that the function in (5) is 
increasing.) In 2007 Wu and Srivastava [197] proved the Wilker-type inequality 


x \2 x 4 
(= ) + >2, ford<x< . (7) 
sin x tan x 2 
However, Baricz and Sandor [39] discovered that (7) is implied by (4). 


In 2009 Zhu [218] generalized (4) and obtained analogs for hyperbolic functions, 
showing that, for0 < x < 2/2,a@ > 1, 


(mm) (=) x \20 x \@ 
=) Ga) #Ge = 
x x sin x tan x 
and that, for x > 0,a@ = 1, 
sinh x \7” tanh x \° x \20 x \@ 
+ > (—— ) +(—_) > 2. 
x x sinh x tanh x 


These two results of Zhu are special cases of a recent lemma due to Neuman [138, 
Lemma 2]. 
In 2012 Sandor [162] has proved that, for 0 < x < 2/2,a > 0, 


x \2a x \@ sinh x \7” sin x \° 
(eer ee + > 2, 
sin x sinh x x x 


Using power series, Chen and Cheung [72] obtained the following sharper versions 


of (6): 
16 inx\* ¢ 8 ave 
ae tanx < (=) ++ — _ [2+ | < (=) x? tan x, (8) 


and 


104 aan < (Sit * tan 74 844, 16 6] 2 (2 ? Ress 
475° 0 x x 45 315 a 


The constants 16/315 ~ 0.051 and (2/z)° ~ 0.067 in (8) and 104/4725 ~ 0.022 
and (2/7)® ~ 0.027 in (9) are best possible. For 0 < x < 2/2, Chen and Cheung 
also obtained upper estimates complementary to (7): 
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and 


( x ) + x Pres 2 Ae 8 se 
=F eg 
sin x tan x 45 945 oe 


where the constants 2/45 and 8/945 are best possible. 
In 2012, Sandor [164] has shown that 


sin x sinh x 


>q+1,xF40 


and 


sinhx \! — sinx 1 
+ >2,0<x<-, 
x x 2 


where g = [log(/2)]|/ log[(sinh(/2))/(2/2)] + 1.18. 
Extensions of the generalized Wilker inequality for Bessel functions were 
obtained by Baricz and Sandor [39] in 2008. 


3.5 Huygens 


An older inequality due to Huygens [98] is similar in form to (4): 


i t 
2(=*) 4 SBS 3, for0 < |x| <> (10) 
x 


x 


and actually implies (4) (see [141]). In 2009, Zhu [217] obtained the following 
inequalities of Huygens type: 


sin x tan x sin x tan x 
-p—— Sle =g) +4q 
x x x 


(1 — p) 


for all x € (0, 2/2) if and only if p > 1/3 andq < 0; 


sinh x tanh x sinh x tanh x 
—— + p—— > 1> (1-4 


(1— p) 
for all x € (0, co) if and only if p < 1/3 andg = 1; 


x 


Xx 
+4q 


(i= p) 
sin xX tan x 


x 
- + p— >1>(-q) 
sin x tan x 
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for all x € (0, 2/2) if and only if p < 1/3 andg = 1—2/z; and 


x XxX Xx 
+p =i>(U=q@) 


(1— p) 


sinh x tanh x sinh x tanh x 


for all x € (0, co) if and only if p > 1/3 andg < 0. 
In 2012 Sandor [162] has showed that, for 0 < x < 2/2,a > 0, 


sinh x \°* sin x \* x \o x \@ 
2( ) +( ) >2(5 ) +(< = 
x x sin x sinh x 


Chen and Cheung [72] also found sharper versions of (10) as follows: For 
O<x < 2/2, 


3, sin x tan x ae 3 
3+ —x*tanx < 2{ —— ) + — <3+|[-—)] xtanx (11) 
20 x x TU 


and 


3 sin x tan x 3 4 a 7 
—x°? tanx < 2, ——]+ —|34+ —x*|)<[{—] x’ tanx, (12) 
56 x x 20 XH 


where the constants 3/20 = 0.15 and (2/z)* ~ 0.16 in (11) and 3/56 = 0.054 and 
(2/2)° = 0.067 in (12) are best possible. 

Recently Hua [96] have proved the following sharp inequalities: For 
0 < |x| < 2/2, 


1 i t 2 80 — 24 
3+ —x? sinx < = +2 ane/2) <34+ elena sin x, 
40 x x/2 4 


where the constants 1/40 and (80 — 24sr)/z4 are best possible, and, for x 4 0, 


3°. sinhx  tanhx 
3+ —x°* tanhx <2 + 


3 
<3+—x? sinh x, 
20 20 


where the constant 3/20 is best possible. 


3.6 Shafer 


The problem of proving 


3x 
arctan x > t———_——., x > 0, 


142/14 x2 
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was proposed by Shafer [166] in 1966. Solutions were obtained by Grinstein, Marsh, 
and Konhauser [169] in 1967. In 2011 Chen, Cheung, and Wang [73] found, for each 
a > 0, the largest number b and the smallest number c such that the inequalities 


bx Cx 
<arctanx < 


lt+aV14+x? lt+aVJ14+ x? 


are valid for all x > 0. Their answer to this question is indicated in the following 
table: 


a Largest b Smallest c 
0<a<n/2 b=nxa/2 c=I1+a 
u/2<a<2/(a —2) b = 4(a* —1)/a? c=Il1+a 
2/(a# —2)<a<2 b = 4(a? — 1)/a? c=na/2 
2<a<o b=1+a c=ana/2 


In 1974, in a numerical analytical context [167], Shafer presented the inequality 


8x 


,x>0, 
3+ 25 + (80/3)x? 


which he later proved analytically [168]. In [213] Zhu proved that the constant 
80/3 in Shafer’s inequality is best possible and also obtained the complementary 
inequality 


arctan x = 


8x 


,x>O0, 
3+ 25 + (256/27)x? 


where 256/z:7 is the best possible constant. 


arctan x < 


3.7 Fink 


In [132, p. 247], there is a lower bound for arcsinx on [0,1] that is similar to 
Shafer’s for arctan x. In 1995 Fink [87] supplied a complementary upper bound. 
The resulting double inequality is 


3x UX 
—— < arcsinx < ——_"——.,, 0< x <l, (13) 
2+V1—x? 2+V1—x? 


and both numerator constants are best possible. Further refinements of these 
inequalities, along with analogous ones for arcsinh x, were obtained by Zhu [212] 
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and by Pan with Zhu [145]. We note that, for 0 < x < 1, this double inequality is 
equivalent to 


2+ cosx sin x 2+ cosx 
< < 


a4 
, O<x< =, 
a4 x 3 2 


in which the second relation is the Cusa inequality. 


3.8 Carlson 


In 1970 Carlson [67, (1.14)] proved the inequality 


6/1 — x V4-JS1 =x 
—_—__—_. « arccosx < ————__., 

2/2+ /1 +x (1+ x)!/6 
In 2012, seeking to sharpen and generalize (14), Chen and Mortici [75] determined, 


for each fixed c > 0, the largest number a and smallest number b such that the 
double inequality 


O<x<1. (14) 


aV1—x bV1—x 
—— < arccosx < ————. 
c+VJ1l+x c+VJ1l+x 


is valid for all x € [0, 1]. Their answer to this question is indicated in the following 
table: 


c Largest a Smallest b 
0<x < (2x —4)/(4—7z) (1+ a)x/2 24+ /2a 
(Qn —4)/(4—2) <x < (4—)/(n —2V2) 8(a2 — 2)/a? 2+ /2a 
(4—2)/(a —2V2) < x < 22 4(a2 — 1)/a? (li +a)x/2 
2/2 <x <0 2+ /2a (1 +a)x/2 


These authors also proved that, for all x € [0, 1], the inequalities 


fh. Jax Sti 


~~ < < 
a+(+x)¥6 arccos Xx b+(+x)6 


hold on [0, 1], with best constants a = (2/4 — 2)/m ~ 0.01 and b = 0. 
Moreover, in view of the right side of (14), in 2011 Chen, Cheung, and Wang 
[73] considered functions of the form 
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on [0, 1] and determined the values of p,g,r such that f(x) is the best third-order 
approximation of arccos x in a neighborhood of the origin. The answer is that, for 
p = (a 4+ 2)/n?, q = (a — 2)/x?, r = 1/2, one has 


im arccos x — f(x) = nx? —8 


x0 x3 672 


With the values of p,g,r stated above, the authors were led to a new lower bound 
for arccos: 


(1/2)(1 = x) t2/7° 
(1 a x) 4-2)/2? 


arccosx => O<x<l. 


3.9 Lazarevié 


In [117] Lazarevié proved that, for x 4 0, 


(= x ) 
> cosh x 
x 


if and only if g = 3. Zhu improved upon this inequality in [215] by showing that if 
p > lor p < 8/15, then 


sinh x \4 
> p+ — p)coshx 
x 


for all x > 0 if and only if g = 3(1 — p). For some similar results see also [194]. 

In 2008 Baricz [34] extended the Lazarevi¢ inequality to modified Bessel 
functions and also deduced some Turan- and Lazarevic-type inequalities for the 
confluent hypergeometric functions. 


3.10 Neuman 


Neuman [137] has recently established several inequalities involving new combina- 
tions of circular and hyperbolic functions. In particular, he has proved that if x 4 0, 
then 
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(cosh x)?/? < sinh x % 1+ 2coshx 

arcsin(tanh x) 3 ’ 

[(cosh 2x)!/? cosh? x]!/7 < sinh x 2 (cosh 2x)!/? + 2cosh x 
arcsinh(tanh x) 3 
and 
inh 2 h2x)!/2 h 
[(cosh 2x) cosh x]! < sue ee (cosh 2x)'/* + cosh x . 

arctan(tanh x) 3 


4 Euler’s Gamma Function 


For Rez > 0 the gamma function is defined by 


T(z) =| led, 
0 


and the definition is extended by analytic continuation to the entire complex plane 
minus the set of nonpositive integers. This function, discovered by Leonhard Euler 
in 1729, is a natural generalization of the factorial, because of the functional identity 


(z+ 1) = zl (z). 


The gamma function is one of the best-known and most important special functions 
in mathematics and has been studied intensively. 

We begin our treatment of this subject by considering an important special 
constant discovered by Euler and related to the gamma function. 


4.1 The Euler-Mascheroni Constant and Harmonic Numbers 


The Euler-Mascheroni constant y = 0.5772156649 ... is defined as 


y = lim yp, (15) 


noo 


where y, = H,, —logn,n € N and where H,, are the harmonic numbers 


1 
R= o =| dx. (16) 
0 
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The number y is one of the most important constants in mathematics and is useful in 
analysis, probability theory, number theory, and other branches of pure and applied 
mathematics. The numerical value of y is known to 29, 844,489,545 decimal 
places, thanks to computation by Yee and Chan in 2009 [201] (see [77, p. 273]). 

The sequence y, converges very slowly to y, namely with order 1/n. By replac- 
ing logn in this sequence by log(n + 1/2), DeTemple [84] obtained quadratic 
convergence (see also [69]). In [130] Mortici made a careful study of how 
convergence is affected by changes in the logarithm term. He introduced new 
sequences 


where P and Q are polynomials with leading coefficient 1 and deg P — deg Q = 1. 
By judicious choice of the degrees and coefficients of P and Q he was able to 
produce sequences M,, tending to y with convergence of order 1/n* and 1/n°. 
He also gave a recipe for obtaining sequences converging to y with order 1/n2*+?, 
where k is any positive integer. This study is based on the author’s lemma, proved 
in [129], that connects the rate of convergence of a convergent sequence {x,,} to that 
of the sequence {x, — Xn41}- 

In 1997 Negoi [134] showed that if T,, = H, — log(n + 1/2 + 1/(24n)), then 
T, + [4n3]~! is strictly decreasing to y and T;, + [48(n + 1)]-? is strictly increasing 
to y, so that [48(n + 1]? < y —T, < [48n7]~!. In 2011 Chen [70] established 
sharper bounds for y — T,, by using a lemma of Mortici [129]. 

Using another approach, in 2011 Chlebus [77] developed a recursive scheme 
for modifying the sequence H,, — logn to accelerate the convergence to y to any 
desired order. The first step in Chlebus’ scheme is equivalent to the DeTemple [84] 
approximation, while the next step yields a sequence that closely resembles the one 
due to Negoi [134]. 

In [8] Alzer studied the harmonic numbers (16), obtaining several new inequali- 
ties for them. In particular, for n > 2, he proved that 


oy oBlosn +y) 


log(logn + y) 
n2 , 


< Hin — afer) gp PBes 
nN 


where a = (6/6 — 2+/396)/(3 log(log2 + y)) ~ 0.014 and B = 1 are the best 
possible constants and y is the Euler-Mascheroni constant. 


4.2 Estimates for the Gamma Function 


In [14, Lemma 2.39] Anderson, Vamanamurthy, and Vuorinen proved that 


log I (2 +1 i 
m= = ery = (17) 
x00 x logx 2 
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and that the function (log [(1 + x/2))/x is strictly increasing from [2,00) onto 
[0, co). In [13] Anderson and Qiu showed that (log (x + 1))/(x log x) is strictly 
increasing from (1, 00) onto (1 — y, 1), where y is the Euler-Mascheroni constant 
defined by (15), thereby obtaining the strict inequalities 


ge) 2 Pi) ex. eel. (18) 


They also conjectured that the function (log "(x + 1))/(x log x) is concave on 
(1,00), and this conjecture was proved by Elbert and Laforgia in [85, Sect. 3]. 
One should note that in 1989 Sandor [159] proved that the function (I"(x + 1))!/* 
is strictly concave for x > 7. 

Later Alzer [4] was able to extend (18) by proving that, for x € (0, 1), 


OU ee Pia) aah? 7, (19) 


with best possible constants a = 1 — y = 0.42278... and B = (m7/6—y)/2 = 
0.53385 .... For x € (1,00) Alzer was able to sharpen (18) by showing that (19) 
holds with best possible constants a = (m7/6 — y)/2 = 0.534 and B = 1. His 
principal new tool was the convolution theorem for Laplace transforms. 

Another type of approximation for J"(x) was derived by Ivady [102] in 2009: 


x41 x? 42 
<T 1) < ‘ 
x+1 aor) x+2 


O0<x <1. (20) 


In 2011 Zhao, Guo, and Qi [207] simplified and sharpened (20) by proving that the 
function 


log (x + 1) 


CO) = log(x? + 1) — log(x + 1) 


is strictly increasing from (0, 1) onto (y, 2(1 —y)), where y is the Euler-Mascheroni 
constant. As a consequence, they proved that 


2 1\° 2 1\? 
22) 2 yas — i Oe ee, 
x+1 x+1 


with best possible constants a = 2(1 — y) and B = y. 

Very recently Mortici [133] has determined by numerical experiments that the 
upper estimate in (18) is a better approximation for /”(x) than the lower one when 
x is very large. Hence, he has sought estimates of the form (x) ~ x“, where 
a(x) is close to x — | as x approaches infinity. For example, he proves that 


x O-Dae) < T(x) < xO-DPO) x > 20, 
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where a(x) = 1 — 1/logx + 1/(2x) — (1 — og 2z)/2)/(x log x) and where 
b(x) = 1—1/logx + 1/(2x). The left inequality is valid for x > 2. Mortici has 
also obtained a pair of sharper inequalities of this type, valid for x > 2, and has 
showed how lower and upper estimates of any desired accuracy may be obtained. 
His proofs are based on an approximation for log ”(x) in terms of series involving 
Bernoulli numbers [25, p. 29] and on truncations of an asymptotic series for the 
function (log "(x))/((x — 1) log x). These results provide improvements of (18). 


4.3 Factorials and Stirling’s Formula 


The well-known Stirling’s formula for n}, 
a, = (=) Vann, (21) 
e 


discovered by the precocious homeschooled and largely self-taught eighteenth- 
century Scottish mathematician James Stirling, approximates n! asymptotically in 
the sense that 


Because of the importance of this formula in probability and statistics, number 
theory, and scientific computations, several authors have sought to replace (21) by a 
simple sequence that approximates n! more closely (see the discussions in [47,48]). 
For example, Burnside [63] proved in 1917 that 


n+1/2 
ni ~ B, = V20 (=) ; (22) 
e 


that is, lim (m!/B,) = 1. In 2008, Batir [47] determined that the best constants a 
noo 
and b such that 


nitle-n [In nitle-n [In 
ee ee (23) 


Jn-a  —  ——— /n=b 


area = | —2me~* & 0.1497 and b = 1/6 & 0.1667. Batir offers a numerical 
table illustrating that his upper bound formula n"+!e" /27/./n — 1/6 gives much 
better approximations to ! than does either (21) or (22). 

In a later paper [48] Batir observed that many of the improvements of Stirling’s 
formula take the form 


nl ~ eW4 ( : *) J2x(n +b) (24) 
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for some real numbers a and b. Batir sought the pair of constants a and b that would 
make (24) optimal. He proved that the best pairs (a,b) are (a,,,) and (a2, 2), 
where 


a | 
ior = gvO-M + 4/a ~ 0.54032, b) = aj + 1/6 © 0.45861 
and 
1 A ot F 
Ba ge 6—A2+4/A = 0.95011, by = a5 + 1/6 © 1.06937, 


where A = /2 + 22/3 + 24/3 = 2.47128 and a, and az are the real roots of the 
quartic equation 3x* — 4x3 + x? + 1/12 = 0. 

Ramanujan [156] sought to improve Stirling’s formula (21) by replacing /2n in 
the formula by the sixth root of a cubic polynomial in n: 


n 1 
rat+1)~x vx(<) (fen +40? +n (25) 


In this connection there appears in the record also his double inequality, for x > 1, 


1 T 1 
Yao +4ettx+ 1 < etl) 


100 ~ Vm (2)" 
Motivated by this inequality of Ramanujan, the authors of [18] defined the function 
h(x) = u(x)® — (8x? + 4x? + x), where u(x) = (e/x)*I(x + 1)//z, 
and conjectured that A(x) is increasing from (1, 0) into (1/100, 1/30). In 2001 
Karatsuba [106] settled this conjecture by showing that h(x) is increasing from 
[1, co) onto [h(1), 1/30), where h(1) = e°/a* — 13 = 0.011. 

In an unpublished document, E. A. Karatsuba suggested modifying Ramanujan’s 
approximation formula (25) by replacing the radical with the 2kth root of a polyno- 
mial of degree k and determining the best such asymptotic approximation. Such a 
program was partially realized by Mortici [132] in 2011, who proposed formula (27) 
below for k = 4, but the more general problem suggested by Karatsuba remains an 
open problem. Mortici’s proposed Ramanujan-type asymptotic approximation is as 
follows: 


6 1 
< Bx + 4x? txt TO. (26) 


176 128 
n— ‘ 
405 1215 


0 32, 32 
rat ix vr (=) i[t6n* + e+ Sn + (27) 


In connection with (27), he defined the function 


32 32 176 
= s_ 16 4 3 2 , 
g(x) = u(x) ( x7 3% + 5% + 795” 
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where u(x) = (e/x)*I"(x + 1)/./z, and proved that g(x) is strictly decreasing 
from [3, 00) onto (g(0o), g(3)], where g(oo) = —128/1215 = —0.105 and g(3) = 
256e74 / (4304672124) — 218336/135 ~ —0.088. Mortici’s method for proving 
monotonicity was simpler than Karatsuba’s, because he employed an excellent result 
of Alzer [3] concerning complete monotonicity (see Sect. 4.6 below for definitions). 
Mortici claimed that his method would also simplify Karatsuba’s proof in [106]. 
Finally, he proved that, for x > 3, 


rxtl 
R(x, a) < tae) < R(x, ), 
vx (=) 
where R(x.) = q/l6x4+ 2x34 2x24 Mex—1, and © = 128/1215, 


B = g(3) are the best possible constants. 
In 2012 Mahmoud, Alghamdi, and Agarwal [124] deduced a new family of upper 
bounds for "(n + 1) of the form 


n [m 
T'(n+ 1) < V22n (=) eMn neN, 
e 


1 1 "2m —-2k +2 __ 
my" oo + 3 E 7 » 2k +1 Se Va) a, 
k=1 


where ¢ is the Hurwitz zeta function 


— 
09 =) ea 


These upper bounds improve Mortici’s inequality (27). 


4.4 Volume of the Unit Ball 


The volume £2, of the unit ball in R” is given in terms of the gamma function by 
the formula 


gt /2 


QQ =—__, nen. 
F@aj2+)° "~ 


Whereas the volume of the unit cube is | in all dimensions, the numbers £2,, 
strictly increase to the maximum 2; = 877/15 and then strictly decrease to 0 as 
n — o (cf. [60, p.264]). Anderson, Vamanamurthy, and Vuorinen [14] proved 
that 2)/" is strictly decreasing and that the series )°°°, Ql 8" is convergent. 
In [13] Anderson and Qiu proved that Q,) (nlogn) i, strictly decreasing with limit 
e—'/? asn — oo. 
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In 2008 Alzer published a collection of new inequalities for combinations of 
different dimensions and powers of £2, [7, Sect. 3]. We quote several of them below: 


(2me)"/? (2e)"/? 
gre < (n + 122, —NQny+1 < bye” ne 1, (28) 


where the best possible constants are a = (4 — 97/8)(2/(se))'/2/e = 0.0829... 
and b = x? = 0,5641...5 


(27e)" 
nnt2 


(21e)" 
nut2 ’ 


SQ = QA Qn4i <b n>2, (29) 


with best possible constant factors a = (4/e7)(1 — 8/(37)) = 0.0818... and 
b = 1/Qz) = 0.1591...; 


a 2), b 
< < ’ 
Jn Qn-1 + Qn4i Jn 


with best possible constants a = 3./2m/(6 + 42) = 0.7178... andb = /2n = 
2.5066...; and 


n= 2, (30) 


Qn4i Qn b 
1 _ ; > 2, 31 
(n + 1) Q, ae < Ji n (31) 


a 


ae << 
st 


with best possible constants a = (4— 2)JV2 = 1.2139... andb = JV2n/2 = 
1.2533... 

Alzer’s work in [7] includes a number of new results about the gamma function 
and its derivatives. 

In 2010 Mortici [128], improving on some earlier work of Alzer [5, Theorem 1], 
obtained, for n > 1 on the left and for n = 4 on the right, 


a. Q, Je 
= ac ’ 
Yn oo On 


where a = 64-720!!/!?.21/2? /(10395-2°/!!) = 1.5714.... He sharpened the work 
of Alzer [5, Theorem 2] and Qiu and Vuorinen [154] in the following result, valid 


forn = 1: 
ant Sn _ ee 1 
V Agr Qn An l6n © 


Mortici also proved, in [128, Theorem 4], that, forn > 4, 


1 ith Q2 1\2 
1+- < ——4~  «<[14+-]. 
( 7 -) 2Qy-12n+1 ( * -) 
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This result improves a similar one by Alzer [5, Theorem 3, valid for > 1], where 
the exponent on the left is the constant 2—log, zr. Very recently, Yin [202] improved 
Mortici’s result as follows: For n > 1, 


(n + 1)(n + 1/6) = 2 2 (n + 1)(n + B/2) 
(n+ B)? Qn Qn4i (n+ 1/3)" 


’ 


where B = (391/30)!/?. 


4.5  Digamma and Polygamma Functions 


The logarithmic derivative of the gamma function, w(x) = 4 log r(x) = 
I’'(x)/P(x), is known as the digamma function. Its derivatives W”,n > 1, 
are known as the polygamma functions w,. These functions have the following 
representations [1, pp. 258—260] for x > 0 and each natural number n: 


00 p-t _ p-xt 


1 = x 
VR) ee Oe 


n=1 


and 


Wn (x) fe ay a nN p—xt Pe (-1)"*'n! $0 eS a 


— et 
n=0 


Several researchers have studied the properties of these functions. In 2007, refining 
the left inequality in [6, Theorem 4.8], Batir [45] obtained estimates for w,, in terms 
of Y or W%, with k <n. In particular, he proved, for x > 0 andn € N: 


(n — 1)! exp (—nW(x + 1/2)) < |Wn(x)| < (n — 1)! exp (—ny(x)), 


and, forl <k<n-—1,x>0, 


Gs p( We (x + 1/2) 


W(x) ue 
(-1)-"(k — 1! ni) 


n/k 
) < |¥n(x)| <9 (Ro 


He also proved, for example, the difference formula 


a< ((-1)" Yn a yy" _ ((-1)" Waxy) 2 , 


where a = (n!€(n+1))~!/" and B = ((n—1)!)~'/" are best possible, and the sharp 
estimates 
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—y < W(x) + log(e!/* —1) <0, 


where y is the Euler-Mascheroni constant. 
In 2010 Mortici [131] proved the following estimates, for x > 0 andn = 1, 
refining the work of Guo, Chen, and Qi [89]: 


_ 1 @+3)! 
720 xnt4 


Ale E = " 1 nl! 1 (n+ >| a0. 


2 xn 12 xnt2 


4.6 Completely Monotonic Functions 


A function f is said to be completely monotonic on an interval I if (—1)" f(x) = 
0 for all x € J and all nonnegative integers n. If this inequality is strict, then 
f is called strictly completely monotonic. Such functions occur in probability 
theory, numerical analysis, and other areas. Some of the most important completely 
monotonic functions are the gamma function and the digamma and polygamma 
functions. The Hausdorff-Bernstein-Widder theorem [189, Theorem 12b, p. 161] 
states that f is completely monotonic on [0, oo) if and only if there is a nonnegative 
measure 4 on [0, oo) such that 


f= i eo du(t) 


for all x > 0. There is a well-written introduction to completely monotonic 
functions in [125]. 

In 2008 Batir [46] proved that the following function F, (x) related to the gamma 
function is completely monotonic on (0, oo) if and only if a > 1/4 and that —F;, (x) 
is completely monotonic if and only if a < 0: 


1 1 1 
F,(x) = log (x) — x logx + x — = log(2z) + =w(x) + ———.. 
2 2 6(x —a) 
As a corollary he was able to prove, for x > 0, the inequality 
1 I(x) 
exp (+(x) - ) < 
( 2 6(x — @) x*e-* 6/2 
with best constants a = 1/4 and 6 = 0, improving his earlier work with Alzer [9]. 


In 2010 Mortici [131] showed that for every n = 1, the functions 
fg: (0,00) > R given by 


1 1 
<e0(-3¥0)- ea) 


_ (1-1)! 1 a! 1 (n+1)! 1 (n+ 3)! 
F(x) 7 [Yn(x)| xn 2 xntl 12 xnt+2 720 xnt+4 
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and 


(n—1)! 1 a! 1 (n+)! 
xn Qxntrl 12 xnt2 


g(x) = — |¥n(x)| 
are completely monotonic on (0,00). As a corollary, since f(x) and g(x) are 
positive, he obtained estimates for |, (x)| as finite series in negative powers of x. 
Anderson and Qiu [13], as well as some other authors (see [2]), have studied the 
monotonicity properties of the function f(x) = (log (x + 1))/x. In 2011 Adell 
and Alzer [2] proved that f’ is completely monotonic on (—1, 00). 
In the course of pursuing research inspired by [13, 14] (see [53]), in 2012 Alzer 
[7] discussed properties of the function 


_ log x 
f@x= (: - ae) x log x, 


which Qi and Guo [149] later conjectured to be completely monotonic on (0, oo). 
In [53] Berg and Pedersen proved this conjecture. 
In 2001 Berg and Pedersen [50] proved that the derivative of the function 
log P(x + 1) 
x log x 


f@x= x>0 


is completely monotonic (see also [51]). This result extends the work of [13, 85]. 
Very recently, Berg and Pedersen [52] showed that the function 
log Ir" 1 
Fi) = BCE) 
x log(ax) 


is a Pick function when a > 1, that is, it extends to a holomorphic function mapping 
the upper half plane into itself. The authors also considered the function 


atl? yo 


FO) = (= + x/2) 


and proved that log f(x + 1) is a Stieltjes function and hence that f(x + 1) is 
completely monotonic on (0, oo). 


5 The Hypergeometric Function and Elliptic Integrals 


The classical hypergeometric function is defined by 


[oe b n 
F(a,b;c; x) =2F\(a,b;¢c;x) = ye oe. 


n=0 


|x| <1, 
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where (a,n) = a(a + 1)(a + 2)---(a +n — 1) forn € N and (a,0) = 1 for 
a # 0. This function is so general that for proper choice of the parameters a, b, 
c, one obtains logarithms, trigonometric functions, inverse trigonometric functions, 
elliptic integrals, or polynomials of Chebyshev, Legendre, Gegenbauer, Jacobi, and 
so on (see [1, Chap. 15]). 


5.1 Hypergeometric Functions 


The Bernoulli inequality [126, p. 34] may be written as 
log + ct) < clog +2), (32) 


where c > 1, t > 0. In [111] some Bernoulli-type inequalities have been obtained. 

It is well known that in the zero-balanced case c = a + b the hypergeometric 
function F(a,b;c;x) has a logarithmic singularity at x = 1 (cf. [18, Theo- 
rem 1.19(6)]). Moreover, as a special case [1, 15.1.3], 


1 
xF(1, 1,2; x) = logs (33) 


—x 

Because of this connection, Vuorinen and his collaborators [110] have generalized 
versions of (32) to a wide class of hypergeometric functions. In the course of their 
investigation they have studied monotonicity and convexity/concavity properties of 
such functions. For example, for positive a,b let g(x) = xF(a,b;a+b;x),x € 
(0, 1). These authors have proved that G(x) = log g(e*/(1 + e*)) is concave on 
(—oo, co) if and only if 1/a + 1/b = 1. And they have shown that, for fixed a,b € 
(0, 1] and for x € (0,1), p > 0, the function 


xP xP Mp 
F (a,b; b; ——— 
(i (« ia =) 


is increasing in p. In particular, 


FF ( a erat ma) 
F (a,b; b; < F (a,b; b; —— . 
1+ /r ee I+ J/r) ~\l+r ears l+r 


Motivated by the asymptotic behavior of F(x) = F(a,b;c;x) as x > 17, Simié 
and Vuorinen have carried the above work further in [170], finding best possible 
bounds, when a,b,c > 0 and 0 < x, y < 1, for the quotient and difference 


F(a,b;c;x) + F(a, b:c;y) 
F(a, b;c;x +y — xy) 


, F(x) + F(y)— F(x+y—xy). 
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In 2009 Karp and Sitnik [108] obtained some inequalities and monotonicity of ratios 
for the generalized hypergeometric function. The proofs hinge on a generalized 
Stieltjes representation of the generalized hypergeometric function. 


5.2 Complete Elliptic Integrals 


For 0 < r < 1, the complete elliptic integrals of the first and second kind are 
defined as 


t 


die dt ; d 
K(r) = _ # 
2 i V1—r?sin*t I VC = 12)(1 — 722?) 


(34) 


and 


m/2 1 1] —r2t2 
ew) = | Vi=rsin?e de = f ar (35) 
0 0 ~ 


respectively. Letting r’ = /1—r?, we often denote 
K(r)=K(r’),  E'(r) = E(r’). 
These elliptic integrals have the hypergeometric series representations 


ir’), €= =F (1,-4:157%). (36) 


4 


I, vl 
22°93 


5.3. The Landen Identities 


The functions K and € satisfy the following identities due to Landen [64, 163.01, 
164.02]: 


2 fi 1 
«(27) - ane, x(7—*) = 51 +n)X'(r), 
: 2/rF\ _ 2&(r)—r?K(r) é l-r\ &(r)+rK'(r) 
(4) ltr , (=) ltr 


Using Landen’s transformation formulas, we have the following identities [177, 
Lemma 2.8]: For r € (0, 1), lett = (1 —r)/(1 +r). Then 
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K(e) = EE se), KA) = 14 EKO), 


(ryt irtre+ EEE). 


2 
a (+ry 

ron  4€(r?) — (3 = 2r? = PIO) 
a (+r 


Generalizing a Landen identity, Simic and Vuorinen [171] have determined the 
precise regions in the ab-plane for which a Landen inequality holds for zero- 
balanced hypergeometric functions. They proved that for alla, b > Owithab < 1/4 
the inequality 


Fabia toi a Tat) SOHNE (bia + Bir?) 


ies ne 


holds for r € (0, 1), while for a, b > 0 with 1/a + 1/b < 4, the following reversed 
inequality is true for each r € (0, 1): 


4r 


F (a,b; b; ————~ 
(« oe aay 


)> (l+r)F (a,b;a+b;r’) . 


In the rest of the ab-plane neither of these inequalities holds for all r € (0, 1). These 
authors have also obtained sharp bounds for the quotient 


(l+r)F(a,b;a+b;r’) 
F(a,b;a+b;4r/(+1r)?) 


in certain regions of the ab-plane. 

Some earlier results on Landen inequalities for hypergeometric functions can be 
found in [152]. Recently, Baricz obtained Landen-type inequalities for generalized 
Bessel functions [29, 37]. 

Inspired by an idea of Simié and Vuorinen [171], Wang, Chu, and Jiang 
[188] obtained some inequalities for zero-balanced hypergeometric functions which 
generalize Ramanujan’s cubic transformation formulas. 


5.4 Legendre’s Relation and Generalizations 


It is well known that the complete elliptic integrals satisfy the Legendre relation [64, 
110.10]: 


EK’ + EK -KK! = — 
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This relation has been generalized in various ways. Elliott [86] proved the identity 


rd+A4 word +40 


ee ee eee ee 
aa : Psi Sree 


where 


Fi = F($+A,-$-vilt+iAtyusx) Fo= F(G-A,54+ul+y+v;1— x), 
Fy = F(5+A,5-vilta+usx), Fy= F(-$-A, 4401+ u+;1—x). 
Elliott proved this formula by a clever change of variables in multiple integrals. 
Another proof, based on properties of the hypergeometric differential equation, was 
suggested without details in [25, p. 138], and the missing details were provided in 
[20]. It is easy to see that Elliott’s formula reduces to the Legendre relation when 

L=p=—) =a =r, 
Another generalization of the Legendre relation was given in [19]. With the 
notation 


u=u(r) = F(a—1,b;c;r), v = v(r) = F(a,b;¢;7r), 


uy =u(l—r), vy} =v0—?r), 
the authors considered the function 
L(a,b,c,r) = uvy + uv — vv}, 
proving, in particular, that 


I(c) 
P(c+a—1)l(c—atl) 


L(a,l—a,c,r) = 


This reduces to Elliott’s formula in case A = v = 1/2—a and uw =c+a-—3/2.In 
[19] it was conjectured that fora, b € (0, 1),a+b < 1(= 1), £(a, b,c, r) is concave 
(convex) as a function of r on (0, 1). In [107] Karatsuba and Vuorinen determined, 
in particular, the exact regions of abc-space in which the function L(a,b,c,r) is 
concave, convex, constant, positive, negative, zero, and where it attains its unique 
extremum. 

In [27] Balasubramanian, Naik, Ponnusamy, and Vuorinen obtained a differentia- 
tion formula for an expression involving hypergeometric series that implies Elliott’s 
identity. This paper contains a number of other significant results, including a proof 
that Elliott’s identity is equivalent to a formula of Ramanujan [54, p. 87, Entry 30] 
on the differentiation of quotients of hypergeometric functions. 
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5.5 Some Approximations for K(r) by arthr 


Anderson, Vamanamurthy, and Vuorinen [15] approximated K(r) by the inverse 
hyperbolic tangent function arth, obtaining the inequalities 


thr \!/? th 
oo) 2Kn2.- (37) 
2 r 2 5 


for 0 <r < 1. Alzer and Qiu [11] refined (37) as 


thr \>/4 th 
2 (22) 2hj< 2. (38) 
2 r 2 fr 


with the best exponents 3/4 and 1 for (arthr)/r on the left and right, respectively. 
Seeking to improve the exponents in (38), they conjectured that the double 
inequality 


x (arthr \*/4*0" x (arthr \*/4t 
= < K(r) < = (39) 
2 r 2 r 
holds for all 0 < r < 1, with best constants a = 0 and 6 = 1/4. Very recently Chu 
et al. [81] gave a proof for this conjecture. 

Andras and Baricz [24] presented some improved lower and upper bounds for 
K(r) involving the Gaussian hypergeometric series. 


5.6 Approximations for E(r) 


In [90] Guo and Qi have obtained new approximations for €(r) as well as for K(r). 
For example, they showed that, for0 <r < 1, 


x 1 (1+r)!" z—-1l 1-r? l+r 
-—xl < €(r) < 1 
a 9 8 ganar Ms > Tg 


l-r’ 


In recent work [82, 178, 185] Chu et al. have obtained estimates for €(r) in terms of 
rational functions of the arithmetic, geometric, and root-square mean, implying new 
inequalities for the perimeter of an ellipse. 


5.7 Generalized Complete Elliptic Integrals 


For 0 < a < min{c, 1} and0 <b <c < a+b, define the generalized complete 
elliptic integrals of the first and second kind on (0, 1] by [95] 
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a. b) 


Kane = Kaper) = ——F(a,b3e3r ay (40) 
Bia, 

Eabec = Cabc() = “ ) F(a —1,b;c;r7), (41) 

ibe = = Kade (r’ ) and Cie = fab (r’), (42) 


for r € (0,1), r’ = V1 —r?. The end values are defined by limits as r tends to 0+ 
and 1—, respectively. Thus, 


B(a,b) 


Kabe (0) = Ea.b.c (0) = 2 


and 


1 B(a,b)B(c,c +1—a—b) 


€apc(1) = 2 B(c+1-—a,c—b) 


; Kab) = 0o 


Note that the restrictions on the parameters a, b, and c ensure that the function 
Ka.bc is increasing and unbounded, whereas €,,,- is decreasing and bounded, as in 
the classical casea = b = 1/2,c = 1. 

Heikkala, Lindén, Vamanamurthy, and Vuorinen [94, 95] derived several differ- 
entiation formulas and obtained sharp monotonicity and convexity properties for 
certain combinations of the generalized elliptic integrals. They also constructed a 
conformal mapping sn,.4,- from a quadrilateral with internal angles bz, (c — b)z, 
(1 — a)z, and (1 — c + a)x onto the upper half plane. These results generalize the 
work of [19]. For some particular parameter triples (a,b,c), there are very recent 
results by many authors [37, 181,206, 209]. 

With suitable restrictions on the parameters a,b,c, Neuman [135] has obtained 
bounds for K,,,-. and €,,,- and for certain combinations and products of them. 
He has also proved that these generalized elliptic integrals are logarithmically 
convex as functions of the first parameter. 

In 2007 Baricz [33,36,38] established some Turan-type inequalities for Gaussian 
hypergeometric functions and generalized complete elliptic integrals. He also 
studied the generalized convexity of the zero-balanced hypergeometric functions 
and generalized complete elliptic integrals [31] (see also [30,32,37]). Very recently, 
Kalmykov and Karp [103, 104] have studied log-convexity and log-concavity for 
series involving gamma functions and derived many known and new inequalities 
for the modified Bessel and Kummer and generalized hypergeometric functions 
and ratios of the Gauss hypergeometric functions. In particular, they improved and 
generalized Baricz’s Turan-type inequalities. 
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5.8 The Generalized Modular Function and Generalized 
Linear Distortion Function 


Leta, b,c > Owitha+b > c. A generalized modular equation of order (or degree) 
p > Ois 


F(a,b;c;1—s?) F(a,b;c;1—r?) 
= , O 1. 43 
F (a,b; c;s*) 4 F(a,b;c;r?) = 9) 


The generalized modulus is the decreasing homeomorphism [gj : (0,1) > 
(0, co), defined by 


B(a,b) F(a,b:c;1—1r’) 
2 F(a,b;c;r?) 


Ma,b,c (r) = (44) 


The generalized modular equation (43) can be written as 


Habc(S) = Pade (1). 


With p = 1/K, K > 0, the solution of (43) is then given by 


$= 90°) = Hehe Hare (")/K). 
Here oe is called the (a, b, c)-modular function with degree p = 1/K [19,94, 
95]. Clearly the following identities hold: 


aeDY 


Ha,bc (1) Mabe (r’) = ( 5) 


a,b,c a,b,c 
oe (ry +9 CY = 1 


In [94], the authors generalized the functional inequalities for the modular functions 
and Gr6étzsch function jz proved in [19] to hold also for the generalized modular 
functions and generalized modulus in the case b = c —a. For instance, for 0 < a < 
c < land K > 1, the inequalities 


Hae—ae (1 —~¥V a ~~ u)(1 = t)) s Boe w) 5 Bae 2) < Ha,c—a,c (Jut) (45) 


hold for all u,t € (0, 1), with equality if and only if u = t, and 
pi/kK < ge *(r) < eG-l/K)R@e~a)/2 4 1/K (46) 


r* > Ce @) > el -K)R(@c—a)/2,.K (47) 
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For the special case of a = 1/2 and c = | the readers are referred to [18]. 
Wang et al. [181] presented several sharp inequalities for the generalized modular 
functions with specific choice of parameters c = 1 andb = 1 —a. 

A linearization for the generalized modular function is also presented in [94] 
as follows: Let p : (0,1) — (—oo, 00) and gq : (—oo, 00) — (0, 1) be given by 
P(x) = 2log(x/x’) and q(x) = p7!(x) = Ve*/(e* + 1), respectively, and for 
a € (0,1), ¢ € (a, 1], K € C1, 00), let g,h : (—00, 00) — (—00, 00) be defined by 
&(x) = p(gR “* (q(x))) and A(x) = pgie “ (q(x))). Then 


Kx, if x>0, x/K,if x>0, 


> dh < 
BO) Kit x<0, M4 MOS) Ky if x co. 


In the same paper the authors also studied how these generalized functions depend 
on the parameter c. Corresponding results for the case c = 1 can be found in the 
articles [19, 153,204]. 

Recently Bhayo and Vuorinen [55] have studied the Hélder continuity and 
submultiplicative properties of eo” (r) in the case where c = 1 andb = 1—a 


and have obtained several sharp inequalities for oe '(r). 
For x, K € (0, 00), define 


a _ (s\? a,l—a,1 x 
nie(x) = (=) »S= Ox Ore J 


and the generalized linear distortion function 


Zam 
A(a, K) = | ~———_ ] , Aa, 1) = 


For a = 1/2, these two functions reduce to the well-known special case denoted by 
nx(x) and A(K), respectively, which play a crucial role in quasiconformal theory. 
Several inequalities for these functions have been obtained as an application of the 
monotonicity and convexity of certain combinations of these functions and some 
elementary functions; see [55, 80, 122, 123, 180, 203]. For instance, the following 
chain of inequalities is proved in [80]: fora € (0,1/2], K € (1,oo) andx,y € 
(0, 00), 


2nk(x)n(Y) 4 ( 2xy )| 
max | a lr yy )f SD) 


< icon) = min | TOE TROD yg (AEP )h 


with equality if and only if x = y. 
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6 Inequalities for Power Series 


The following theorem [95, Theorem 4.3] is an interesting tool in simplified proofs 
for monotonicity of the quotient of two power series: 


Theorem 6.1. Let )°°° 9 anx” and y~ 9 bn x" be two real power series converging 
on the interval (—R, R). If the sequence {a,/by} is increasing (decreasing) and 
b, > 0 for all n, then the function 


> anx" 
OS 
»., b,x" 


n=0 


is also increasing (decreasing) on (0, R). In fact, the function 


ag 2 
f'(x) (> bt] 


n=0 


has positive Maclaurin coefficients. 


A more general version of this theorem appears in [58] and [147, Lemma 2.1]. 
This kind of rule also holds for the quotient of two polynomials instead of two power 
series (cf. [95, Theorem 4.4]): 


Theorem 6.2. Let fr(x) = Yep ax" and gy(x) = Yfueo bex* be two real 
polynomials, with b, > 0 for all k. If the sequence {a,/b,} is increasing 
(decreasing), then so is the function f,(x)/g,(x) for all x > 0. In fact, gn f) — fng’, 
has positive (negative) coefficients. 


In 1997 Ponnusamy and Vuorinen [147] refined Ramanujan’s work on asymp- 
totic behavior of the hypergeometric function and also obtained many inequalities 
for the hypergeometric function by making use of Theorem 6.1. Many well-known 
results of monotonicity and inequalities for complete elliptic integrals have been 
extended to the generalized elliptic integrals in [94, 95]. 

Motivated by an open problem of Anderson et al. [16], in 2006 Baricz [30] 
considered ratios of general power series and obtained the following theorem. Note 
the similarity of the last inequality in Theorem 6.3 with the left-hand side of the 
inequality (45). 


Theorem 6.3. Suppose that the power series f(x) = \~-2)anx" with a, > 0 
for alln > 0 is convergent for all x € (0,1) and also that the sequence {(n + 
1)4n41/dn —N}n>0 is strictly decreasing. Let the function m ¢ : (0, 1) > (0, 00) be 
defined as m ¢(r) = f(1—r?)/f(r?). Then 
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Ts 
[ [are <m, 


i=1 


forallr,,ra,..., rx € (0, 1), where equality holds if and only ifr, = rz = +++ = rr. 
In particular, for k = 2 the inequalities 


yg (riyms(r2) < me (rir), 


1 4 1 a 2 
my(ri) = mez(r2) ~ me C/riP2) 


m ¢(ri) + my (r2) 2 2my (\ = (=70= 2) 


hold for all r,,r2z € (0,1), and in all these inequalities equality holds if and only 
ifr; = 12. 


The following Landen-type inequality for power series is also due to Baricz [29]. 


Theorem 6.4. Suppose that the power series f(x) = \--2.y dnx" with dy > 0 for 
alln > 0 is convergent for all x € (0,1) and that for a given 6 > 1 the sequence 
{n!a,/(log 6)" }n>o is decreasing. If A ¢(x) = f(x), then 


1 
Af () < pay(r) 


holds for all r € (0,1) and p = 54¥?-5, 


Anderson, Vamanamurthy, and Vuorinen [22] studied generalized convexity 
and gave sufficient conditions for generalized convexity of functions defined by 
Maclaurin series. These results yield a class of new inequalities for power series 
which improve some earlier results obtained by Baricz. More inequalities for power 
series can be found in [37, 80]. 

In 1928 T. Kaluza gave a criterion for the signs of the power series of a function 
that is the reciprocal of another power series. 


Theorem 6.5 ({105]). Let f(x) = ys0 anx" be a convergent Maclaurin series 
with radius of convergencer > 0. Ifa, > 0 for alln => 0 and the sequence {an}n>0 
is log-convex, that is, for alln = 0 

a, S Gy-14n+1, (48) 
then the coefficients b, of the reciprocal power series 1/f(x) = Yojs9 bnx" have 
the following properties: by = 1/ao > 0 and b, < 0 foralln > 1. 
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In 2011 Baricz, Vesti, and Vuorinen [42] showed that the condition (48) cannot be 
replaced by the condition 


t t 1/t 
a, < an-1 zr Gn+1 
Doo = ~_ , 
2 


for any t > 0. However, it is not known whether the condition (48) is necessary. 

In 2009 Koumandos and Pedersen [115, Lemma 2.2] proved the following 
interesting result, which deals with the monotonicity properties of the quotient of 
two series of functions. 


Theorem 6.6. Suppose that a, > 0, bk > 0 and that {ug(x)} is a sequence of 
positive C'!-functions such that the series 


CO CO 
>. azu\ (x) and > bu? (x), 1=0,1, 
k=0 k=0 
converge absolutely and uniformly over compact subsets of [0, 00). Define 
aux (x) 
k=0 


fQ) = = 
bkux (x) 


48} 148 


ll 


0 


1. If the logarithmic derivatives u',(x)/ug(x) form an increasing sequence of 
functions and if ax /by decreases (resp. increases), then f(x) decreases (resp. 
increases) for x = 0. 

2. If the logarithmic derivatives uj,(x)/ux(x) form a decreasing sequence of 
functions and if ay./by decreases (resp. increases), then f(x) increases (resp. 
decreases) for x = 0. 


For inequalities of power series as complex functions, see [99-101] and the 
references therein. 


7 Means 


A homogeneous bivariate mean is defined as a continuous function M : Rt xRt > 
R satisfying min{x, y} < M(x, y) < max{x, y} and M(x, Ay) = AM(x, y) for 
all x, y,A > 0. Important examples are the arithmetic mean A(a, b), the geometric 
mean G(a,b), the logarithmic mean L(a,b), the identric mean I(a, b), the root- 
square mean Q(a, b), and the power mean M, (a, b) of order r defined, respectively, 
by 
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b 
p= Cap wa. 
a—b 1 faye 
bed) =" fea 
(a,b) loga —logb’ ey) e (=) , 
2. b2 rl ar br 
O(a,b) = rE : , M,(a,b) = f- 5 


7.1 Power Means 


The weighted power means are defined by 
My(w;a,b) = (wa* +(1—@)b*)"" (A £0), 


M(o;a,b) = a®b'~®, with weights w,1 — @ > 0. The power means are the 
equally weighted means M)(a,b) = M),(1/2;a,b). As a special case, we have 
Mo(1/2; a,b) = G(a, b). 

In [114] Kouba studied the ratio of differences of power means 


M? (a,b) — G? (a,b) 
M? (a,b) — GP(a,b)’ 


p(s, t, pia, b) = 


finding sharp bounds for p(s,t, p;a,b) in various regions of stp-space with a,b 
positive and a # b. This work extends the results of Alzer and Qiu [10], Trif [175], 
Kouba [113], Wu [193], and Wu and Debnath [196]. Kouba also extended the range 
of validity of the following inequality, due to Wu and Debnath [196]: 


arr —arls = MP(@,b)-MP@,b) _ r—s 
2-P/t —2-P/s ~ M?(a,b)—M?(a,b)  t—s 


to the set of real numbers r,f,s, p satisfying the conditions 0 < s < t < r and 
0< p< (4t + 2s)/3. 


7.2  Toader Means 


If p: Rt > Rt? isa strictly monotonic function, then define 


1 
Qn 5” p((a" cos? 6 +b" sin? @)'/")d0 if n £0, 
IT 


f(a, b; p.n) = 


= 20 pa 8bsim" 9) dg if n= 0, 
IT 
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where a, D are positive real numbers. The Toader mean [174] of a and b is defined 
as T(a,b; p,n) = p'(f(a,b; p,n)). It is easy to see that the Toader mean is 
symmetric. For special choices of p, let Ty,n(a,b) = T(a, 6; p,n) if p(x) = x4 
with g # 0 and 7,(a,b) = T(a,b; p,n) if p(x) = logx. The means Ty, 
belong to a large family of means called the hypergeometric means, which have been 
studied by Carlson and others [62,65, 68]. It is easy to see that 7, is homogeneous. 
In particular, we have 


To2(4,b) = A(a,b),  T22(a,b) = G(a,b),  Th2(a,b) = O(a, b). 


Furthermore, the Toader means are related to the complete elliptic integrals: for 
a>b>0, 


ma 2a A 
Og ee ee 


In 1997 Qiu and Shen [151] proved that, for all a,b > 0 witha # b, 
M3/2(a, b) < T,.2(a, D). 


This inequality had been conjectured by Vuorinen [176]. Alzer and Qiu [10] proved 
the following best possible power mean upper bound: 


Ti,2(a, b) < Miog2/1og(/2) (a, 5). 


Very recently, Chu and his collaborators [78, 79,83] obtained several bounds for 7) 2 
with respect to some combinations of various means. 


7.3 Seiffert Means 


The Seiffert means S, and S> are defined by 


—b 
Si(a,b) = = a#b, S\(a,a) =a, 
2 arcsin > 
and 
a—b 
So(a,b) = =z: 4#b, Si(a,a) =a, 
2 arctan ay 


It is well known that 


2G+A 
V@A<L< = . 
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Sandor proved similar results for Seiffert means [160, 161]: 


3 2A 
Vv RG <5, <S* <I (49) 
and 
A+2 
VQ7A < Sy < — Q (50) 


The inequalities (49) and (50) are special cases of more general results obtained by 
Neuman and Sandor [139, 140]. 


7.4 Extended Means 


Let a,b € (0, 00) be distinct and s,t € R\ {0}, s 4 t. We define the extended mean 
[172] with parameters s and t by 


sat—b! 


Ss _ ps 1/(s—t) 
Fxs(a,b) = (28 7) 


and also 


1 a’loga—b* logb 
Exo(a,b) = exp (++ — : ) 


a’ —b° 


1/s 
a) and Eoo(a,b) = Jab. 


Eso(a,b) = ( 


We see that all the classical means belong to the family of extended means. For 
example, Fy; = A, Eoo = G, E_-)~-2 = H, and EE,» = L and, more generally, 
M, = E»,, for A € R. The reader is referred to the survey [148] for many 
interesting results on the extended mean. 

In 2002 Hast6 [91] studied a certain monotonicity property of ratios of extended 
means and Seiffert means, which he called a strong inequality. These strong 
inequalities were shown to be related to the so-called relative metric [92, 93]. 


7.5 Means and the Circular and Hyperbolic Functions 


It is easy to check the following identities: 


AQ +sinx,1—sinx) = 1, G(1+sinx,1—sinx) = cosx, (51) 
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O(1+ sinx, 1—sinx) = v1 + sin? x, S,( + sinx, 1 — sinx) = — (52) 
x 


A(e*,e-*) = coshx, G(e*,e*)=1, O(e*,e*) = Vcosh2x, (53) 


: inh : : : 
Te e-*) te sin. .. ie .e7) _ ex coth x1 (54) 
ee S sinh x jk sinh x (55) 
eee arcsin(tanhx)” ~~ ee ee arctan(tanh x)’ 


One can get many inequalities by combining the above identities and inequalities 
between means. For example, combining (49) and (52), we have 


sin x cosx +2 
= 
3 


Jcosx < 


where the second inequality is the well-known Cusa-Huygens inequality, and 
combining (50), (53), and (55), we have 


sinh x e cosh x + 2/cosh 2x 


V (cosh 2x) (cosh 
¥ (cosh 2x)(cosh.x) < arctan(tanh x) 3 


More inequalities on mean values and trigonometric and hyperbolic functions can 
be found in [136, 163, 165,200,208] and references therein. 


7.6 Means and Hypergeometric Functions 


In 2005 Richards [158] obtained sharp power mean bounds for the hypergeometric 
function: Let 0 < a,b < 1 andc > max{—a, b}. If c > max{1 — 2a, 2b}, then 


M,(1 — b/c;1,1—r) < F(—a,b;c;r)!/4 


if and only if A < <.Ifc < min{1 — 2a, 2b}, then 


M,(1 — b/c;1,1—r) < F(—a,b;e;r)!/ 


ate 
I+c 


if and only if uw => 
Carlson [66]. 

For hypergeometric functions of form F(1/2 —s,1/2 + s;1;1—r?)?, Borwein 
et al. [61] exhibited explicitly iterations similar to the arithmetic-geometric mean. 
Barnard et al. [43] presented sharp bounds for hypergeometric analogs of the 
arithmetic-geometric mean as follows: For 0 < a < 1/2 and p > 0, 


. These inequalities generalize earlier results proved by 
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My(a;1,r) < F(a@,1—a;1;1—1r?)~/@) < M, (a; 1,7) 


if and only if A < 0 and w > p(1 —a@)/2. 

Some other inequalities involving hypergeometric functions and bivariate means 
can be found in the very recent survey [44]. 

For any two power means M) and M,,, a function f is called M)_,-convex if it 
satisfies 


F(Ma (x, y)) S Myu(f(x), £()). 


Recently many authors have proved that the zero-balanced Gaussian hypergeometric 
function is Mj,,-convex when A € {—1, 0, 1}. For details see [22, 26, 37, 80]. Baricz 
[31] generalized these results to the M).,-convexity of zero-balanced Gaussian 
hypergeometric functions with respect to a power mean for A ¢€ [0, 1]. Zhang et al. 
[205] extended these results to the case of M)_,,-convexity with respect to two power 
means: For all a,b > 0, A € (—oo, 1], and pz € [0, oo) the hypergeometric function 
F(a,b;a + b;r) is Mj ,,-convex on (0, 1). 
The following interesting open problem is presented by Baricz [36]: 


Open Problem. /f m, and m, are bivariate means, then find conditions on 
a,,a2 > Oandc > 0 for which the inequality 


m (Fa, (r), Fy, (r)) < (=) Finy(ay.a2) (1) 


holds true for allr € (0,1), where Fa(r) = F(a,c —a;c;r). 


7.7 Means and Quasiconformal Analysis 


Special functions have always played an important role in the distortion theory 
of quasiconformal mappings. Anderson, Vamanamurthy, and Vuorinen [18] have 
systematically investigated classical special functions and their extensive applica- 
tions in the theory of conformal invariants and quasiconformal mappings. Some 
functional inequalities for special functions in quasiconformal mapping theory 
involve the arithmetic mean, geometric mean, or harmonic mean. For example, for 
the well-known Grotzsch ring function jz and the Hersch-Pfluger distortion function 
ox, the following inequalities hold for all s,t € (0,1) with s Ft: 


Vi(s)u(t) < eve), 


and 


Vox(s)ox(t) < ox(Vst) for K > 1. 
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Recently, Wang, Zhang, and Chu [182, 183] have extended these inequalities as 
follows: 


M)(H(s), W(t) < “(My (s,t)) if and only if A < 0, 
My(ox(s), OK(t)) < OK(My(s,t)) if and only if A > Oand K > 1, 


and 
Mi (¢K(s), Ox(t)) > Ox(M,(s,t)) if and only if A > Oand0< K <1. 


Some similar results for the generalized Gr6tzsch function, generalized modular 
function, and other special functions related to quasiconformal analysis can be found 
in [155, 179, 184, 186, 187]. 


8 Epilogue and a View Toward the Future 


In earlier work we have listed many open problems. See especially [14, pp. 128- 
131] and [18, p. 478]. Many of these problems are still open. In Sects. 4, 6, and 7 
above, we have also mentioned some open problems. 

Finally, we wish to suggest some ideas for further research. In a frequently cited 
paper [119] Lindqvist introduced in 1995 the notion of generalized trigonometric 
functions such as sin,, and presently there is a large body of literature about this 
topic. For the case p = 2 the classical functions are obtained. In 2010, Biezuner 
et al. [59] developed a practical numerical method for computing values of sin,. 
Recently, Takeuchi [173] has gone a step further, introducing functions depending 
on two parameters p and q that reduce to the p-functions of Lindqvist when 
p = q. In [56, 57, 112] the authors have continued the study of this family of 
generalized functions and have suggested that many properties of classical functions 
have a counterpart in this more general setting. It would be natural to generalize the 
properties of trigonometric functions cited in this survey to the (p, g)-trigonometric 
functions of Takeuchi. 
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Completely Monotone Functions: A Digest 


Milan Merkle 


Dedicated to Professor Hari M. Srivastava 


Abstract This work has a purpose to collect selected facts about the completely 
monotone (CM) functions that can be found in books and papers devoted to 
different areas of mathematics. We opted for lesser known ones and for those 
which may help in determining whether or not a given function is completely 
monotone. In particular, we emphasize the role of representation of a CM function 
as the Laplace transform of a measure, and we present and discuss a little-known 
connection with log-convexity. Some of presented methods are illustrated by several 
examples involving Gamma and related functions. 


1 Introduction 


A positive function defined on (0, +00) of the class C®, such that the sequence of 
its derivatives alternates signs at every point, is called completely monotone (CM) 
function. A brief search in MathSciNet reveals a total of 286 items that mention this 
class of functions in the title from 1932 till the end of the year 2011; 98 of them 
have been published since the beginning of 2006. 

This vintage topic was developed in 1920s/1930s by S. Bernstein, F. Hausdorff, 
and V. Widder, originally with relation to the so-called moment problem, cf. 
[3, 13, 14, 26, 27]. The much-cited (but perhaps not that much read) Widder’s 
book [28] contains a detailed account on properties of CM functions and their 
characterizations. The second volume of Feller’s probability book [8] discusses CM 
functions through their relationship with infinitely divisible measures, which are 
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fundamental in defining Lévy processes. In the past several decades, Lévy processes 
have gained popularity in financial models, as well as in biology and physics; this is 
probably a reason for increased interest in CM functions, too. There are also other 
interesting topics in probability and statistics where CM functions play a role; see 
[16] for one such topic. Aside from probability and measure theory, CM and related 
functions appear in the field of approximations of functions, as documented in [6]. 
Finally, they are naturally linked to various inequalities; several general inequalities 
for CM functions can be found in [17]; for a quite recent contribution in this area, 
see [2]. 

This text has a purpose to collect well-known facts about CM functions, together 
with some less-known ones, which may help in determining whether or not a given 
function is completely monotone. In that sense, this work can be thought of as being 
an extension and supplement to another paper in the same spirit—[24] by Miller and 
Samko. In particular, we emphasize the role of representation of a CM function as 
a Laplace transform of a measure, and we present and discuss a little-known (and 
even less being used) connection between CM function and log-convexity. Some of 
the methods discussed in Sects. 2—5 are illustrated by several examples involving 
Gamma and related functions in Sect.6. References and examples reflect author’s 
preferences and are by no means complete; the same can be said for the selection of 
topics that are discussed in this work. 


2 Representations of Completely Monotone Functions 


We start with a classical definition of CM functions, and we present two pos- 
sible representations in terms of integral transforms of measures and alternative 
representations for Stieltjes transforms and CM probability densities. 


2.1 Integral Representations 


Definition 2.1. A function f defined on (0, +00) is completely monotone if it has 
derivatives of all orders and 


(1) f@®>0, t€(0,400), k=0,1,2,.... (1) 


In particular, this implies that each CM function on (0,+00) is positive, 
decreasing, and convex, with concave first derivative. 

By (1), there exist limits of f(x) as x — 0 for any k > 0; if those limits are 
finite, then f can be extended to [0, +00) and (1) will also hold for x = O (with 
strict inequality for all k). Limits at zero need not be finite, as in f(x) = 1/x, for 
example. 
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Clearly, lim, +400 f(x) = 0 for all k > 1. The limit of f(x) at +oo must be 
finite, and if it is non-zero, then it has to be positive (e.g., f(x) = 1 +e*). 


Lemma 2.1. The function f is CM if and only if [28] 
fiy= fe aut) Q) 
[0,+-00) 


where L(t) is a positive measure on Borel sets of [0, +00) (i.e., u(B) = 0 for every 
Borel set B € Rx) and the integral converges for 0 < x < +00. 


In other words, completely monotone functions are real one-side Laplace 
transforms of a positive measure on [0, +00). If the measure jz has an atom at 
t = 0, then lim,.400 f(x) > 0. The measure yu is a probability measure if and 
only if lim,+o, /(0) = 1 (by monotone convergence theorem). 

The Lebesgue integral in (2) can be expressed as a Lebesgue-Stieltjes integral 


f= = e™ det), 3) 


where g(t) = j2([0,t]) is the distribution function of uw, with g(0_) = 0. For a 
positive measure jz, the function g is non-decreasing, and by change of variables 
t = — logs we get the following result: 


Lemma 2.2. The function f is completely monotone on (0, +00) if and only if 
fx) =f ants, a) 
[0,1] 


where h(s) = —g(—logs) is a non-decreasing function. 


If f is a CM function which is the Laplace transform of a measure jz, as in (2), 
we write f = £(dy) or f(x) = L£(dy(t)). Similarly, the relation (3) between f 
and a distribution function g can be denoted as f = L£(dg). If ju has a density h 
with respect to Lebesgue measure, we write f(x) = £(h(t) dt) or only f = L(A). 
It follows from inversion formulas that each CM f determines one positive measure 
via relation f = L( dy) and it is of interest in many applications to find that 
measure. 


Remark 2.1. Since measures are determined by their Laplace transforms, if f = 
£(dy), then f is CM if and only if yw is a positive measure. If there exists a 
continuous density h of jz, then f is CM if and only if h(t) > 0 for all t > 0. 


Let us now observe a subclass of CM functions which contains all functions f 
that can be represented as Stieltjes transform of some positive measure 1, that is, 


flx) = | Sus) (5) 


0,+00) x+s ; 
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It is easy to verify that each function of the form (5) with a positive measure ju is 
CM; hence f = L£(v), where v is a positive measure. To find v, we start with 


1 = y et ts)u du, 
x+s [0,+00) 


and, after a change of order of integration, we arrive at the following result. 


Lemma 2.3. The Stieltjes transform of a positive measure [1 as defined by (5) can 
be represented as a Laplace transform 


= —xXUu mre | d = 
fF) Dow . (J... 6) 


That is, f = £(v), where the measure v is absolutely continuous with respect to 
Lebesgue measure, with a density £( dy). 

Stieltjes transforms f have the property that —f is reciprocally convex (in 
terminology introduced in [21], a function g(x) is reciprocally convex if it is defined 
for x > 0 and concave there, whereas g(1/x) is convex). As proved in [21], each 
reciprocally convex function generates an increasing sequence of quasi-arithmetic 
means, and hence CM functions that are also Stieltjes transforms are interesting as 
a tool for generating means. 


2.2 Completely Monotone Probability Densities 


Let f bea probability density with respect to Lebesgue measure on [0, +00), that is, 
+00 
F(x)dx =1 and f(x)>0 forall x > 0. 
0 


Then f is a CM function if and only if (2) holds, which, after integration with 
respect to x € (0, +00), gives (via Fubini theorem for f > 0) 


Defining a new probability measure v by v(B) = f, 1 du(t), we have that 


f(x= / te“ dv(t) = / te“ dG(t), (6) 
[0,+00) [0,+00) 


where G is the distribution function for v. The function x +» te~*’ is the density 


of exponential distribution Exp(t). Therefore, a density f of a probability measure 
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on (0, +00) is a CM function if and only if it is a mixture of exponential densities. 
Note that (6) can be written as f(x) = E(Te*"), where T is a random variable 
with distribution function G; by letting S = 1/7, we find that 


f(x) =E (Se) = / 1 -x/s dH(s), (7) 


0,+00) ¥ 


where H is the distribution function of S. The latter form is taken as a definition of 
what is meant by a CM density in [17, 18.B.5]; this is more natural than (6) because 
the mixing measure H is defined on values of expectations (s) of exponential 
distributions in the mixture, rather than on their reciprocal values as in (6). 


3 Further Properties and Connection with Infinitely 
Divisible Measures 


Starting from the mentioned representations of CM functions, an interesting crite- 
rion for equality of two CM functions is derived in [7]: 


Lemma 3.1. If f and g are CM functions and if f(Xn) = g(%,) for a positive 
sequence {x,} such that the series }\,1/x, diverges, then f(x) = g(x) for all 
x > 0. 


As a corollary to Lemma 3.1, we can see that if CM functions f and g agree in 
any proper subinterval of (0, +00), then f(x) = g(x) for all x > 0. A converse 
result, which is also proved in [7], is more surprising: if f is CM and if the series 
>=, 1/%n converges, then there exists another CM function g # /f, such that 


FS (%n) = g(x,y) for all n. 


3.1 Convolution and Infinitely Divisible Measures 


Given measures 4 and v on [0, +00) and their distribution functions g,, and gy, we 
define the convolution jz * v as a measure with the distribution function defined by 


Be I, ite = I, gt v) de,,(v). (8) 


To show equality of integrals above, we use the formula for integration by parts in 
Lebesgue-Stieltjes integral (see [15] or [4]) and note that the function u +> g,,(t—u) 
is continuous from the left, while u +> g,,(u) is continuous from the right; hence the 
additional term due to discontinuities in the integration by parts’ formula equals 
zero, that is, 
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i. gull — udev) =~ f eae, —w) 
[0,7] [0,1] 


and then we apply change of variables in the last integral, u = t — v. 

Repeated convolution is defined by induction, using associativity. In particular, 
the nth convolution power of a measure jz, denoted by jz"*, is defined by n — 1 
repeated convolutions ju * jl * +++ * LL. 

A measure ju is called infinitely divisible ([D) if for every natural number n there 
exists a measure /1,, such that w= p?*. 

In the next two lemmas we collect some basic properties of CM functions. For a 
collection of other properties we refer to [24]. 


Lemma 3.2. If f and g are CM functions with f = £( du) and g = £(dv), then 
fora >0, 


af =L(d(ap)), f+tg=f(duty)), fg = £(d(u * v)). 
Therefore, if f, g are CM, thenaf + bg (a,b > 0) and fg are also CM. 


Proof. The first two properties follow from the definition of Laplace transform. 
The third property for arbitrary positive measures is proved in [8, p. 434]. oO 


Lemma 3.3. (i) If g’ is CM, then the function x > f(x) = e-8™ is CM. 

(ii) Iflog f is CM, then f is CM (the converse is not true). 

(iii) If f is CM and g is a positive function with a CM derivative, then x 
f (g(x) is CM. 


Proof. To prove (i), let h(x) = e~ and note that h > 0 and h’ = —g’h < 0. Then 
by induction, using Leibniz chain rule, it follows that (—1)"h > 0. In particular, 
if log f is CM, then (—log f)’ is also CM, and (ii) follows from (i) with g = 
—log f. The function x +» e™* is a CM function but its logarithm is not the one, 
so the converse does not hold. For (iii), we note that f = £(djz) for some positive 
measure ju; hence 


fe) =-#'e [ Oe du) () 


By part (i), the function x +» e~8°" is CM for every t > 0, and so the function 
x be g’(x)e~&" is also CM as a product of two CM functions. Then from 
representation (9) it follows that the first derivative of —f(g(x)) is CM, which 
together with positivity of f yields the desired assertion. Oo 


Note that if we can find measures v and v, in representations g’(x) = £(dv) and 
e8@)! — £(dy;,), then from (9) we find that 
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d +00 +00 ; 
Sfeoy=-f rf e*aoxvaan. a0) 


It turns out that CM functions f of the form as in (i) of Lemma 3.3 are Laplace 
transforms of /D measures. If f(0) = 1, the associated measure is a probability 
measure, which is the case that is of interest in applications. Proofs of statements of 
the next lemma can be found in [8]. 


Lemma 3.4. (i) A function f is the Laplace transform of an ID probability 
measure if and only if 


iga=e™, (11) 


where g is a positive function with a CM derivative and g(0) = 0. Equivalently, 
f is the Laplace transform of an ID positive measure if and only if f(x) > 0 
for all x > 0, and the function x +» —log f(x) has a CM derivative. This 
measure is a probability measure if and only if f(0+) = 1. 

(ii) A function f is the Laplace transform of an ID probability measure if and only if 


xt 


+00 4 = 
log f(x) = | ——— du(t), (12) 


where | is a positive measure such that 


+00 1 
/ — du(t) < +00. (13) 
1 


Remark 3.1. 1° If log f is CM, then —log f has a CM derivative and by 
Lemma 3.4(i), f = L£(d), where w is an JD positive measure. By CM 
property of log f, we have that log f = L(dv), where v is some other 
positive measure. Note that positivity of v implies that log f(0) > 0, that 
is, ([0, +00)) = f(0) > 1, and so, jz cannot be a probability measure. 

2° Non-negative functions with a CM first derivative have a special name— 
Bernstein functions; Lemmas 3.3 and 3.4 explain their role in probability theory; 
more about this class of functions can be found in [25]. 


4 Majorization, Convexity and Logarithmic Convexity 


A good source for studying all three topics that are very much interlaced is the book 
[17]. In this short digest we include only necessary definitions and results that one 
can need for understanding a connection with CM functions. 

For a vector x € IR” define x;;] to be the ith largest coordinate of x, so that 


Xf] 2 Xp] 2+ ZX]. 
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We say that x is majorized by y in notation x ~ y if 


k k n n 
Yoox < oo fork = 1,2,...,n—1 and Yoox = ome 


i=1 i=1 i=1 i=1 


For example, (1, 1, 1) ~ (2, 1,0). Clearly, majorization is invariant to permutations 
of coordinates of vectors. 

A function f which is defined on a symmetric set S C R” (S is symmetric 
if x € S implies that y € S where y is any vector obtained by permuting the 
coordinates of x) is called Schur-convex if for any x,y € S, 


x<y=> f(x) < fly). (14) 


The following result, due to Fink [9], reveals an interesting relationship between 
concepts of Schur-convexity and complete monotonicity. 


Lemma 4.1. Fora CM function f and a non-negative integer vector of a dimension 
d>1,m=(m,m,...,maq), let 


ux(m) = (—1)"" f" (x)(- 1)? f (x) 0 (H1)4 fC (x). 


Then u,(m) is a Schur-convex function on m for every x > Oandd > 1. 


An important corollary of 4.1 is with d = 2, taking m = (1,1) andn = (2,0). 
Clearly, m ~< n and from the above definition of Schur-convexity we get that 
ux(1,1) < u,(0,2), that is, (f’(x))* < f(x) f(x), which is, knowing that 
Jt (x) > 0, equivalent to (log f(x))” > 0. We formulate this result as a separate 
lemma. 


Lemma 4.2. Any CM function f is log-convex, i.e., the function log f(x) is convex. 


A converse does not hold, for example, the Gamma function restricted to 
(0, +00) is log-convex, but it is not CM. However, the fact that each CM function is 
also log-convex helps us to search for possible candidates for complete monotonic- 
ity only among functions that are log-convex. In addition, there is a very rich theory 
that produces inequalities using convexity or Schur-convexity, and we can use it for 
CM functions. 

Log-convexity of CM functions is equivalent to decreasing of the ratio 
f'(x)/f (x), and (arguing that f° and — f@*+ are CM) this implies 


Corollary 4.1. Jf f is a CM function, then the ratio 


fF NG) 
FOR) 


ad 


is decreasing for every integers k, j. 
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In the next lemma we give two consequences of convexity and log-convexity of 
CM functions. Similar inequalities for CM functions can be found in [16], but with 
more involved proofs. 


Lemma 4.3. If f is completely monotone, then 
fM+ fs fa-H9N+fot9y)s f/O+ faery), (15) 
fMAOS fa-aHfte = fOF@+t+Y) (16) 


where 0 < € < x < y, assuming that f (0) is defined as f(0+) (as in Sect. 2.1, 
finite or not). 


Proof. If g is a convex function, then the divided difference 


p(x) — p(x — €) 


Apex) = 


is increasing with x; hence in the present setup, 
A fe(X) = A fey F é) and A fx—e (x — é) < A fy—e(X —F y), 


which proves (15). The same proof holds for (16), but with log f in place of f. O 


Let us note that under assumptions of Lemma 4.3, 
(x.y) <@-e,y+e)<(0,x+y), 


and so we have just proved that the functions (x, y) f(x) + f(y) and (x, y) b 
F(x) f() are Schur-convex on Ry x R+. More generally, for any f being CM, the 
functions of n variables 


dof) and [] fea) (17) 


i=l i=1 


are Schur-convex on IR", . For a proof of this statement see [17]. 
Finally, the fact that f’ is concave (i.e., f’”” < 0) is equivalent to each of three 
inequalities in the next lemma [19, 20]. 


Lemma 4.4. For a CM function f, it holds 


FR)+FO) . fO)-f@) . 
2 y-x 


JO) = FO)  fO =) — Fe +2) y= 


; for 0<x <yand 0<e<2_. 
y-x y—x-—2e 2 
(19) 


f' (2). forall x,y>0, (18) 
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5 Inversion Formulas 


It is sometimes easier to find a measure pz that corresponds to function f via Laplace 
transform in (3) than to show that f is CM by verifying the definition; in view of 
applications, it is definitely useful and desirable to know the associated measure. 
In many cases we can use properties of Laplace transform and the tables that can be 
found in textbooks. In many applications the Laplace transform is not limited to real 
argument, and it is more common to define f(z) by (3), where complex argument z 
belongs to some half space Re z > a, for some positive a. We may use the power of 
complex Laplace transform calculus applied to real function of real argument, due 
to well-known properties of regular functions. 

Due to similarity between Fourier transform, complex Laplace transform, and 
real Laplace transform, we may use inversion formulas for all three mentioned 
classes, whenever it is appropriate. In probability theory, for a random variable Z, 
the function x ++ Ee!*% (which corresponds to Fourier transform, except the sign 
in the exponent) is called the characteristic function, whereas the real Laplace 
transform (mind the sign!) x ++ Ee*% is called the moment generating function. 
There are several formulas that can be found in textbooks, but we will mention here 
only a not widely known inversion theorem that enables finding a finite measure jz 
defined on Borel sets of R, provided that we know its characteristic function 


+00 
g(x) = i e! dF(t), (20) 


where F(t) = p{(—oo, t]}. The following result (given here in a slightly general- 
ized version) is due to Gil-Pelaez [10]. 


Lemma 5.1. For gy and F as in (20), with p(0) being finite, we have that, for all 
teR, 


F(t)+ Fi) 90) 1 [~ ae (2) ay (21) 
7 2 a Jo 1x 


Note that the underlying measure here need not necessarily be restricted to 
the positive part of the real axis. As an example of how (21) can be used to determine 
a measure jz such that f = L(y), consider a simple case f(x) = e~*, where 
we already know that the measure is Dirac at tf = 1. Supposing that we wish 
to use (21) to derive this, note that if f is the Laplace transform of jz, then its 
characteristic function is g(x) = f(—ix) = e!*, and (21) yields (assuming that ¢ is 
a point of continuity of F’) 


1 1 ft®sinx(i—-t) 
F(t)= oe i ; dx. (22) 


Knowing that 
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i sin(ax) 1 
dx = ~sgna, 
0) x 2 


we find that F(t) = 0 fort < 1 and F(t) = 1 fort > 1; hence (by right-continuity 
and non-decreasing of F’), the corresponding measure jz is indeed a Dirac measure 
att = 1. 

For other formulas and methods, including numerical evaluation of inverse, see 
[5]. In the next lemma we complement some examples from [24] by effectively 
finding the corresponding measure. 


Lemma 5.2. We have the following representations: 
e * = £(d6d,(t)), (23) 


where 5g is the probability measure with unit mass (Dirac measure) at a > 0; 


1 po" 
=f —bt/a Db, i 2 2 0: 24 
PENG (c ao): a,b,c >0, a*°+b° > (24) 
b 
log (« + -) = £(du(t)) a>1,b>0, (25) 
x 


where the measure jt is determined by its distribution function 


x4 ebs/a 
L([0, t]) = loga + i ——— ds; 
0 Ss 
log(l 
eC *) = cE), (26) 


where (see [1, p. 56]) Ey is exponential integral 


+o0o d 
E\(t) = A ge, 
1 Uu 


(27) 


ea/* =f (ei 4 anevan ) 
a 


ae 
where I, is a modified Bessel function as defined in [1]. 


Proof. The relation (23) is obvious, and (24) is a consequence of standard rules for 
(complex) Laplace transform: 
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1 Fe... 1 
a’P(c) (x—b/aye (ax+b) 


—bt/a -_ = 1 c-1 a _ 
o(e ano) eRe \(x — b/a)= 


To prove (25), denote its left side by f, and observe that, by (24), 


aol —bt/a _ 
ax+b a7ee 1). 


f(x) = 


Now we use the rule 


+00 
0 (2) = [semper 


to conclude that 


+00 


—bt/a _ 
f(x) = loga — #'(9) dy = (loge db) - 6 (S——*), 


which yields (25). To prove (27), we note that 


ak a ak tk7! 
klxk kk —D!)’ 


which tells us that 


a = a 
Ae ye |, 
ef lt geeayiel 


Now we observe that 


3 a’tk! al, (2Vat) 
£2 (k= 1k! fat 


and (27) follows. 

The simplest way to prove (26) would be to perform an integration on the right- 
hand side and show that it yields the left side. However, in order to show the 
derivation, we start with the observation that 


f(x) := welt) = F(1,1,2;—x), 


where F(a,b,c;-) = .2F\(a,b,c;-) is a Gauss’ hypergeometric function; hence 
there is the following integral representation [1]: 
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Now we use (25) to find that 


1 1 +00 
——— - | ete! de, 
1+sx S Jo 


and, exchanging the order of integration, we find that 


f(x) = a et ([ oS) dt. 


Finally, a change of variables 1/s = u in the inner integral shows that it is equal to 
E(t), and the formula is proved. Oo 


6 Some Examples Related to the Gamma Function 


Functions related to the Gamma function are good candidates to be CM, and there 
is a plenty of such results in literature. The function g(x) = log I(x) is a unique 
convex solution of Krull’s functional equation 


g(x+1—-s@=f), x>0, (28) 


with f(x) = logx and with g(1) = 0. The same equation, but with 
f(x) = (logx)"*),n = 0,1,2,..., has for its solutions functions W(x) = 
(log P(x))"*+). Although logx is not CM, all its derivatives are monotone 
functions, which automatically implies the same property for W(x),n > 2, 
and alike functions via the following result (see [22]). 


Lemma 6.1. Suppose that x +» f(x) is a function of the class C™(0, +00) with 
all derivatives being monotone functions, with f'(x) — 0 as x — +00. Then there 
is a unique (up to an additive constant) solution g of (28) in the class C™, with 


g(x) = lim (1 +n)— Uf @+ ») (29) 
k=0 
and 
+00 
gMxy=-lLofMV@+kh GY =2). (30) 


k=0 
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From (29) and (30) it follows that if + f is CM (or if only +f” is such), then 
+g" is a CM, while +g and +g’ need not be CM . Our first example is formulated 


in the form of a lemma, and its proof provides a pattern that can be used in many 
similar cases. 


Lemma 6.2. The function 
a a ae 
W(x) = —(log P(x) — (x — 1) logx)” = = + a W'(x) 
has the following integral representation: 


+00 t 
W(x) = / (1 +t— =) edt (31) 
0 l-e 


and it is a CM function. 


Proof. The integral representation follows from 


7° 
£ (co 5) = W(x), n=1,2,..., (32) 
—eé 
and 
F 1 
L(t*) = a a> =i, (33) 
xe 


The CM property follows from positivity of the function under integral sign, which 
is equivalent to the inequality e’ > 1+ ¢ fort > 0. oO 


Remark 6.1. The function g(x) = log (x) — (x — 1) log x satisfies the functional 
equation (28) with f(x) = log (x/(x + 1))’; it can be easily checked that f” is 
CM; hence from Lemma 6.1 we can conclude without any additional work that W 
as defined above is CM. 


Lemma 6.3. For a > 0 and x > 0, let 


1 1 1 
Ga(x) = log P(x) — (« - 5) log x — mY +a)+x- 5 log(2z). 


The following representation holds: 


e* dt. (34) 


_ ft? t-24+24+pet-C/Oe% 
Galt) = | 21 — e~) 


The function x +» G(x) is CM if and only if a > 1/2 and the function x ® 
—G,(x) is CM if and only ifa = 0. 
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Proof. Starting with 


x—1/2 
a 


eu _ wy’ of m 2 
W(x) = W(x) — GW" (x +a) — = + 
Xx 


’ 


it is easy to show (in a similar way as in Lemma 6.2) that 


edt. (35) 


nen [7% t- 24 24+0et -/Oe% 
aaa | 2 —e) 


Further, we have that 
lim a lim —= 0, 


and 


+00 p-+oo 
Ga(x) = i / Gi" (u) dud, 


hence (34) holds. The complete monotonicity is related to the sign of the function 
3 


[ 
hg(t) =t-—24+(24+te*— rae (36) 


The function G, is CM if and only if g(t) > 0 for all t > 0. From (36) we see that 
this is equivalent to 


ss log 6 + log((2 + the’ +t —2)—3logt 
a : 
~ —t 


= u(t). (37) 


Using standard methods, we can find that u is a decreasing function; hence 
() < lim u(r) = 5 
u im u(t) = =, 
— t>04 2 


and so, (37) holds if and only if a > 1/2. 
Further, —G, is CM if and only if hg(t) < 0 for all t > 0, which is equivalent to 


a<u(t), (38) 


where u(t) is defined in (37). Since u is decreasing, we have that u(t) => 
lim u(t) = 0, and so, (38) holds if and only if a < 0, that is, a = 0. oO 
t—>+00 


Remark 6.2. Let 


1 1 
F(x) = log 7) - (x- 5) logx — GW'(x +4), a>0,x>0. 
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This function is studied in [18, Theorem 1], where it is shown that x hb Fo(x) 


is concave on x > 0 and that x b F,(x) is convex on x > 0 fora > 5. Since 


F,(x)” = G"(x) where G, is defined as above, this example gives much stronger 
statement. 


Lemma 6.4. For b > 0 and c > 0, let 


e*I'(x + b) 
ae Te 


So.c(x) = : x>0. (39) 


The function 
Ypc(X) = log foc (x) = x + log (x + b) — (x +c) log x (40) 


is CM if and only if b > 5 + Ta andc = b— 5 and then it has the representation 


(x) = / Es ia +t{b : 1} dt >0 (41) 
= SS = . xX : 
Ppp—L tes) #2 \1—e* 2 


Proof. By expanding log (x + b) in (40) by means of Stirling’s formula [1, p. 
258], it follows that for = b—c #}, 


; 1 
dim | Pb.c(%) = (s 7 5) - (+00), 
SO Gp,< is not a CM function (see Sect. 2.1). Let 6 = 1/2 and let 
1 
Gp(x) := Pp,p—1(*) =x-+log I(x +b) - (« +b- >) log x. 


Further, we find without difficulties that 


J = eee —0 42) 
and that 
1 b-1l 
G(x) = W(x + b)- - + —*. 
Xx Xx 


In the same way as shown in Lemma 6.2, we find that G/'(x) = £(hp(t) dt), where 


te? 1 
p(t) = — +7 (>- ;) a, (43) 
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By standard methods we find that 


a= a hese yee (7) (t>0) (44) 
“ko 9° ° Te 
so the Laplace transform G;(x) of the function t + g(t)/t? exists for all x > 0 
and applying Fubini theorem as in Lemma 6.3 and using (42) we find that 


+00 p+oo h 
G(x) = / / Gi (uw) dudv = / DD hay 
* Y [0,+00) 


t2 


which is the representation (41). Then G, will be CM if and only if h(t) > 0 for 
each t > 0 (see Remark 2.1). By (44) we have that (0) < 0 for b € (b,, bz), where 
bi2= 5 Wirt further, c = b—1/2 > 0 gives b > 1/2, so only b > bz remains as 


a possibility. It is straightforward to check that a) > 0 for all t > 0, so it suffices 


to show that h,,(t) > 0 for t > 0, which can be done along the lines of [11]. oO 


Remark 6.3. Complete monotonicity of functions f),- and gp,- for various values of 
parameters was discussed in [11,12]. Let us remark that, by Lemma 3.3, the function 
to.c is CM whenever g,,, is the one. 


Let us mention that the Barnes function G(x) satisfies the relation 
log G(x + 1) — log G(x) = log (x), x >0, 


which is (28) with g = logI’. Here also the function x b (logG(x))” = 
2W’(x) + (x — 1)W” (x) is CM. More details about the properties of the G-function 
as a solution of Krull’s equation can be found in [23]. 
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New Applications of Superquadracity 


Shoshana Abramovich 


Dedicated to Professor Hari M. Srivastava 


Abstract In the recent years numerous articles were published related to 
superquadracity. Here we put together some of these results, in particular those 
related to Jensen, Jensen—Steffensen, and Hardy’s inequalities. These inequalities 
are analogs of inequalities satisfied by convex functions and in those cases that 
the superquadratic functions are nonnegative we get refinements of inequalities 
satisfied by convex functions. 


1 Introduction 


In this survey we present some new applications of superquadracity obtained after 
the publication of “On superquadracity” by Abramovich [2]. Here we state only 
a part of the results with no proofs. This may serve as an introductory work 
to a detailed book on superquadracity that includes all the known theorems and 
their proofs on superquadracity which is planned to be written by S. Abramovich, 
J. Peéari¢é, S. Bani¢é, and S. VaroSanec. All over this survey we get analogs of 
inequalities satisfied by convex functions and in the case that our superquadratic 
functions are nonnegative, we get refinements of results that use only convexity. 

There is another class of functions called superquadratic functions or weakly 
superquadratic functions; see [2, 18, 27,28] and their references. Here we quote 
results from [1—23, 25-33]. 

Let us start with repeating the definition and basic properties of superquadratic 
functions (called in [27, 28] “strongly superquadratic functions’): 
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Definition 1.1 ([6,7]). A function g : [0,b) — R is superquadratic provided that 
for all 0 < x <b there exists a constant C,(x) € R such that 


(y) — (x) = Co(x) (y— x) + Gy — x) (1) 


forevery y,O<y <b. 
From the definition of superquadracity we easily get: 


Lemma 1.1 ([7]).. The function @ is superquadratic on [0, b) if and only if 


1 n 1 n 
FZ Dae (8) — 9H) = FD aig (Ii — ¥)) (2) 


i=1 i=1 


holds, where x; € [0,b), i = 1,...,n, anda; > 0,i = 1,...,n, are such that 


Ay = > ° 4; > 0andx = = Lain. 


. 7: ae 
i=1 i 


=I 
The function @ is superquadratic on [0, b), if and only if 


[eroaeo(f roa) =f o(\ro-f[ Fo ano) ao), 
Q Q Q Q G3) 
where f is any nonnegative -integrable function on a probability measure space 


(2, 1). 


Lemma 1.2 ((7]). Let g be a superquadratic function with Cg (x) as in Defini- 
tion 1.1. Then 


(i) (0) < 0. 
(ii) If p(0) = g'(0) = O, then Cy(x) = g'(x) whenever 9 is differentiable at 
O0<x <b. 
(iii) If g = 0, then 9 is convex and g(0) = y'(0) = 0. 


Lemma 1.3 ([7]). Suppose that g : [0,b) — R is continuously differentiable 
and g(0) < 0. If 9’ is superadditive or p'(x)/x is nondecreasing, then @ is 
superquadratic. 


The power functions g (x) = x?, x > 0, are superquadratic when p > 2 and 
subquadratic, that is, —y is superquadratic when 1 < p < 2. When g (x) = x’, (1) 
reduces to equality and therefore the same holds for (2) and (3). 

In Sect. 2 we compile some inequalities related to Jensen and Jensen—Steffensen 
inequalities. In Sect. 3 Hardy type inequalities are presented and in Sect. 4 various 
other inequalities are stated. All these inequalities stem from the properties of 
superquadracity, as stated in its definition and in Lemmas 1.1-1.3. 
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2 Jensen and Jensen-Steffensen Type Inequalities for 
Superquadratic Functions 


Now we state several results that refine and generalize Jensen’s type inequalities for 
superquadratic functions (2) and (3) presented in the first section. We also show how 
we get Jensen—Steffensen type inequalities for superquadratic functions that satisfy 
additional conditions like being nonnegative or having superadditive derivatives. 
Next we consider how Jensen’s type inequalities are derived for functions like 
K (x) = 9 (x) x”,0 <x < ~w, y € R+ where g (x) is superquadratic. 

In cases for which our function is superquadratic and positive we always get a 
refinement of a similar Jensen’s type inequality for convex functions. 


2.1 Improvement of the Basic Jensen’s Inequality for 
Superquadratic Functions 


To improve (2), we first introduce as 7 [15] some notations. J, = {1,...,n},n €N, 


T is any finite set of integers, A, = » a; fora; € R,i = 1,. 


For a function g defined on R,,. ee > 0,a, > 0,k € I, and for every I C I, 
we denote 


xe Dyer *j 
ar = Davo (| = Sel. 
). l<i<j <n, 


er ). = Day (2 
)xen( 


1 -Zm0(2)-(E*)e(Z5) 


kel kel 


— Lia 
St aj 


kel 


Xi Xi + Xj 


aj aj + aj 


Xj Xj +X; 


aj aj +a; 


Ay (i, j) =ai9 ( 


n 5 n ye Xk 
dy = Yay (=) - (> a] y ie 
k 


k=] k=1 


Using these notations our results are obtained in the following Theorem 2.1. 
Theorem 2.1 ({15]). Let x, > 0, ax >0,k =1,...,n, 1 CI, andT = 1,/I. 


(a) If g (x) is superquadratic on R+, then 
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d, =>d;+ Arg ee a +) oaig = 


(b) [fg (x) is also nonnegative on R+, then 


d, => dj; +Arg Z apa = 207. a +Azp a zy = -)- a , 


ie] ier ie] ier 
and forn > 2 


d, = max(A;) > max Aj (i, /). 
ICI, lsi<j<n 


The proof follows from the identity 


Sats) — Ayo (So) — (Saupe) — ave (Eat) 


i=l ie] 


se) AX; ii a; Xj; 
= lagi) + Arg Grn — Any (> A 


ieT i=l 


and from the basic Jensen’s inequality for superquadratic functions (2). 
The same reasoning, which leads to (4), leads also to 


Y> aig(xi) — Ang (> a) = 2 Day ( Xk — os oa 
al a Brae Sige 23 Al pam ye 
2 AIP A, T? A, Ay a 


i=1 i=1 i=1 
ie] ie] iel ie] 


E 


= Ang (0) = 0 


for nonnegative superquadratic functions. 


2.2 Jensen—Steffensen’s and Slater—Pecarié Inequalities 
for Nonnegative Superquadratic Functions 


In [9] the authors dealt with refinements of Jensen—Steffensen’s inequality and 
Slater—Peéari¢ inequality for positive superquadratic functions. These inequalities 
are refinements of similar inequalities for convex functions. Two of the results are 
as follows: 
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Theorem 2.2. Let y : [0,00) — R be differentiable superquadratic and nonneg- 
ative, let € be a nonnegative monotonic n-tuple in R", and let a be a real n-tuple 
satisfying Steffensen’s coefficients, that is,0 < A; < An, j =1,...,n, An > 9, 


Then 


Lave Ang (€) = Sel bj41— tj) + Ang (F- cx) 


j=l 


+ Ag+i9 (Seti - t)4+ 5s Ajy (6; —&)-1) 


j=k+2 


i=l i=k+1 sa, + A, 
| i=k+1 
Yai (Iti -F)) 
i=1 
= ((— 1) An) gy ~(n—- lA, ; 


where k € ibs — 1} satisfies  < € < l41. 
ae g’ (¢;) # 0, and we define M = Sate (6) /Soa, g’ (¢;), then, 


i=1 i=1 i=1 
for s satisfying €, < M <654,,5+1 <n, 


s—l 


See ee > 4i¢ (6)41-$)) 


i=1 j=l 


+ Asp (M — 65) + Astig (bs41-M) + S> Ajo (6) -f)-1) 
jJ=st2 
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< Ang (M)-| )°4;+ > 4; )¢| =, 


j=l j=s+l yA; + a A; 


j=l j=stl 
Pz a; |t; — M| 
i=1 

< Ang (M) =~ ((n —_ 1) An) (n 1A 


2.3. Generalization of the Jensen—Steffensen Inequalities 
for Functions with Superadditive Derivatives 


In the next two theorems the main result of [16] is presented and its integral version 
that appears in [14]. 


Theorem 2.3 ({16, Theorem 1]). Let g : [0,b) — R be continuously differentiable 
and g' : [0,b) — R be superadditive function. Let a = (a,,...,d,) be a real 
n-tuple satisfying 


and x = (X1,...,Xn) be a monotonic n-tuple in [0, b)". Then, 


(a) The inequality 


1 n 1 n 
9 ()—9 0) +9! (6) @—0) + — ) aig (|x; —el) < = Yap i) 6) 


i=l ” i=l 


_ 1 n 
holds for each c € [0,b) where X = A, 2 ajXi. 
Inserting c = X in (5) we get 
1 n _ 1 n _ 
FZ Day (x1) — 9H) + 90) = FY aig (Ixi —¥). 


i=l 1 7=1 
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(b) [fin addition y (0) < 0, then 9 is superquadratic and 


1< ly 
ZT Laie i) >= 9 O+ 9 OR-+ FY aig cl). O 


i=l i=1 


Inserting c = X in (6) we get 
1 n _ 1 n = 
Zi De aiy (81) — 9B) >= FD av (lai — ¥)- 
" j=l "j=l 


(c) If in addition g > 0 and y (0) = g' (0) = 0, then g is convex increasing and 
superquadratic and 


1 n 1 n 
Zi De Hi9 1) — 9 (0) — 9' (©) F— 0) = FY aig (Ixi — el) 2 0. 


i=1 i=l 


The proof of (5) follows from observing that when ¢ is continuously differen- 
tiable on [0, b) and g’ is superadditive on [0, b) then the function D : [0,b) > R 
defined by 


D(y)=9())-90@-¢ @MW-D-e(ly—-2)+e¢O) 


is nonnegative on [0, 5), nonincreasing on [0, z), and nondecreasing on [z, b), for 
0 <z<b,and when x, <c < xx41 we get that 


D (x1) = D(x) 2 +++ 2 D(x) 20 and O< D (xe41) < D Oe42) S++ S D (rn), 


and 
n k n 
er) (xi) = 7) (xi) + ~ a; D (x;) 
i=1 i=1 i=k+1 
k-1 
= A; (D (x) — D (xi41)) + AxD (xx) 
i=1 
+ AktiD (xt) + D> Ai (D Gi) — D (i-1)) = 0. 
i=k+2 
and hence 


Y- aD (xi) = Ya; [9 (1) -¢ (€) -¢' (©) (ic) -¢ (xi — el) +9 (0)] = 0. 


i=1 i=1 


Now we present the integral version of Theorem 2.3 which is proved by similar 
reasoning that leads to Theorem 2.3. 
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Theorem 2.4 ([14]). Let f : [a,B] — [0,b) be a continuous and monotonic 
function, where —0o0 < a < B < +00. Let g : [0,b) > R be continuously 
differentiable and ¢’ : |0,b) — R be superadditive function. Let 4 : |a, B| > R be 
either continuous or of the bounded variation satisfying 


A(a) < A(x) <A(B) forall x €ela,B], A(B)-A(a)>0 
and 


B 
r= | FORO, FH 


A (B)—A (a) g(f (t)) A(t). (7) 


1 B 
A (B)—2 (aw) I 
Then, 
(a) The inequality 


B 
P()-9O +O) + ae fed -e) AW <7 


+ 
A (B) 
(8) 
holds for each c € [0,b) where X and Y are defined in (7). 


Inserting c = X in (8) we get 


1 B 
0-0 0)+ ae [olf —F) A SF. 


A (B) 


(b) If in addition g (0) < 0, the function y is superquadratic and 


1 B 
FEVO+V'OE-O+ eae | vlfO-DAW. ©) 


+B 


Inserting c = X in (9) we get 


9 1 B 
F2eOt+ rp Ge | g(lf (t)—e|) dA (et). 


(c) Ifin addition g = 0 and ¢ (0) = ¢g’ (0) = 0, the function @ is superquadratic 
and convex increasing and 


ie ee l : 
F-9)-0 G- 0) > ee | wdf Oe) aM =0. 
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2.4 Jensen’s Type Inequalities for K (x) = x”g (x), Where o 
Is Superquadratic 


We prove now some inequalities that hold when the given function K (x) satisfies 
K (x) = x’o (x), y € Ry, where ¢ is a superquadratic function. These inequalities 
include and generalize the results related to superquadratic function g : [0,b) > R. 


Lemma 2.1 ([4]). Let K (x) = x’ (x), y € R+, where o (x) is superquadratic 
on [0, b). Then 


K (y)— K (x) = @(®) (y” — x") + Cy (x) y’ (y—x) +" @(ly—x]), (10) 


holds for x € [0,b), y € [0, b). Moreover, 


Y 


N N N N N 
Saxon «(ran >@| doajy; | | do ai? — | Do aj; 
i=l i=l j=l 


j=l i=l 


N N N 
+ Col > 4;9; | ais? | — D439; 
i=1 


j=l j=l 
N N 

+ > caiyle\ |yi— > ayy; (11) 
i=l j=l 


N 
holds for x; € [0,b), yi € [0,b), 0 <a; <1,i =1,...,n, and ) a; = 1; and 


i=1 


[ xvron ais) — K(f f(s) aye(s)) 
Q 2 


> a [POU O-274G0/7 OF @O-» 
if @olF@- slaw (12) 


holds, where Cg is as in (1), f is any nonnegative j1-integrable function on the 
probability measure space (Q, 4) and x = fg f (s) du(s). 

If g is subquadratic, then the reverse inequality of (10), (11), and (12) hold, in 
particular 
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[KPO aw) -K(f fo aye(s)) 


< I POU’ O-M4G,0/ OF O—X 
+f" NOUS O—xD1 de). (13) 


Inequalities (10), (11), and (12) are satisfied in particular by K (x) = x?, p = 
y+2. Fory < p<y+2,y € Ry the reverse inequalities hold. They reduce to 
equalities for p = y + 2. 

The proof is obtained by multiplying (1) by y”, and by simple manipulations we 
get that K (x) = x’ (x) satisfies (10) when ¢ is superquadratic. 

By fixing in (10) a probability measure jz and a nonnegative integrable function 
f, setting x = f, f du and C, (x) is as in the definition of superquadracity, we 
obtain for K (x) = x’ (x), y € R+, where ¢ (x) is superquadratic, that (12) holds. 

Inequality (11) is the discrete case of (12). 

Similarly, since —¢g is superquadratic, inequality (13) and the reverse inequalities 
of (10) and (11) are obtained for subquadratic functions. 


Lemma 2.2 ([4]). Let K (x) = x’o(x) = x’~!W(x), y = 1, where @ is a 


differentiable positive superquadratic function and w(x) = x@(x). Then the 
bound obtained for K (x) = x” (x) is stronger than the bound obtained for 
K (x) = x’~!w (x), that is: 
K(y)—K@) 29) 0" — x") +9 Cy (V—¥) + ye (ly — 2) 
implies that 
Ky) -K@2 vO ("41-2") + ¥ @y" O-H +9 "Vy — x). 
(14) 


Moreover, if K(x) = x"p(x), W(x) = xg (x), n is an integer k = 
1,2,...,n, and g (x) is nonnegative superquadratic, then the inequalities 


[xvon amo -«([ £0 ae) 
= | [0 F762) + C0)" )(F (=) 
+ f" (Se UF (9) — xD] du) 
= | Do) (FE ()— 34) +p, ) FEOF) =) 
+ f"*(s) ve UF (6) — x1] du (s) 


> | Vn UF (8) — x1) du (s) > 0 (15) 
2 
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hold for all probability measure spaces (82,1) of f-integrable nonnegative 
functions f, where x = fg f (s) du(s). 


Furthermore, if y (x) is positive, increasing, convex, subquadratic, and ¢ (0) = 
gy’ (0) = 0, then x@ (x) is superquadratic and 


i) [o )(F"(5) —x") + Cy (X) FS) F (5) —x) 4F(5)0 (LF (8) —x1)] dus) 
> | K(f (s)) ais) K(f £0) 09) 
Q Q 


= f Bn co" 6) = 24) + Cy) FFF =) 
+ f"* (8) ve (IF (8) — x1] du (s) 
= f Yo llF (6) =x) dyes) > 0: k= 1am 16) 


In particular, if p (x) = x?, x = 0, p = 1, then (1S) is satisfied when p => 2 and 
(16) is satisfied when 1 < p < 2. When p = 2 equality holds in the first inequality 
of (15) and in the first inequality of (16). 


In the proof we show that when 9g is differentiable, nonnegative superquadratic 
or ¢ is differentiable, positive increasing, convex, and gy (0) = g’ (0) = 0, where 
w (x) = x@ (x), then as according to Lemma 1.2, Cy (x) = 9’ (x), we show that 


gp (x) (y” — x”) + g' (x) y’ (y —x) + vy” (ly — x1) 
> w(x) (yt =x") + @ yx) ty" ly — x) 
leads to the results stated in the lemma. 


As @ is positive superquadratic and therefore convex, this lemma gives a 
refinement of Jensen’s inequality for convex functions. 


2.5 Normalized Jensen Functional 


In [3] the authors consider the normalized Jensen functional 


In(£%,P) = D> Dif (i) — f (> ps ; 


i=1 i=1 


where a Di = 1, f : 1 > Rand J is an interval in R. 


i=1 
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We quote here only one of the theorems there and then its generalization: 


Theorem 2.5. Let x = (X1,...,Xn) € I", p= (P1,---; Pn)» 4 = (G1,-+-5n) be 


nonnegative n-tuples satisfying :y p= 1, Soa =1,q,>0,i =1,...,n. Let 


i=1 i=1 


m= min (4). M = max (2). 
l<i<n qi 1l<i<n qi 


If I is [0, a) or [0, 00) and is a superquadratic function on I, then 


Jn (9, Xx, Pp) > mJ; (9, x, q) 


=m (|S a — mos 


i=l 
Jn (g.x, p) — MJ, (~, x, q) 


<->) (Mai - pie | |xi — Yo 95%; -o( 
j=l 


i=] 


+ >° (pi —maqi)e | |xi — D> pix; 


i=l j=l 


and 


>) i - 9) mi 


i=1 


) 


We state another generalization of Jensen’s inequality for superquadratic 
functions and apply it to a generalization of a normalized Jensen’s functional. 


Theorem 2.6 ((3]). Assume that x = (X),...,X,) with x; => 0 fori € 
{1,...,2},p = (p1,---, Pn) is a probability sequence and q = (qi,...,4k) is 
another probability sequence with n,k > 2. Then for any superquadratic function 
gy : [0,a) > R we have the inequality 


n k 
p> Pi, *** Pix? bee 


11,...f=1 j=l 
n n k n 
=¢(Soms)+ So pin PieP | > 71; — D, DiXi 
i=1 Ij j 


From this we get for superquadratic functions: 


Theorem 2.7. Let p, q, r be probability measures andr; > 0,i = 1,...,n, and let 
y be a superquadratic function, then 
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n 


k n 
Pi?" * Pix? > ai, -o(Sp] 
ip=l j=l 


Eyes i=1 


k n 
—m Sorin Teg bares -o(Yonsi) 


j=l i=l 
> mo ( iG — pi) Xi 
i=1 
n k n 
a yy (Di, Pir * Dig — Mis Tin) So aixi; — D> Pos 
i ,..Jh=1 j= s=l1 


and 


n k n 
> Pi, *** Pix? > oe -o(Y>n] 


I] ,...AK = j=l 


k n 
—M Yori Ta qjXi; -o(Sonsi] 
=1 


(en 


k 
_ > (Pi; Pip *** Pix — Mri, ++ Tin) G Yo aim; — > 1eXxs : 


Hyeosde=l j=1 j=l 


>; (rj; — Pi) Xi 


i=1 


where 


“ Di one De Di soe Di, 
m:= min aa), 6M :=~ max aL 
1<i,,...,ip<n Tit Tig 1<i),...,ip<n Ti Tig 


In [29, 30] the author F. G. Mitroi extends these two results even more by 
introducing a more general functional. 


2.6 Jensen’s Inequality and Isotonic Linear Functionals 


Jensen’s inequality for superquadratic functions, like many other inequalities for 
that class of functions, can be generalized for isotonic linear functionals. First we 
define isotonic linear functionals as in [25]. 
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Let E be a nonempty set and L be a linear class of real-valued function 
jf : E — R having the properties: 


Li: figeL= (@f + Bg) € L foralla, 8 €R; 
L2: leL,ie., if f (t) =1 fort € FE, then f € L. 
Let A: L — R be a functional with properties: 
Al: A(af + Bg) =aA(f)+ BA(g) for fg € L, a, B € R (A is linear); 
A2: fel, f(t)=>0on FE => A(f) = 0 (A is isotonic). 
Furthermore, if the functional A has a property 
A3: A(1) = 1, where (1) = 1 forall t € E, then we say that A is normalized. 


For this functionals Bani¢é and VaroSanec proved in [25] that 


Theorem 2.8. Let L satisfy conditions L1, L2 and A satisfy conditions Al, A2 
on a nonempty set E. Suppose thatk € L withk > 0 and A(k) > 0 and that 
gy : [0, co) — R is a continuous superquadratic function. Then for all nonnegative 


f € L such that kf, kp (f) kg ( — 4t2 .1)) € L we have 


: (17) 


Ack) _ Ake (1) — 4 (ke (]f- St -A))) 
Ge)* Atk) 


If p is a subquadratic function, then a reversed inequality in (17) holds. 


By suitable choice of the functions f and k in the above theorem, the authors get 
a refinement of the functional Hélder’s inequality. 


Theorem 2.9. Let L satisfy conditions L1, L2, and A satisfy conditions Al, A2 on 

a nonempty set E. Let p > 2 and define q by _ + ; = 1. Then for nonnegative 
P 

g—ht-! AG)" © 1 and A(h*) > 0 the 


functions g,h € L such that gh, g?, h‘, an 


following inequality 


A (gh) 
A (h4) 


ve 
) At (hi) (18) 


holds. In case 0 < p < 2 the inequality in (18) is reversed. 


A(gh) < | Ae’ —A (\« a 


Similarly they obtain a functional Minkowski’s inequality for superquadratic 
functions. 


Theorem 2.10. Let L and A be as in the previous theorem. If p > 2, then for all 
nonnegative functions g, h, on E such that (g +h)’, g?, h? € L, we have 


New Applications of Superquadracity 379 


A(gig+ mr) |’ 
A(g +h)? 


A? ((g thy’) < | A(g?)—A| |g—(¢ +) 


A(h(g +h)" 


+] A(h?)— A] |h—-(¢ +h) CEN. 


3 Superquadratic Functions and Hardy’s Inequality 


3.1 Refinements of Hardy’s Type Inequalities 


A very interesting application of the properties of superquadratic functions to get 
Hardy’s type inequality was dealt by Oguntuase and Persson in [31]. One of Hardy’s 
inequalities they considered is 


Pet (Pro) as (Ay’ Parr co ar, k>1, pl. 


Their refinements is as follows: 


Theorem 3.1. Let p > 1,k > 1,0 < b < w, and let the function f be locally 
integrable on (0, b) such that 0 < i xP-* £? (x) dx < 00, 


(i) If p = 2, then 


[= (/ f(t) ar) dx 
k—-1 £2 fe 
rg 
<2) [(0-@”) rvs 0 


Pp 
t 


i) ro-tf roa 


phe kai 
xP > dxt ? | dt 


x 


(ii) If 1 < p < 2, then the inequality holds in the reversed direction. 


Now we get new scales of refined Hardy type inequalities by using the ideas 
and techniques of [31] and implement them on the functions K(x) = x’ g(x), y € 
Ri, where g(x) is superquadratic, by using Jensen type inequalities which these 
functions satisfy as expressed in Sect. 2. 

From the definition of superquadracity we get in [4] that 


Theorem 3.2. For g(x) = x?, p > 2 (therefore Cy (x) = y' (x) = px?7'), 
y € R4, we find that 
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f0-prrot-fEfroay”s 
=f [(ro-( fro ar) ) (+ [re ar) Sar 
tf fro(ro-tfreo)e(b fro) Sa 
+f fro(ro-tfre dr 


where f is nonnegative and locally integrable on [0, b). The reverse inequality holds 
when 1 < p <2. 


P 4 
) =ath; (20) 
x 


By using (20) we are now ready to derive our new scales of refined Hardy type 
inequalities. 


Theorem 3.3. Let p >2,k >1,0<b < ow, andy € R4, and let the function f 
be nonnegative and locally integrable on (0,b). Then 


2)" £6 ern 
=| x* . f (t) dt dx 
[(f roa” 
(SLL (RO 7) -Ef rosy) 
«(2 fre) do) al PE) OH D2 | ae ay 
(Ga) LL Gorm 
«(ro ttt (4) as f (0) ac) 


1 f* p-l k=1 f = 
x a ft (o) do) xl! Py) 0-21 Fy! dy de 
0 


a 
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k-1 1 k—- 
x xl! Py) Bee py ' dx dt. 


Moreover, if y is a nonnegative integer, then the right-hand side of (21) is 
nonnegative. If 1 < p < 2, then inequality (21) is reversed. Equality holds when 
Pp = 2. When y = 0, inequality (21) coincides with (19). 


3.2. Refined Hardy Type Inequalities with General Kernels 
and Measures 


The following results were proved by Oguntuase et al. [33]: 


Proposition 3.1. Let b € (0,00)", u : (0,b) > R is a weight function which is 
locally integrable in (0, b) and v is defined by 


by bn 
vO) = tet f f ae t €(0,D). 
ty th 7X, 


2 
xy ° n 


Suppose I = (a,c), O< a<c<w,g:I—>R and f : (0,b) > Risan 
integrable function, such that f(x) € I, for allx € (0,b). 


(i) If g is superquadratic, then the following inequality holds: 


by by 1 x1 Xn d 
/ af uso ( )f vf f (t) dt x 
t th Xi, °°*Xy 0 0 Xp Xp 
s ae as 1 i, on u(x 
tf ff [o(ro-—— [P(r al) oO axa 
1 th ty th X1°°*Xy JO 0 xe x? 


by bn d 
<['-[voeson— = 


XptttXp 


Gi) [fg is subquadratic, then (21) holds in the reversed direction. 
Proposition 3.2. Let b € [0,00), u : (b,co) > R be a weight function which is 
locally integrable in (0,b) and define v by 


1 t tn 
/ of u(x) dx < oo, t€ (b,oo). 
fy--sty by bn 


Suppose I = (a,c), O< a<c<w,g:I—> Rand f : (b,ow) > Ris an 
integrable function, such that f(x) € I, for all x € (b, 00). 


v(t) = 
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(i) If g is superquadratic, then the following inequality holds: 


eee d aX eee t 
. [ utsry (1 x [ a fra) ae 
co CO pti th oe) co dt 
fe fo aon ee 
by by Sb, + oa x1 Xn SOR 


x u(x) dx 


2... 42 
ty th 


=) = / : veg fe))—* 


x 
Xp Xn 


(22) 


Gi) If g@ is subquadratic, then the inequality sign in (22) is reversed. 


In [19] the authors extended the above propositions as follows: 
Let (2), 1, 41), ($22, X2, 42) be measure spaces and let A; be defined as 
follows: 


1 


Ax f (x) = K@ 


a Key) FO) dual), (23) 


where f : {22 — R is measurable, k : Q,; x 8222 — R is a measurable and 
nonnegative kernel and 


K(x) := i: k(x, y)du2(y) <0, x E€ Qi. (24) 


Their result reads: 


Theorem 3.4. Let u be a weight function, k(x, y) > 0. Assume that AD u(x) is 


locally integrable on {2 for each fixed y € $22. Define v by 


ike 
vQ) i= [ | ae u(x) dps (x) < 00. 


Suppose I = (0,c),c < «0, 9:1 > R. If g is a superquadratic function, then the 
inequality 


[ “etAn Dut) dy (2) 


K(x, 
+f f eater actooy EE quis) auav 


< / o(fO))0(y) dun(y) (25) 
222 
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holds for all measurable functions f : Q. — R, such that Imf C I, where Ax is 
defined by (23) and (24). 
If p is subquadratic, then the inequality sign in (25) is reversed. 


By using the above results with concrete kernels we can obtain a refinement 
of some classical inequalities. Here we only give the following complement and 
refinement of the following well-known inequality: 


Dp 
[o.) oo p fo.) 
i ( ) ax) dy < a i, f?(t) dt. 

0 0 x+Ty sin (4) 0 

Corollary 3.1. Let p > 1 and f € L?(R+). If p = 2, then 

ioe) ioe) p 
i ( f(x) ix) . 
0 0 x+y 


“pm pa ya ME), 2 (2 £0 | 

IW sl 1 p) it y) 

1 FS. / 7 | Tye ee ey 
sin (#) 0 0 a 0 x+y 


dx dy 


4 
sin (4) 
Pp 


If 1 < p < 2, then (26) holds in the reversed direction. 


Pp 
i f?(y)dy. (26) 


4 More Inequalities Related to Superquadracity 


4.1 Inequalities for Averages 


For a function f let 


n—-1 


WiN= Ls (7) 22 


and 
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For these A, (f) and B, (f) we get in [6] the following theorems: 
Theorem 4.1. Jf f is superquadratic on [0,1], then forn > 2 


n—1 


Anti (f)— An (f) = Do Arf Gr), 


r=1 


where 
ee. gee 
n(n—1) n(n+1) 
Further, 
1 n—-1 
Anti (f) — An (f) = f (=) ar pe (yr). 
r=1 
where 
_ 2a=1= 37] 
a 3n(n+1) ~ 


If f is also nonnegative, then for n > 3, 
Ans f)— An 2 F(=-)+ 4 (4 
a eee NS 81(n+3))° 
The theorem is proved by using the identity 
n n—1 
n—1 r r 
An = = = 
=f rt+1 r pee r r 
2) : I (4)-7 8) 


r=1 


and by using the basic Jensen’s inequality (2) for superquadratic functions, taking 
into account that 
r+1 or n—-r 


n+1 on ntn+l) 


Theorem 4.2. If f is superquadratic on [0,1], then forn > 2, 


Bri (f)— Bn f) = Arf er), 


r=1 
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where 


- 2r _ on-r 
n(n+1) 


y= 


Further 
1 n 
Ba B(N= f(s) + Daf On. 
r=1 
where y, = |2n+ 1 —3r|/(3n(n—1)) the opposite inequalities hold if f is 


subquadratic. 
If f is also nonnegative, then for n > 2, 


By (f)— Bu (f) = f (=) +¢(z). 


The proof uses the identity 


A, = (n + 1) [Bn-1 (f) — Br ()] 
=f (S)-7 (OE (4)- 
a2 n—-1 n ae n—-1 n 


We now formulate generalized versions of the earlier results in which f(r/n) is 
replaced by f(a; /a,) and 1/(n+41) is replaced by 1/c,+1, under suitable conditions 
on the sequences (a,,) and (c,). 


Theorem 4.3. Let (ay)n>1 and (Cn)n>0 be sequences such that a, > 0 and c, > 0 
forn = land 

(Al) co = 0 and Cy is increasing, 

(A2) Cn+1— Cy is decreasing forn = 0, 

(A3) Cn(Gn+1/Gn — 1) is decreasing for n > 1. 


Given a function f, let 


n—-1 
Ay fs(tn) (6n)] = An (1) = —— Yo (Z). 


Cn-1 r=1 


Suppose that f is superquadratic and nonnegative. Then 


Anti (f) = An (f) = = 


n—-1 


1 
Was Deere s( 


a; a; 


). 


an aAn+1 
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Theorem 4.4. Let (a;,),59 and (Cn), 9 be sequences such that a, > 0 and c, > 0 
forn = land ; 7 

(B1) co = 0 and Cy is increasing, 

(B2) Cy — Cy—1 is increasing forn = 1, 

(B3) Cy (1 — Gn—1/an) is increasing forn > 1, 

(B4) either ay = 0 or (ay) is increasing. 


Given a function f, let 


Bn Lf (an). (Cn)] = Bn (f) = 


yi (ez). #21 


Cn+1 7=0 
Suppose that f is superquadratic and nonnegative. Then 


— a1 


n—-1 
Bn-1 (f) ~~ B, (7)2 2 > Cr f(|@ 


CnCn+1 r=i 


) 


an-1 


n—-1 


YS Gn of (| 


r=1 


rae ae al 


4.2. Bohr’s Inequality 
An inequality of Bohr states: for any z,w € C and for any p,q > 1 with 7 + ; =1 


Ize+ wl? < plz? +¢|wl? 


holds with equality iff w = (p — 1) z. 

This inequality has many extensions and generalizations. 

In [13] Bohr’s theorem is extended for z, w € R4 by replacing the power 2 with 
powers r > 2 and with powers 1 <r <2: 


Theorem 4.5. For any A, B € Rx and for any p,q € R with 5 + ; =i, 
(i) Forr >2 and1< p <2 (q => 2) we get the inequality: 


pIAl +4 |Bl >= 5 “\(p-1) A+B)" tos =|B-AlD 7) 
and for q, 1 <q <2 (p = 2) we get that 
p\Al’ +q|Bl’ = — 1B + |B—Al|" — (28) 


_ 
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equality holds in (27) and (28) whenr > 2 if p = q = 2and A = B. 
Moreover, if r = 2 equality holds in (27) and (28) if p = q = 2, which is the 
parallelogram law. 

Gi) Forl<r<2,ifp>2(1 <q < 2), we get that 


ie r 1 r 1 r 
PIAy a | 5) So KP Ar ek 263 fal 
and analogously if 1 < p < 2 (q = 2) 
r r 1 a 1 r 
pIAl +41BI < lA + G- 1 BI + 1B Al. 


For p=q=2,1 <r <2 we get that 
|A+ BI’ <2" (|Al’ + [Bl) S|A+ B/ + |B- Al’ 


which we may consider as an extension of the parallelogram law. 
Qi) For r =2if1 < p <2 (q = 2) we get that 


|(p — 1) A+B)? +|B-aA)’ < p|A|’ +9 |B)? < |A+ (q-D B/? +|B-A/’, 
andif2< p (l<q <2) 


|A+ (q-1) B? +|B-A/? < p|A? +q |B? < \(p-1) 4+ BP +|B- AP. 


4.3 On Exponential Convexity and Cauchy’s Means 


New Cauchy type means related to superquadracity are dealt with in [17,20,21,23]. 
These means are obtained by applying the so-called exp-convex method established 
in [24,34]. Here we demonstrate only Cauchy means discussed in [21]. 

The definition of exponential convexity is: 


Definition 4.1. A function g : (a,b) — R is said to be exponentially convex if it 
is continuous and 


m 


~~ UjU; P(X; +x;) = 0 


ij=l 


holds for all m € N and all choices u; € R,i = 1,2,...,m and x; € (a,b) such 
that x; +x; € (a,b), 1 <i,j <m. 
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If g : (a,b) — Ry, is an exponentially convex function, then g is also 
log-convex, that is, log g is convex. 

It is easy to verify that if g : (a,b) — Rx is a log-convex function, then for any 
X1,X2, V1, 2, € (a,b) such that x; < yy, X2 < yo, x1 # Xo, vy) F Yo the following 


is valid: 
Coa a Co 
g (x1) ~ leo 


Let L be a linear class of continuous functions g : [0,b) > R. Let f : [a, B] > 
(0, b) be continuous and monotonic and A : [a, B] > R be either continuous or of 
bounded variation satisfying A (aw) < A (x) < A (B). We define the functional y on 
Lby 


B 
to = xara | [pO - 9 (|f0-7])] AO - oA). 


Qa 


where 


a 1 B 
f= wool f(dr(t). 


In the discrete case we define the functional A on L by 
1 n = _ 
Ay = 5 D4 lei) — ols — FD] - 9 &), 
" j=l 
where x € (0, 5)” is a monotonic n—tuple, a is a real n—tuple satisfying 0 < A; = 
J n 
Yo aj < An, j =1,...,n, An > Oand ¥ = + > aix;. 


i=1 


i=1 
Let s € Ry. We define the superquadratic function y, : [0,b) > R by 


sxe* —e* 4] 


3 
Was, 9 
Applying the functional y to W, we have 


: ; R R fl) aa Rs (f 0 
slimparw [, (%O)- RUF -Th) HO -RG)]. 8 40. 


Xs a 


1 1 B ‘ ae ii 7 
| amoral (/ 9-17) -T) Re) -F s=0, 
(29) 
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where we denote ®,(x) = sxe** —e* + 1. 
Analogously, applying the functional A to y,, we have 


1 1 n 
| foe ets Ran —sp)-8.09], s#0, 
i=1 


Ay = (30) 


5| a dpa —30)-¥)]. s=0. 


For Yy, and Ay, we get 
Theorem 4.6. Let xy, and Ay, be defined as in (29) and in (30). Then 


(a) The functions s +> xy, ands ++ Ay, are exponentially convex. 
(b) If xy, > 0, and Ay, > 0, the functions s +> xy, ands +> Ay, are log-convex. 


To see that s +> x,y, is exponentially convex we observe that 


m 


F(x) = D5 uujhp,., @) 


ij=l 
is superadditive and F (0) = 0 and therefore superquadratic, hence 


m 


XF = > UU; X pis; (x) > 0. 


ij=l 


The same type of results we get when we define the superquadratic function ¢, : 
[0,b) > R,s € Ry by 


x! 


—, s #2, 
ja=2 = (31) 


ey 2 
—logx, s=2, 
x log 


with the convention 0 log 0 := 0. 
Applying the functional y to ¢; we have 


: [ro -1eya0-F ee 
s@—D | AB)—A@) Ja 


Xds = 


1 1 B a 
3 Lia aes ee (#7 log f()- 2 log |21) dA(t) — fF log 7| .s=2, 
(32) 


where 9 = f(t) — ff. 
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Similarly, if we apply the functional A to ¢;, we have 


5|/t ya (x! = |D)') -»'. s#2, 


As, = (33) 
1] 1 
= 3 ) di (x? log x; - D* log |D]) - 3 , f= 2, 
i=l 


where D = x; —X. 
From this we get the next theorem which can be proved in a similar way as 
Theorem 4.6. 


Theorem 4.7. Let xy, and Ag, be defined as in (32) and (33). Then 


(a) The functions s +> xg, and s +> Ag, are exponentially convex. 
(b) If x4, > 0, and Ag, > 0 the functions s > xg, and s +> Ag, are log-convex. 


Theorem 4.7 enables us to define new means. If we choose g = ¢; and w = ¢@,, 
wherer,s € Ry,r #5,r,s 4 2, then we have 


1 


min f(t) < (Z#)"" < < max f(t). 
Xo, 


a<t<p a<t<p 


We denote the new means by 


1 


M,,(f 3A) = Ea” , 


For r,s € R+ we can extend this mean as follows: 


1 


s—r 


rr = 2)( spas Se FO — aA) - F) 


M,,(f34) = exp 3 = 
(8 = 2) (spre LU - 121A) - 7’) 


forr #8 (r,s 4 2); 


rote Je (f'() log f(O) = |OV log |Q)ada(t) — Flog F¥ — 2 —2 


M,.,(f34) = oo ). | 
me UO - |Q|")da(r) — f =D) 


for r ~ 2; and 


2,2 = x B h(a lo t 2 2 aa 


2 (sxppbrar JE (12) log #7 log |O)dA(t)—F'logF) 2) 


where O = f (t)— ff. 
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These means satisfy: 


Theorem 4.8. Letr,s,u,v € Ry such thatr <u, s <v,r #5,u 4 v. Then 
M,7(f3A) < Moul(f3A). 


This follows from the log-convexity of s +> yg,. Then, for any r,s,u,v € R41, 
such thatr <u,s <v,r #5,u #4 v, we have 


ei. 


pulls, 

xX s =r. Xx i U—-u 

M;,(f3A) = ( : ) = (2) = Myul(f 3A). 
X¢r Xbu 


In the discrete case we use for the new means the notation 


1 
My + (%; a) = (<*) ’ 


and for r,s € R we define the Cauchy type means 


r(r=2) (4 bai (x? — |D\*) -x) 
M,,-(x;a) = = , r#s, rs 42, 


n 


s(s — 2) (4 i a; (x? —|D|") - *") 


i= 


+ & a; (x? log x;-|D|" log |D|) —x" log ¥ 
¢ 2r—2 

u ‘ Ae r(r—2 
td a (xf-1D/) -¥ vena) 


mes 
i=l 


 FF2, 


M,., (x; a)= exp 


+ ¥ a; (x) log? x; — D? log? |D|) — X* log? ¥ ; 
"i=l 


Mo 2(x; a) = exp = — 
2 (4 > a; (x? log x; — D? log |D|) — x? log ®) 
"j=l 


where ‘D =x; — X. 
We can easily check that these means are also symmetric and the special cases 
are limits of the general case. 


4.4 Fejer and Hermite—Hadamard Type Inequalities 


In [12] Fejer and Hermite-Hadamard type inequalities for superquadratic functions 
were discussed. Here are two results presented in [12]: 
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Theorem 4.9. Let f be a superquadratic integrable function on |a,b]| and let p 
be nonnegative integrable and symmetric about x = (a+ b)/2,0 <a < b. Let 
P (t) be 


b 
piy= fi f(x +a-0S*) peo ar, te [0,1], 


and let Q (t) be 


then forO<s<t<1,t>0, 


b 
pos Pa-f F*r(a-9([*-s])) poo av 


ae er a+b 
-| 7 f (e+ (| -x|)) poo dx. 


And, if0 <5 <t <1, we get that 
b (1 — 4) |2x —a—b| + 44 (b-a) 


(1—t)|2x -a—b|+t(b-a) 


a()- 0 <- [ 


x f (Fi e-a-la+b-290) poo dx 


[ 3 (b-a—|a+b—2x\|) 
q (l—t)|2x-a—b|+t(b-a) 


x ¢((1-*) ax-a-51+ S* @- a) poo dx. 


4.5 Refinements of Some Classical Inequalities 


In [26] the authors obtained a sequence of inequalities for superquadratic functions. 
Especially, when the superquadratic function is also increasing and therefore 
convex, then refinements of classical known results are obtained. 
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Here we demonstrate two of their results. In Theorem 2.1 there, a converse of 
Jensen’s inequality for superquadratic functions is proved: 


Theorem 4.10. Let (2, A, 1) be a measure space with 0 < (82) < co and let 
be a superquadratic function. If f : 2 C |m, «] — [0, co) is such that f,po f € 
L, (2), then we have 


a, F-m 
mp [ Wel ant a < 9m + Fo), 
where f = meh! and 
— fu - fo(f—m)+(f—m)g(M — fy d 
Sar ile y y jis 


In [26, Theorem 4], the integral version of the reversal of Jensen’s inequality is 
proved: 


Theorem 4.11. Let (2, A, 1) be a measure space with 0 < fu (2) < 00 and let g 
be a superquadratic function. If p, g : 82 — [0, 0) are functions and a,u € [0, 00) 
are real numbers such that 


Jo PS Am 
i, pde 


p. ps. po (8). po ( -g))e nw, 0<f pay <u, 


and ua — {4 pg du = 0, then 


(“ —fo eet) ~ HP (a) — Jo PY (8) du 


+ Ary, 
u—fo pd u— fo pay 


where 


d 
Jo P&IM ) es 


1 
Ary = Saal! po ( 
u—fopduLte 


Jo PAM 
(fee) °(( Boa 4) 


toa“) 


Jo pau 


+ («- f pen) o( ee 
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Green’s Operator and Differential Forms 


Shusen Ding and Yuming Xing 


Dedicated to Professor Hari M. Srivastava 


Abstract The purpose of this paper is to present an up-to-date account of the 
advances made in the study of L” theory of Green’s operator applied to differential 
forms. 


1 Introduction 


We all know that Green’s operator G is one of key operators which are widely 
studied and used in several areas, including analysis and PDEs. For example, 
Green’s operator is often applied to study the solutions of various differential 
equations and to define Poisson’s equation for differential forms. Much progress has 
been made during recent years in the study of Green’s operator G and some other 
related operators, such as the Laplacian operator A and the harmonic projection 
operator H; see [1,2,4,7,20, 23, 26,27]. Differential forms have become invaluable 
tools for many fields of sciences and engineering, including theoretical physics, 
general relativity, potential theory, and electromagnetism. They can be used to 
describe various systems of PDEs and to express different geometric structures 
on manifolds. In many situations, the process to study solutions of PDEs involves 
estimating the various norms of the operators. The purpose of this paper is to present 
an up-to-date account of the progress made in investigation of L” theory of Green’s 
operator and the related compositions that are applied to differential forms. 
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We keep using the traditional notation. Let 2 be a bounded domain in R", n > 2, 
B and oB be the balls with the same center and diam (oB) = o diam(B). We do 
not distinguish the balls from cubes, throughout this paper. We use | E | to denote the 
n-dimensional Lebesgue measure of a set E C R"”. For a function u, the average 
of u over B is expressed by ug = ral f , Udx. All integrals involved in this paper 


are the Lebesgue integrals. We say w is a weight if w € L/,,(R”) and w > Oae. 


Differential forms are extensions of differentiable functions in R”. For example, the 


function u(x), X2,...,Xn) is called a 0-form. A differential 1-form u(x) in R” can be 
expressed as u(x) = ee 1 Ui(X1,X2,...,Xn)dx;, where the coefficient functions 
Uj (X1,X2,---,Xn), 1 = 1,2,...,n, are differentiable. Similarly, a differential 


k-form u(x) can be expressed as 


u(x) = > uy (x)dx; = > Uijin...ig (x)dx;, A dXi, Arts A dXi,, 
I 


where J = (ij, i2,...,ix), 1 < ij < ig < +--+ < ix <n; see [2] for more properties 
and applications of differential forms. Let A’ = A! (IR”) be the set of all /-forms in 
R", D'(Q, A!) be the space of all differential /-forms in 2, and L?(Q, A!) be the 
/-forms u(x) = )°, uy (x)dx; in Q satisfying [5 |u|? < co for all ordered /-tuples 
I,l = 1,2,...,n. We express the exterior derivative by d and the Hodge star 
operator by *. The Hodge codifferential operator d* is given by d* = (—1)"/+! » 
dx, l= 1,2,....n.Ifu = isin...ig (X1, X2, eT »Xn)dx;, A dXi, NeW dXi, = 
aydxy, i) < in <-+++ < ix, is a differential k-form, then 


KU = kMiz iy... dX, A AXig Av A dX, = (-1)>a;dxy, 


where I = (i1,i2,...,i%), J = (1,2,...,n}— I, and D1) = 9 4 ij. 
For example, in A! (IR?), we have dx, = (—1)*dx2 A dx3 = dx2 A dx3. We write 

1/s 1/s ‘ 7 
lulls = (fe |u|*) /S and ||u\|s.ow = fe |u|’w(x)dx) / , where w(x) is a weight. 
Let A! Q be the /th exterior power of the cotangent bundle and C™(A!@) be the 
space of smooth /-forms on 92. We set 


WA! Q) = {u €L! 


loc 


(A!Q) : whas generalized gradient}. 


The harmonic /-fields are defined by H(A’) = {u € W(A‘Q): du = d*u = 
0,u € L? for some 1 < p < oo}. The orthogonal complement of FH in L! is 
defined by 


K+ = {ue L!:<u,h >= 0 for allh € FH}. 
Then, the Green’s operator G is defined as G : C®(A'2) > H+ nN C™%(A‘Q) 


by assigning G(u) as the unique element of H+ M C®(A!Q) satisfying Poisson’s 
equation AG(u) = u— HA(u), where H is the harmonic projection operator that 
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maps Cea! §2) onto H, so that H (uw) is the harmonic part of wu. See [2,13,20,23,28] 
for more properties of Green’s operator. For a measurable set E C R" andw € 
D'(E, A‘), the vector-valued differential form 


dw a) 
Vo = vas 
( : , -) 


consists of differential forms fo € D’(E, A‘), where the partial differentiation is 
applied to the coefficients of w. We use W!-? (E, A!) to denote the Sobolev space of 


1-forms which equals L?(A! E) Lia! E) with norm 


lolx = diam (E)'|lollp,z + (Volpe. 


For 0 < p < oo anda weight w(x), the weighted norm of w € W!?(E, A’) over E 
is denoted by 


ollie, w = diam (EY "ollp.zw + Volpe. 
The differential equation d* A(x, dw) = 0 is called the homogeneous A-harmonic 
equation or the A-harmonic equation, and the nonlinear elliptic partial differential 
equation 


d* A(x,dw) = B(x,dw) (1) 


is called the nonhomogeneous A-harmonic equation for differential forms, where 
A:2x~a!(R") > A! (R") and B : 2x! (R") > A'—!(R") satisfy the conditions: 


|A(x, €)| <al&|?", A(x, &)-E > |E/? and |B(x,&)| < bE? (2) 
for almost every x € 9 and all € € A/(R"). Here a,b > 0 are constants and 


1 < p < oo isa fixed exponent associated with (1). A solution to (1) is an element 
of the Sobolev space W,? (@, A'~!) such that 


/ A(x,dw)-dg + B(x,dw)-g =0 
Q 


for all g € W,.?(Q, A'~!) with compact support. Let A : 2 x A/(R") > A/(R") 
be defined by A(x, €) = €|€|?~? with p > 1. Then A satisfies required conditions 
and d* A(x, dw) = 0 becomes the p-harmonic equation 


d*(duldu|’~’) = 0 (3) 


for differential forms. If u is a function (a 0-form), the equation (3) reduces to the 
usual p-harmonic equation div(Vu|V|?~?) = 0 for functions. We should notice that 
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if the operator B = O in (1), then (1) reduces to the homogeneous A-harmonic 
equation. Some results have been obtained in recent years about different versions 
of the A-harmonic equation. In real life applications, we will use differential forms 
that not only depend on the coordinate variable x € R” but also the time variable f. 
For example, when we study a force vector field F, this vector often varies with 
x € R? and the time t. Hence, we need to study differential forms with the time 
variable t. We use 


u(x,t) = 2 u(x, t))dx; = > Uiyin...ig (X,t)AX;, A AX, A+++ A dX; (A) 
I 


to denote the differential k-form with a parameter t, where the coefficients 
Uijin...ig (X, 0) = Wijin...ig (X1,X2,---5Xn,t), LS <n << ip <7, 


are differentiable functions of (x, x2,...,Xn,t). We always assume that t € [0, 00) 
is a parameter. For differential forms with a parameter ¢, the nonhomogeneous 
A-harmonic equation (1) becomes the parametric A-harmonic equation 


d* A(x, du(x,t)) = B(x, u(x, t)), (5) 


which can be considered as the generalized heat or diffusion equation. 


2 The L?-Estimates for Green’s Operator 


The purpose of this section is to present L? norm inequalities for Green’s operator 
and the Laplace-Beltrami operator A = dd* + d*d applied to differential 
forms. The Laplace-Beltrami operator and Green’s operator play an important 
role in many fields, including partial differential equations, harmonic analysis, and 
quasiconformal mappings. The following series basic L? norm inequalities were 
established in [7]. 


Theorem 2.1. Let u € C®(A‘Q), 1 = 0,1,...,n, and 1 < s < oo. Then, there 
exists a constant C, independent of u, such that 


|A(G@)) Ils. < Clulls.u- (6) 


Theorem 2.2. Let u € C®(A’Q), 1 = 0,1,...,n. Assume that 1 < s < 00. Then, 
there exists a constant C, independent of u, such that 


||G(Au)||s,u < C lulls. (7) 
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Theorem 2.3. Let u ¢ C®(A'Q),1 = 0,1,...,n. If 1 < s < 00, then there exists 
a constant C, independent of u, such that 


I(G@))plls.o < Clulls.p (8) 
for any convex and bounded D with D C &2. 


Corollary 2.4. Letu € C®(A'2), 1 =0,1,...,2. Assume that 1 < s < oo. Then, 
for any convex and bounded D with D C Q, there exists a constant C, independent 
of u, such that 


|G) — (GM))dlls.0 < C|GW — ells, (9) 


for any closed form c and 


|G@) — (GW))plls.0 < Cllulls.o- (10) 
The following inequality (11) is considered as an analogue of the Poincaré 
inequality for Green’s operator. 


Theorem 2.5. Let u € CRUD), 1 =0,1,...,n. Assume that 1 < s < oo. Then, 
there exists a constant C, independent of u, such that 


|G(u) — (G(u))alls,8 < C diam (B)||du||s,2 (1) 


for all balls B with B CQ. 


Using Theorem 2.5, the following Sobolev-Poincaré imbedding theorem about 
Green’s operator G applied to a differential form u was also obtained in [7]. 


Theorem 2.6. Let u € C®(A'Q), 1 = 0,1,...,n. Assume that 1 < s < 00. Then, 
there exists a constant C, independent of u, such that 


IG) — (GW)allwisay < Clldulls.s (12) 
forall balls B with B CQ. 


The study of different versions of the A-harmonic equation for differential 
forms has developed rapidly in recent years. Many interesting results related to the 
A-harmonic equations have been established recently; see [3, 8, 10-12, 14, 16, 18, 
22, 25]. Next, we present the weighted norm inequalities for the solutions to the 
nonhomogeneous A-harmonic equation 


A(x,g+du)=h+d*v (13) 


for differential forms, where g,h € D'(Q, A!) and A: QxA'R" > /A'R") satisfies 
the following conditions: 


|A(x,&)| <alé|?"' and < A(x, &),€ > = I&|? (14) 
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for almost every x € @ and all € € A/(IR"). Here a > 0 is aconstant and 1 < p < 
oo is a fixed exponent associated with (13). 


Definition 2.7. We call u and v a pair of conjugate A-harmonic tensor in {2 if u and 
v satisfy the conjugate A-harmonic equation 


A(x,du) = d*v (15) 


in §2. Similarly, we call u an A-harmonic tensor in {2 if u satisfies the A-harmonic 
equation 


d* A(x, du) = 0. (16) 


Note that du = d*v is an analogue of a Cauchy-Riemann system in R”. 
A differential /-form u € D/(Q@, A’) is called a closed form if du = 0 in Q. 
Similarly, a differential / + 1-form v € D’(2,A!*') is called a coclosed form 
if d*v = 0. For example, du = d*v is an analogue of a Cauchy-Riemann system 
in R”. Clearly, the A-harmonic equation is not affected by adding a closed form to 
u and coclosed form to v. Therefore, any type of estimates between u and v must be 
modulo such forms. Throughout this paper, we always assume that ' + 3 = 1; 


Definition 2.8. A weight w(x) is called an A,(F)-weight for some r > 1 ona 
subset E C R” and write w € A,(E), if w(x) > Oae., and 


1 1/(r-1) (1) 
wp (= | nds.) af (<) dx < 00 
B \|BI Je |B| Je \w 


for any ball B C E. 


See [2] for properties of A,(E)-weights. We will need the following generalized 
Holder’s inequality. 


Theorem 2.9. Let u € CPU 2) 1 =1,2,...,n, bean A-harmonic tensor in 92. 
Assume that p > 1,1 <s < ©«, andw € A,(Q) for some r > 1. Then, there exists 
a constant C, independent of u, such that 


|G (Au) ||s,B.we = C |u| |s,oB,0 (17) 


for any ball B C 92 and any real number a withO <a < 1. 


Theorem 2.10. Let u € C®(A’Q), 1 = 1,2,...,n, be an A-harmonic tensor in 
2. Assume that p > 1, 1 < s < ow, andw € A,(Q) for some r > 1. Then, there 
exists a constant C, independent of u, such that 


| A(G(u)) |Is.B.we = C lulls, pB.we (18) 


for any ball B C 92 and any real number a with0 <a < 1. 
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Combining Theorems 2.9 and 2.10, we have the following A,({2)-weighted 
inequality. 


Corollary 2.11. Let u € C%(A‘Q), 1 = 1,2,...,n, be an A-harmonic tensor 
in 2. Assume that p > 1, 1 < s < 00, andw € A,(Q2) for some r > 1. Then, there 
exists a constant C, independent of u, such that 


| A(G(u)) + G(Au)||s.Bwe < C Il lls pB we (19) 


for any ball B C 92 and any real number a withO0 <a <1. 


The following theorem is called A,(S2)-weighted Sobolev-Poincaré imbedding 
theorem for Green’s operator G. 


Theorem 2.12. Let G(u) € C®(A'Q), | = 1,2,...,n, be an A-harmonic tensor 
in 82. Assume that p > 1, 1 < s < co, andw € A,(&2) for some r > 1. Then, there 
exists a constant C, independent of u, such that 


|G) — (G@)allwis(ayw < C|ldulls paw (20) 
for all balls B with pB CQ. 
Corollary 2.13. Let u € CA‘), 1 = 1,2,...,n, be an A-harmonic tensor 
in 82. Assume that p > 1, 1 < s < co, andw € A,(&2) for some r > 1. Then, there 
exists a constant C, independent of u, such that 
I (G(u))B Ils. Bawe < Ci Ile |s,oB,we ry (21) 
|G(u) > (G(u)) Blls,B.w« < C2|[U | soB.we (22) 


for all balls B with pB C Q and any real number a with 0 < a < 1. 


Theorem 2.14. Let u ¢ C®(A’~!Q), 1 = 1,2,...,n, andv € C®(A'*!Q), 1 = 
0,1,2,...,—1, bea pair of solutions to the conjugate A-harmonic equation (15) 
in Q. Then, there exists a constant C, independent of u and v, such that 


\|G(du) — (G(du))p |. p < Clld* uli p (23) 
for any convex and bounded domain D with D C Q. 


We have the following global Sobolev-Poincaré-type imbedding theorem for 
Green’s operator. 


Theorem 2.15. Let u € C®(A’“!Q), 1 = 1,2,...,n, and v € C®(a't!Q), 
1=0,1,2,...,n—1, bea pair of solutions to the conjugate A-harmonic equation 
(15) in Q. Then, there exists a constant C, independent of u and v, such that 


IG@) — (GW) ollyircp) S Cla" Ullg. 


for any bounded domain D with D C Q. 
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Theorem 2.16. Let u € C®(A‘~'Q), 1 = 1,2,...,n, andv € C®(A'*'!Q), 
1=0,1,2,...,n—1, bea pair of solutions to the conjugate A-harmonic equation 
(15) in Q. Then, there exists a constant C, independent of u and v, such that 


I|G(d*v) — (G(d*v))ollp.p = Clldull.p 


for any bounded domain D with D CQ. 


3 Lipschitz and BMO Norm Inequalities 


In this section, we will study the Lipschitz norm and BMO norm inequalities for 
Green’s operator applied to differential forms. Throughout this section, we always 
assume that VM C R” is a bounded domain. Let w € i (M, MS), 1=0,1,...,n. 
We write w € locLip,(M, A'),0<k <1, if 


—(n+k)/n 


[|| toctip,.m = sup |Q| Ilo — welli.g < c% (24) 
oQCM 


for some o > 1. Further, we write Lip, (M, A!) for those forms whose coefficients 
are in the usual Lipschitz space with exponent k and write ||@||zip,, for this norm. 
Similarly, for € L!,(M, A‘), 1 =0,1,...,n, we write o € BMO(M, a’) if 


loc 


loll. = sup |O|~'|lo—aellio < c (25) 
oQCM 


for some o > 1. When @ is a 0-form, (25) reduces to the classical definition of 
BMO(M). 

The following four lemmas are used in [27] to prove the Lipschitz and BMO 
norm inequalities. 


Lemma 3.1. Let u € D'(M, A’) be a solution to the nonhomogeneous A-harmonic 
equation (1) in M ando > 1 be a constant. Then there exists a constant C, 
independent of u, such that 


dull pp <C diam (B)"!||u— Cll pos 


for all balls or cubes B with oB C M and all closed forms c. Here 1 < p < ©. 


Lemma 3.2. Let u be a smooth differential form satisfying the nonhomogeneous 
A-harmonic equation in M, 0 > 1 and 0 < s,t < ow. Then there exists a constant 
C, independent of u, such that 


llells.e < C|BI Jullsos 


for all balls or cubes B withoB Cc M. 
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Lemma 3.3. Let 0 < a < 00,0 < B <~w,ands"!'=a!+ 61. If f and gare 
measurable functions on R", then || fg |ls,e<\l f lle * ll g \lp.e for any E CR". 


Using the same method developed in the proof of Propositions 5.15 and 5.17 in 
[20], we can prove that for any closed ball B = B U dB, we have 


|\dd*G(u)||,.¢ + ld*dG@)|, 3 + ldGW||,3 + l2* EMI, 3 + IGM, 
< C(s)|lull, z- 


Note that for any Lebesgue measurable function f defined on a Lebesgue measur- 
able set E with |E| = 0, we have f,, fdx = 0. Thus, ||u|ls,9g = 0 and 


||\dd*G(u)||s,a8 + |]d*dG(u)||s,a8 + |dGW)||s,a8 + 1d" G()|l5,a8 + |G @)||s,a8 = 0 
since |dB| = 0. Therefore, we obtain 


|dd*GW)|ls,B + ]d*dGWI|ls,8 + ldGO)|ls.B + lld*GWw)|ls.uB + IIGWlls.2 
= |\dd*GW)||, 3 + ld*dG@|l, gz + dG, g + lld* GOI, g + IG, z 


< C(s)|lull,g = C(s)llalls.a- 
Hence, we have the following lemma. 


Lemma 3.4 ([27]). Let u be a smooth differential form defined in M and 1 <s < 
oo. Then, there exists a positive constant C = C(s), independent of u, such that 


|dd*Gw)lls.6 + ]d*dGW)ls.B + lldGW|ls.2 + lld*G@)|Is.ma + EMI|s.2 
S C(s)|ulls.z 
for any ball B CM. 


Lemma 3.5 ((27]). Let du € L‘(M, A!) be a smooth form and G be Green’s 
operator, | = 1,...,n, and 1 < s < oo. Then, there exists a constant C, 
independent of u, such that 


|G(u) — (G(u))alls.8 < C|B| diam (B)||dul.,2 (26) 
forall balls B Cc M. 


We first obtained Lemma 3.5 in [27]. Then, using Lemma 3.5, we proved the 
following inequality for Green’s operator with Lipschitz norm. 


Theorem 3.6. Let du € L*(M, A’), 1=1,2,...,n,1<s < cw, bea smooth form 
in a domain M. Then, there exists a constant C, independent of u, such that 


|G(u) || toctip,.m < Clldulls.u. (27) 


where k is a constant withO < k < 1. 
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We also proved the following norm comparison theorem between the Lipschitz 
norm and the BMO norm in [27]. 


Theorem 3.7. Let u € L‘,.(M, A’), 1 = 1,2,...,1, 1 < 8 < 0, bea solution of 
the A-harmonic equation (1) in a bounded domain M and G be Green’s operator. 


Then, there exists a constant C, independent of u, such that 
|G(u) |loctip,.m < C|lull.m. (28) 


where k is a constant withO < k < 1. 


We have presented some estimates for the Lipschitz norm || - || joctip,,m- Next, 
present the following inequality between the BMO norm and the Lipschitz norm 
for Green’s operator. 


Theorem 3.8. Let u ¢ L°(M, a’), 1 = 1,2,...,n, 1 < s < 00, be a smooth form 
in a bounded, convex domain M and G be Green’s operator. Then, there exists a 
constant C, independent of u, such that 


|G (w) || «a < Cc |G (u)|| locLip;,,M - (29) 


Next theorem says that we estimate BMO norm || - ||,,11 of Green’s operator in 
terms of L* norm. 


Theorem 3.9, Let du € L*(M, A’), 1=1,2,...,n,1<s < cw, bea smooth form 
in a bounded, convex domain M and G be Green’s operator. Then, there exists a 
constant C, independent of u, such that 


IG@Il..u < Cl|ldullsa. (30) 


Based on the above results, we discuss the weighted Lipschitz and BMO norms. 
For @ € (oe (M, A!,w), 1 = 0,1,...,n, we write w € locLip,(M, A!,w), 0< 
k <1,if 


I|o|| locLip,,.M.w = sup (CQ) ew — WO Il1.0.0 <C (31) 
o0C 


for some o > 1, where M is a bounded domain, the measure ju is defined by du = 
w(x)dx, and w is a weight. For convenience, we write the following simple notation 
locLip,(M, A!) for locLip,(M, A’,w). Similarly, for @ € L\,.(M,A‘,w), 1 = 
0,1,...,n, we will write o € BMO(M, A’, w) if 


lOllsaw = sup (4(Q))'|]@ — wo lhi.ow <0 (32) 
oQCM 
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for some o > 1, where the measure jz is defined by du = w(x)dx, w is a 
weight, and @ is a real number. Again, we shall write BMO(M, A‘) to replace 
BMO(M, Al, w) when it is clear that the integral is weighted. 

We say a pair of weights (w;(x), w2(x)) satisfies the A,,(£)-condition in a set 
EC R" and write (w; (x), w2(x)) € A, (E), for some A > 1 and 1 <r < co with 
1/r+1/r’ = 1if 


Gao)” fee)” ny 
su ee w x —— w,’ dx < oO. 
pee NIB Je [BI] Je? 


The following version of weak reverse Hélder inequality appeared in [12]. 


Lemma 3.10. Suppose that u is a solution to the nonhomogeneous A-harmonic 
equation (1) in M, o > 1 and p,q > 0. There exists a constant C, depending only 
ono, n, p, a, b, and q, such that \|dul|p,9 < C\Q\%?/"4||dullg.co for all Q with 
oOCM. 


Using the Hélder inequality and Lemma 3.10, we extend inequality (26) into the 
following weighted version. 


|G) — (G@))alls.B.0, S C|B| diam (B)||du||s,08.0. (34) 


for all balls B with oB C M, where (wi(x), w2(x)) € A;,~(M) for some A > 1, 
1l<r<oando>l. 


Theorem 3.11. Let du € L°(M,A!,v), 1 = 1,2,...,n, 1 < s < ©, bea solution 
of the nonhomogeneous A-harmonic equation in a bounded, convex domain M and 
G be Green’s operator, where the measure tt and v are defined by du = widx, 
dv = wodx and (w(x), w2(x)) € Ara(M) for some A > 1 and 1 <r < oo with 
wi(x) => € > O for any x € M. Then, there exists a constant C, independent of u, 
such that 


|G (u)|| locLip ,,M,w1 S Cc |Z lls aw (35) 


where k is a constant withO < k < 1. 
We now estimate the || - ||.,.7,,7 norm in terms of the L* norm. 


Theorem 3.12. Let du € L’(M,A!,v), 1 = 1,2,...,n, 1 < s < 06, bea solution 
of the nonhomogeneous A-harmonic equation in a bounded domain M and G be 
Green’s operator, where the measures jt and v are defined by du = w\dx, dv = 
w2dx and (wi(x),w2(x)) € A,a(M) for some X > 1 and1< r < © with 
wi(x) > € > 0 for any x € M. Then, there exists a constant C, independent of u, 
such that 


|G (w) || «atv, < C|ldulls,uww- (36) 


408 S. Ding and Y. Xing 


As applications, we display some estimates for the Jacobian J(x, f) of a 
mapping f : 2 > R", f = (f',..., f”). We know that the Jacobian J(x, f) 
of a mapping f is an n-form, specifically, J(x, f)dx = df! A-+.A df", where 
dx = dx; Adxy A+++ A dx,. Let f : QR", f =(f',..., f”) be a mapping, 
whose distributional differential Df = [df'/dx;] : 2 — GL(n) is a locally 
integrable function in M with values in the space GL(n) of all n x n-matrices. 
We use 


1 1 1 1 

Xx Ja X3 °°" SXn 

2 2 2 2 

XI xX2 4X3 °° LXy 
J(x, f) = det Df(x) = 

n n n n 

xy Jx2 JxX3 °°" SXy 


to denote the Jacobian determinant of f. Let u be the subdeterminant of Jacobian 
J(x, f), which is obtained by deleting the / rows and/ columns, / = 0,1,...,n—1, 
that is, 


iy iat ia at 
Xj, Xj2 jg 0° * YX jn] 
in in in in 
Xj, Xj2 jg °° SX jy] 
— . fll iz a 
GS I Oe Kieren Jf ee Y= 
in—l in-l in-l a in-l 
Xj, #j9 *j3 Xin-l 
37) 
which is a subdeterminant of Jacobian J(x, f), here {i,,i2,...,in-1}  C 


{1,2,...,m} and {j1, jo,...,jn—1} C {1,2,...,n}. Also, it is easy to see that 
IR Mishap Reh GT ed a A dX j, Av AdX;,_, 


is an (n — /)-form. Thus, all estimates for differential forms are applicable to the 
(n —1)-form J(xj,,Xj., ---s Xj a3 fis £2, 00 fA dx;, Adxj, A+++ A dx;,_,. 
For example, choosing u = J(x, f)dx and applying Theorems 3.11 and 3.12, we 
have the following Theorems 3.13 and 3.14, respectively. 


Theorem 3.13. Let G(J(x, f)dx) € locLip;,(2,A"), 0 <k < 1, where J(x, f) 
is the Jacobian of the mapping f = (f',..., f") : 2 > R"and Q is a bounded 
domain in R", and G is Green’s operator. Then, G(J(x, f)dx) € BMO(2, A") 
and 


IG, flee < CIGU(, A) Ihoctip,.2+ (38) 


where C is a constant. 
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Theorem 3.14. Let u € L’(M,A"~',v), 1 < s < 0, be the (n — 1)-form defined 
by (37), 1 =1,2,...,n—1, and G be Green’s operator, where the measures 4 and 
v are defined by dit = w idx, dv = w2dx and (w,(x), w2(x)) € Aya (M) for some 
A> 1and1 <r < w with w\(x) => e > 0 for any x € M. Then, there exists a 
constant C, independent of u, such that 


|G (uv) || locLip ,,.M,w1 S Cc |Z lls Mawr 


where k is a constant withO < k <1. 


Applying Theorem 3.12 to the (n—/)-form defined in (37), we have the following 
result. 


Theorem 3.15. Let G be Green’s operator and du € L*‘(M, Somnus F l= 
1,2,.....-—1, 1 < s < @, where u is the (n — 1)-form defined by (37) in a 
bounded, convex domain M. Then, there exists a constant C, independent of u, such 
that 


GW) au < Clldullsu- 


4 Inequalities with L’ (log L)* Norms 


A continuously increasing function g : [0,00) — [0,0o) with g(0) = 0 and 
(oo) = o is called an Orlicz function. The Orlicz space L’({2) consists of all 
measurable functions f on 2 such that 


[+ (2) dx <0 (39) 


for some k = k(f) > 0. L®(S2) is equipped with the nonlinear Luxemburg 
functional 

fl 
k 


1 
Illy =int > 0: fof Jas <1 (40) 


A convex Orlicz function @ is often called a Young function. A special useful Young 
function g : [0,c0) — [0,00), termed an N-function, is a continuous Young 
function such that g(x) = 0 if and only if x = 0 and lim, g(x)/x = 0, 
limy—+o0 g(x)/x = +00. If g is a Young function, then || - ||, defines a norm 
in L?(§2), which is called the Luxemburg norm. If g is a Young function, then 
|| - || defines a norm in L?(2), which is called the Luxemburg norm. The Orlicz 
space LY (2) with y(t) = t? log*(e +t/c) will be denoted by L? (log L)*(2) and 
the corresponding norm will be denoted by || f'||z>qog z)2(@), Where 1 < p < ~, 
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a > 0, andc > 0 are constants. The spaces L? (log L)°(Q) and L! (log L)!(Q) are 
usually referred to as L?(S2) and L log L(2), respectively. From [13], we have the 
equivalence 


f| a 
I lereoerycy * ( [sitios (c+ ) ar) at 
: lina 


Similarly, we have 


If MP 
If llureenman ~ (f ifiPlog" (e+ ) au) a 
" lina 


where jz is a measure defined by duu = w(x)dx and w(x) is a weight. In this chapter, 
we simply write 


lf | he 
lf Ile dog L)«(E.we) = (/ | f |?log® (« + ) weds) (43) 
E IF llpe 


and || f ||z7qog 2)e(£) = || f Il Le dog z)e(£,1), Where w is a weight. 
In [4], the authors prove the following three inequalities for Green’s operator 
with L?(logL)* norms. 


Theorem 4.1. Let @ € D'(E,A*) be a solution of the nonhomogeneous 
A-harmonic equation in a domain E C R" and dw € L?(E,A*t!), k = 
0,1,...,n, | < p < o. G is Green’s operator. Then, there is a constant C, 
independent of w, such that 


I|G(@) — (G()) all ze dog L)¢(B) < C|B| diam (B)||d@|| 17 Gog 1)«(oB): (44) 


for all balls B with oB C E and diam(B) > do. Here a > 0 is any constant and 
o > land dy > 0 are some constants. 


Theorem 4.2. Let @ ¢€ D'(E,A*) be a solution of the nonhomogeneous 
A-harmonic equation in a domain EC R" and dw € L?(E,A**!), 
k = 0,1,...,. G is Green’s operator. Assume that 1 < p < oo and 
(w1 (x), W2(x)) € A,(E) for some 1 < r < oc. Then, there is a constant C, 
independent of w, such that 


|G(@) = (G(o))B lL > dog) Bw’) = Cc | B| diam (B)||do|l (45) 


LP (logL)“(oB.w5)" 
for all balls B with oB C E and diam(B) > do. Here a > 0 is any constant and 
o > 1,0 < B < 1 and dy > 0 are some constants. 


Theorem 4.3. Assume G is Green’s operator and 2 C R" is a bounded L® (1)- 
domain with p(t) = t?log* (e + +), where c = \|G(w) — (G@)) gy llp.a, 1 < 
p < ©, and By C & isa fixed ball. Let w € D'(Q,A°) be a solution of the 
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nonhomogeneous A-harmonic equation in 2 and dw € L?(Q,A') as well as 
(w1 (x), W2(x)) € A,() for some 1 <r < oo. Then, there exists a constant C, 
independent of w, such that 


1G() — (GO) all paog2yetouty < C12 diam (2)|\ do (46) 


LP (log L)*(2.wh)’ 


where B is a constant with 0 < B <1. 


5 Inequalities with L? Norms 


In the last section, we present the inequalities for Green’s operator with L? (logL)* 
norms. In this section, we will study the Poincaré-type inequalities with unbounded 
factors for Green’s operator on the solutions of the nonhomogeneous A-harmonic 
equation for differential forms 


d* A(x, du) = B(x, du) 


in R”. Furthermore, we discuss both local and global Poincaré inequalities with L? 
norms (Orlicz norms) for Green’s operator applied to differential forms in L? (m)- 
averaging domains. These results are extensions of L? norm inequalities for Green’s 
operator and can be used to estimate the norms of differential forms or the norms 
of other operators, such as the projection operator. The Poincaré-type inequalities 
have been widely studied and used in PDEs, analysis, and the related areas, and 
different versions of the Poincaré-type inequalities have been established during 
the recent years; see [1,2,4, 12,22]. We all know that Green’s operator is one of 
key operators which are widely used in many areas, such as analysis and PDEs. 
In many situations, we often need to evaluate the integrals with unbounded factors. 
For instance, if the object P; with mass m, is located at the origin and the object 
Py with mass mz is located at (x, y,z) in R*, then Newton’s Law of Gravitation 
states that the magnitude of the gravitational force between two objects P; and P2 
is |F| = mym2G/d?(P,, P2), where d(P,, P2) = x2 + y2 + 2 is the distance 
between P; and Py, and G is the gravitational constant. Hence, we need to deal with 
an integral whenever the integrand contains |F| as a factor and the integral domain 
includes the origin. Moreover, in calculating an electric field, we will evaluate the 
integral 


1 —x 
E(y) = — x)————-dx, 
o) ine |”! Ty =x 


where p(x) is a charge density and x is the integral variable. The integrand is 
unbounded if y € D. This is the motivation to study the Poincaré-type inequalities 
for Green’s operator G with unbounded factors. All results presented in this section 
can be found in [26]. 
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Theorem 5.1. Let du € L‘,.(@,A'), 1 = 1,2,...,n, 1 < 8 < 00, bea solution 
of the nonhomogeneous A-harmonic equation in a bounded domain 92 and G be 


Green’s operator. Then, there exists a constant C , independent of u, such that 


1 1/s 
( [icw- (Gw))al" —— dx) 
B |x — xB| 


1 1/s 
< C(n,s,a,A,2)|B|” (/ du — ds) (47) 
oB 


|x — XB 


for all balls B with oB C 92 and any real numbers a and i witha > 4 = 0, where 
y= 4 — 4 and xz is the center of ball B anda > 1 is a constant. 


ns 


Since 


1 1 
< 
d(x,02) ~ rg —|x| 


for any x € B, where rz is the radius of ball B C 92, using the same method 
developed in the proof of Theorem 5.1, the author proved the following Poincaré- 
type inequality for Green’s operator with unbounded factors in [26]. 


Theorem 5.2. Let du € Li,, (2, A!), 1=1,2,...,n,1<s < o, bea solution of 
the nonhomogeneous A-harmonic equation in a bounded domain 82, G be Green’s 


operator. Then, there exists a constant C, independent of u, such that 


1 1/s 
(/ |G(u) — (GW)al aA) 
1 1/s 
< C(n,5,a,4,2)|B|” (fu ax) (48) 


for all balls B withoB C 2 and any real numbers a and 4 witha > 0 > 0, where 


a— 


y= 4 - —A and xz is the center of ball B and o > 1 is a constant. 


Definition 5.3. A proper subdomain 2 C R" is called a 6-John domain, 6 > 0, if 
there exists a point x9 € §2 which can be joined with any other point x € 2 bya 
continuous curve y C §2 so that 


d(&, 02) > 8|x —§| 
for each € € y. Here d(E, 02) is the Euclidean distance between & and 022. 


Lemma 5.4 ({18] Covering Lemma). Each 92 has a modified Whitney cover of 
cubes V = {Q;} such that 


U;Q; = Q, ~~ X Eo; < Nxa 


QiEV 
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and some N > 1, and if Q; N Q; # Y, then there exists a cube R (this cube need 
not be a member of V) in Q; N Q; such that Q; U Q; C NR. Moreover, if 2 is 
6 -John, then there is a distinguished cube Qo € V which can be connected with 
every cube Q € V bya chain of cubes Qo, Q1,..., Ox = Q from V and such that 
Oc pQ;,i = 0,1,2,...,k, for some p = p(n, 4). 


The following global Poincaré-type inequalities for Green’s operator with 
unbounded factors in John domains were also proved in [26]. 


Theorem 5.5. Let u € D'(Q,A°) be a solution of the nonhomogeneous A- 
harmonic equation (1) and s be a fixed exponent associated with (1). Then, there 
exists a constant C(n, N,s,a,4, Qo, 2), independent of u, such that 


1/s 
(/, ict= GW) oul Famqay *) 


1/s 
< C(n, N,s,0,4, Qo, 2) (/ Jdul'e(s)dx) (49) 
2 


for any bounded 5-John domain 2 C R", where g(x) = Yo; Xo; =i Here a 


and i are constants withO <4 <a <min{n,s+A—n},s+A >n, and the fixed 
cube Qo C 82, the cubes Q; C 92, and the constant N > | appeared in Lemma 5.4; 
XQ, ts the center of Qj. 


Next, we present the global norm inequality in the L’(m)-averaging domains, 
which are extension of John domains and L*-averaging domain; see [2]. 


Definition 5.6 ([5]). We say a Young function @ lies in the class G(p,q,C), 
lep<eg<o,C > Lt@i/e <= of’%)/e@) <= C and @) 
1/C < g(t'/4)/W(t) < C for all t > 0, where @ is a convex increasing function 
and W is a concave increasing function on [0, oo). 


From [5], each of g, ®, and W in above definition is doubling in the sense that its 
values at ¢ and 2¢ are uniformly comparable for all t > 0 and the consequent fact 
that 


Cit? < W(t) < Cot?, Cyt? < O'(g(t)) < Cat’, (50) 


where C, and C) are constants. Also, for all 1 < p) < p < po anda e€ R, 
the function g(t) = ft? log’ ¢ belongs to G(pj, p2,C) for some constant C = 
C(p,, Pi, pr). Here log, (t) is defined by log, (t) = 1 fort < e and log, (t) = 
log(t) for t > e. Particularly, if @ = 0, we see that g(t) = ¢? lies in G(pi, po, C), 
La pes p< px 

We first prove the following generalized Poincaré inequality that will be used to 
establish the global inequality. 


Theorem 5.7. Let y be a Young function in the class G(p,q,C), 1< p<q<o, 
C > 1, Q be a bounded domain and q(n — p) < np. Assume that u € D'(Q, A’) is 
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any differential l-form, 1 = 0,1,...,n —1, and g(|dul) € L},, (@,m). Then, there 
exists a constant C, independent of u, such that 


/ (GQ) —(G@)s)dm<C / (dul) dm (51) 
B B 


for all balls B with B CQ. 


Lemma 5.8. Let u € D'(Q, A‘), 1 = 0,1,...,n —1, be an A-harmonic tensor 
on §2. Assume that p > 1 and 1 < s < oo. Then, there exists a constant C, 
independent of u, such that 


|| AG(u) — (AG(u))a|ls.8 < C diam (B)||duls,p8 (52) 


for any ball B with pB C Q. 


Using Lemma 5.8 and the method developed in the proof of Theorem 5.7, 
the authors also prove the following version of Poincaré-type inequality for the 
composition of A and G. 


Theorem 5.9. Let y be a Young function in the class G(p,q,C), 1 < p <q < ov, 
C > 1, Q be a bounded domain, and q(n— p) < np. Assume that u € D'(Q, A‘) is 
any differential l-form, | = 0,1,...,n —1, and y(|du|) € L},, (2, m). Then, there 
exists a constant C, independent of u, such that 


[ e(acw-cwya)am sc f g (|du|)dm (53) 
B B 


for all balls B with B CQ. 
The following L’(m)-averaging domains can be found in [9]. 


Definition 5.10 ([9]). Let g be an increasing convex function on [0,00) with 
y(0) = 0. We call a proper subdomain {2 Cc R” an L?(m)-averaging domain, if 
m(S2) < oo and there exists a constant C such that 


i olclu—ugdm< C sup | wele= ia) an (54) 
Q BCQJB 


for some ball By C @ and all wu such that g(|u|) € L!,(2,m), where t,o are 


loc 
constants with 0 < tT < 00, 0 < o < oo and the supremum is over all balls B C 2. 


From the above definition we see that L*-averaging domains and L*(m)- 
averaging domains are special L’(m)-averaging domains when g(t) = f° in 
Definition 5.10. Also, uniform domains and John domains are very special L? (m)- 
averaging domains; see [2,9] for more results about domains. 
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Theorem 5.11. Let y be a Young function in the class G(p,q,C), 1 < p<q< 
oo, C > 1, 2 be a bounded L*(m)-averaging domain and q(n — p) < np. Assume 
that u € D'(2,A°) and g(\du|) € L'(2,m). Then, there exists a constant C, 
independent of u, such that 


/ 9 ((G@) — (GW) a) dm <C / g (dul) dm, (55) 
2 2 


where By C 82 is some fixed bail. 


Choosing y(t) = t? log’, ¢ in Theorems 5.11, we obtain the following Poincaré 
inequalities with the L? (log’ L)-norms. 


Corollary 5.12. Let g(t) = t? log t, 1 < py < p < py anda € Rand Q 
be a bounded L* (m)-averaging domain and p2(n — pi) < npi. Assume that u € 
D'(2,A°), p(\du|) € L'(Q,m), Then, there exists a constant C, independent of u, 
such that 


[ Gu) — (GQ) a? log’, (Gu) — (GQ) al) dm < C [ |dul? log’, (|dul) dm, 
(56) 
where Bo C &2 is some fixed ball. 


Note that (56) can be written as the following version with the Luxemburg norm 


|G@) — (GW) Boll erdog4, 22) S C lla ull er dogs, 1)(2) 


provided the conditions in Corollary 5.12 are satisfied. 


6 Actions on Minimizers 


In this section, we discuss both local and global L°-norm inequalities for Green’s 
operator acting on minimizers for functionals defined on differential forms in 
L?-averaging domains. These results are extensions of L?-norm inequalities for 
Green’s operator and can be used to estimate the norms of other operators applied 
to differential forms. 

We say that a differential form u € We (Q, A®) is a k-quasi-minimizer for the 
functional 


12:0) = [ o(ldu)yax (57) 


if and only if, for every g € Wa (2, A‘) with compact support, 


I(suppy;u) < k- I(suppg;u + 9), 
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where k > 1 is aconstant. We say that ¢ satisfies the so-called A2-condition if there 
exists a constant p > 1 such that 


p(2t) < py(t) (58) 


for all tf > 0, from which it follows that p(At) < A? g(t) for any t > 0 andA > 1; 
see [15]. 

The results presented in this section were recently obtained in [1]. We will need 
the following lemma which can be found in [15] or [19]. 


Lemma 6.1. Let f(t) be a nonnegative function defined on the interval [a, b| with 
a > 0. Suppose that for s,t € [a,b] witht < s, 


Sf < 


; ~~ +N + 6f(s) 


holds, where M, N,a and @ are nonnegative constants with @ < 1. Then, there 
exists a constant C = C(a, 0) such that 


M 
ysc(G™ +N) 
t(e (R-p* 
for any p, R € [a,b] with p < R. 


Theorem 6.2. Let u € Wie (2, A°) be ak-quasi-minimizer for the functional (57), 
gy be a Young function in the class G(p,q,C), 1 < p <q < w,C > 1and 
q(n — p) < np, 22 be a bounded domain, and G be Green’s operator. Then, there 
exists a constant C, independent of u, such that 


/ o(|G(u) — (Gu) gl)dx < C / pu eae (59) 
B 2B 


for all balls B = B, with radius r and2B C S82, where c is any closed form. 


Since each of g, ® and W is doubling, from the proof of Theorem 6.2 or directly 
from (50), we have 


|G(u) — (G(u)) | Ju—c| 
fo(Macon Jarec fof Fi )as (60) 


for all balls B with 2B C Q and any constant A > 0. From definition of the 
Luxemburg norm and (60), the following inequality with the Luxemburg norm 


I|G(u) — (GW)) allay < Cllu— ellos) (61) 


holds under the conditions described in Theorem 6.2. 
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Note that in Theorem 6.2, c is any closed form. Hence, we may choose c = 0 in 
Theorem 6.2 and obtain the following version of g-norm inequality which may be 
convenient to be used. 


Corollary 6.3. Let u € Wi (2, A‘) be a k-quasi-minimizer for the functional 
(57), g be a Young function in the class G(p,q,C), 1 < p<q<o,C > land 
q(n — p) < np, 2 be a bounded domain, and G be Green’s operator. Then, there 
exists a constant C, independent of u, such that 


/ y(|G@) — (Gu) pdx <C / g (ul) dx (62) 
B 2B 


for all balls B = B, with radius r and2B C &2. 


Theorem 6.4. Letu € We (2, A°) be ak-quasi-minimizer for the functional (57), 
gy be a Young function in the class G(p,q,C), 1 < p <q < w,C > 1and 
q(n — p) < np, 82 be any bounded L?-averaging Domain, and G be Green’s 
operator. Then, there exists a constant C, independent of u, such that 


/ p(IG@) — GW)aNax <C i o(u—el) dz, (63) 
Q Q 


where Bo C 82 is some fixed ball and c is any closed form. 


We know that any John domain is a special L?-averaging domain. Hence, we 
have the following inequality in John domain. 


Theorem 6.5. Letu € We (2, A°) be ak-quasi-minimizer for the functional (57), 
gy be a Young function in the class G(p,q,C), 1 < p <q < w,C => land 
q(n — p) < np, 9 be any bounded John domain, and G be Green’s operator. Then, 


there exists a constant C, independent of u, such that 


: p(|G(u) — GW) aNax <C / pr ees: (64) 
Q Q 


where Bo C 82 is some fixed ball and c is any closed form. 


Choosing g(t) = t? log®, ¢ in Theorem 6.5, we obtain the following inequalities 
with the L? (log, L)-norms. 


Corollary 6.6. Let u € Wi (2, A°) be a k-quasi-minimizer for the functional 
(57), o(t) = t? log t, a € R, gin — p) < np for 1 < p <q < wandG be 
Green’s operator. Then, there exists a constant C, independent of u, such that 


Sq |G) — (Gu) |? log’. (|G(u) — (G(u)) a) ax 
(65) 
<C fo |u—cl? logs (\u— cl) dx 


for any bounded L® -averaging domain 82, where By C 82 is some fixed ball and c 
is any closed form. 
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We can also write (65) as the following inequality with the Luxemburg norm 


|G) — (GWU) Bolle» dogs, 2.2) SC lu — elle? dog4, 2(2) (66) 


provided the conditions in Corollary 6.6 are satisfied. 
Similar to the local case, we may choose c = 0 in Theorem 6.5 and obtain the 
following version of L?-norm inequality. 


Corollary 6.7. Let u € Wien (2, A°) be a k-quasi-minimizer for the functional 
(57), g be a Young function in the class G(p,q,C), 1 < p<q<w,C 21 
and q(n — p) < np, 2 be any bounded L® -averaging domain, and G be Green’s 
operator. Then, there exists a constant C, independent of u, such that 


/ g(|G(u) — (Gu) a)l)dx < C / o (iu) de, (67) 
2 2 


where By C 82 is some fixed bail. 


It should be noticed that both of the local and global norm inequalities for Green’s 
operator presented in this section can be used to estimate other operators applied to 
a k-quasi-minimizer. Here, we give an example using Theorem 6.5 to estimate the 
projection operator H. Similar to the case of harmonic tensors, we can prove the 
similar result for k-quasi-minimizers. Using the basic Poincaré inequality to AG(u) 
and noticing that d commute with A and G, we can prove the following Lemma 6.8. 


Lemma 6.8. Let u € Wie (2, A‘) be a k-quasi-minimizer for the functional (57). 
Assume that p > 1 and 1 < s < ow. Then, there exists a constant C, independent of 
u, such that 


|| AG(u) — (AG(u)) a|ls,8 < C diam (B)||dulls,oz (68) 


for any ball B with pB C Q. 


Using Lemma 6.8 and the method developed in the proof of Theorem 6.5, we 
can prove the following inequality for the composition of A and G. 


Theorem 6.9. Let u € Wie (2, A°) be ak-quasi-minimizer for the functional (57), 
y be a Young function in the class G(p,q,C), 1 < p <q < w,C = land 
q(n — p) < np, 92 be a bounded domain, and G be Green’s operator. Then, there 


exists a constant C, independent of u, such that 


/ g(|AG(u) — (AG(u)) gl) dx < C / pi=ehas (69) 
B 2B 


for all balls B = B, with radius r and2B C 82, where c is any closed form. 


Now, we are ready to estimate the projection operator applied to a k-quasi- 
minimizer for the functional defined by (57). 
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Theorem 6.10. Let u € wi (2, A°) be a k-quasi-minimizer for the functional 
(57), g be a Young function in the class G(p,q,C), 1 < p<q<o,C > land 
q(n— p) < np, 82 be a bounded domain, and H be projection operator. Then, there 
exists a constant C, independent of u, such that 


/ o(|H(u) — (Hw) pdx < C ‘ g (uel) dx (70) 
B 2B 


for all balls B = B, with radius r and2B C 82, where c is any closed form. 


Remark. (i) We know that the L*-averaging domains and uniform domains are 
the special L’-averaging domains. Thus, Theorems 6.4 also holds if (2 is tan 
L*-averaging domain or uniform domain. (ii) Theorem 6.10 can also be extended 
into the global case in L? (m)-averaging domain. 


7 Compositions with the Maximal Operators 


The main purpose of this section is to present some L*-norm estimates for the 
compositive operators Ml,oG and MioG. Here M, is the Hardy-Littlewood maximal 
operator, Mi is the sharp maximal operator, and G is Green’s operator, applied to 
differential forms. 


For a locally L*-integrable form u(y), the Hardy-Littlewood maximal operator 
M, is defined by 


1 
M;(u) = M,u = Myu(x) = sw (ao 

r>0 | B(x 7) B(x,r) 
where B(x, 7) is the ball of radius r, centered at x, 1 < s < oo. We write M(u) = 
M)(u) if s = 1. Similarly, for a locally L*-integrable form u, we define the sharp 
maximal operator Mi by 


1/s 
“moat'dy) a 


1 
ME(u) = Méu = Mbu(x) = sup (aca 

. r>0 | B(x +f) B(x,r) 
These operators and Green’s operator play an important role in many diverse fields, 
including partial differential equations and analysis. All results presented in this 
section were obtained in [10]. From [21], we know that if u € L°(M, A‘), 1 <s < 
oo, then M(u) € L*(M); specifically, we have the following lemma. 


1/s 
|u(y) = une.) . (72) 


Lemma 7.1. Let u € L*(M, A!), 1=0,1,2,...,n, 1 < s < ©, bea differential 
form in a domain M and M be the Hardy-Littlewood maximal operator defined in 
(1) with s = 1. 


[Mu) [s,m < Cllulls.a (73) 


for some constant C, independent of u. 
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We first introduce the following estimate for the Hardy-Littlkewood maximal 
operator. 


Theorem 7.2. Let M, be the Hardy-Littlewood maximal operator defined in (71) 
andu € L'(M,A'), 1 = 1,2,...,n, 1 < s <t < ©, bea differential form in a 
domain M. Then, M,(u) € L'(M) and 


[Mls () Ile. SC |luellea (74) 


for some constant C, independent of u. 


If we replace u by G(u) in Theorem 7.2 and use Lemma 3.4, we have the 
following estimate for the composition of the Hardy-Littlewood maximal operator 
and Green’s operator. 


Theorem 7.3. Let M, be the Hardy-Littlewood maximal operator defined in (71), 
1<s <t < o, G be Green’s operator, and u € C@(A'M), 1=1,2,...,n, bea 
differential form in a domain M. Then, 


[Ms(G@u)) Im < C|lulli.m (75) 


for some constant C, independent of u. 


We now develop some estimates related to the sharp maximal operator Mi and 
Green’s operator and then study the relationship between || lls.a¢ and ||M ||s.a7- 


Theorem 7.4. Let u € C®(A'M), 1 = 1,2,...,n, 1 < s < ©, bea differential 
form in a bounded domain M, Mi be the sharp maximal operator defined in (72), 
and G be Green’s operator. Then, 


MiG) Ils. < C|M|"*|lulls.x0 (76) 


for some constant C, independent of u. 


Theorem 7.5. Letu € Li, (M, A!), 1 = 0,1,2,...,n—1, 1 < s < 00, bea smooth 
differential form in a bounded domain M, M be the Hardy-Littlewood maximal 
operator defined in 73), and ME be the sharp maximal operator defined in (74). 


Then, 
[MEwl|s.a < C|[Mydulls.u (77) 


for some constant C, independent of u. 


Next, we introduce the fractional maximal operator of order a. Let u(y) be a 
locally L*-integrable form, 1 < s < oo, and @ be a real number. We define the 
fractional maximal operator Ms. of order a by 
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1 1/s 
M, .u(x) = sup (aoe | jwoyldy) (78) 


r>0 |B(x, r)| ae B(x,r) 
Clearly, (78) for a = O reduces to the Hardy-Littlewood maximal operator, and 
hence, we write M,(u) = M, o(u). 


Theorem 7.6. Let u € L‘(M,A‘), 1 = 0,1,2,...,0, 1 < s < 00, be a smooth 
differential form satisfying equation (1) in a bounded domain M, M, be the Hardy- 
Littlewood maximal operator defined in (71), and Ms,_ be the fractional maximal 
operator of order a. Then, 


IM; du(x)|lsa < C\|Ms.a(u(x) — ¢) IIs. (79) 


for some constant C, independent of u, where a = s and c is any closed form. 


Note that in Theorem 7.6, c is any closed form. Thus, we can choose c = 0 in 
Theorem 7.6, to obtain the following corollary. 


Corollary 7.7. Let u € L°(M,A’), 1 = 1,2,...,n, 1 < s < ©, bea smooth 
differential form satisfying equation (1) in a bounded domain M, M, be the Hardy- 
Littlewood maximal operator defined in (71), and Ms, be the fractional maximal 
operator of order a. Then, 


| Md u(x) ||s. < CMs a(x) |Is,00 (80) 


for some constant C, independent of u. 
Lemma 7.7 ({2]). Jf w € A,(M), then there exist constants B > 1 and C, 
independent of w, such that 


lw pes C|B\" ?” | w lie (81) 


forall balls B CM. 


Theorem 7.8. Let M, be the Hardy-Littlewood maximal operator defined in (71), 
G be Green’s operator, and u € C®(A'M) be a solution to the A-harmonic 
equation (1) in a domain M, where 1 <s <t < coand,l =1,2,...,n. Assume 
that w € A, for some r > 1. Then, there exists a constant C, independent of u, such 
that 


[Ms(G@)) [lbw < Cllullioa.w (82) 


for all balls B withoB Cc M, where o > 1 is a constant. 


Using the similar method to the proof of Theorem 7.8, we can prove the following 
theorem. 
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Theorem 7.9. Let u € C®(A'M), 1 = 1,2,...,n, 1 < 8 < ©, bea solution to 
the A-harmonic equation (1) in a domain M, Mi be the sharp maximal operator 
defined in (72), and G be Green’s operator. Assume that w € A, for somer > 1. 
Then, there exists a constant C, independent of u, such that 


IME (G(u)) [ls.B. S C |lulls cB. (83) 


for all balls B with oB C M, where o > | is a constant. 


We say a pair of weights (w1(x), w2(x)) satisfies the A,,(£)-condition in a set 
E CR" and write (w(x), w2(x)) € A;a(E), for some A > 1 and1 <r < co with 
l/r+1/r’ = lif 


1 Yr 4 jr. ye 
sup | — w1)"dx af (<) dx < OO. (84) 
ae (a foo) (i a hin 


The class of A; (£)-weights (or the two-weight) appears in [17]. It is easy to 
see that the A, (£)-weight is an extension of the usual A, (£)-weight. 


Theorem 7.10. Let M; be the Hardy-Littlewood maximal operator defined in (71) 
andu € L'(M, A!), 1 = 1,2,...,n, bea solution to the A-harmonic equation (1) 
in a domain M, where 1 < s < t < oo. Assume that (w1(x),W2(x)) € Aya(M) 
for some X > 1 and1 <r < oo. Then, there exists a constant C, independent of u, 
such that 


[Ms (Ww) llawe < Cllulloa.ws (85) 


or 


(, IM, ()|'wedx) < c(f lul'wSdx) (86) 


for all balls B with oB C M. Here a ando > | are constants withO <a <i. 


Note that Theorem 7.10 contains two weights, w;(x) and w(x), and two 
parameters, A and a. These features make the inequality be more flexible and more 
useful. For example, if we choose a = | in Theorem 7.10, we have the following 
corollary. 


Corollary 7.11. Let M, be the Hardy-Littlewood maximal operator defined in (71) 
andu € L'(M, A’), 1 = 1,2,...,n, bea solution to the A-harmonic equation (1) 
in a domain M, where 1 < s < t < ow. Assume that (w,(x),w2(x)) € Ara(M) 
for some X > 1 and1 <r < ©. Then, there exists a constant C, independent of u, 
such that 
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[Ms (W) Ilr.B.n S Clulle.0B.02 (87) 


for all balls B withoB Cc M. Here o > | is a constant. 


If we put w(x) = wo(x) = w(x) in (87), we have 
[MI (4) ||1,8.0 < C |lull:oB.w (88) 


where w(x) € A;(M), which is the A,-weighted inequality. 
It is easy to see that if we choose w; (x) = w2(x) and A = 1 in the last definition 
of the weights, we have 


1 1/r 1 1 r’/r : 
sup (Gf nds.) a (<) dx < 0, 
BcE \|B| Jp IB] Je \w 


that is, 


l/r 
1 1 1 1/(r-1) eT 
sup val nds.) af (=) dx < 00 
BCE (a B |B| Je \w 


since r’'/r = 1/(r — 1). Thus, we see that the A,.,(M )-weight reduces to the usual 
A, (M)-weight if w)(x) = w2(x) anda = 1. 

Lemma 7.12 ({2]). Let g be a strictly increasing convex function on [0, 00) with 
y(0) = 0 and D be a domain in R". Assume that u is a function in D such that 


p(\ul) € L'(D; w) and w({x € D: |u—c| > 0$) > 0 for any constant c. Then, for 
any positive constant a, we have 


1 
| eGau—uoyddu sf vlaludu Cf p(2a|u—upyl)dp, 
Dd 2 D D 


where C is a positive constant and up, = DY 1; ud [L. 


Choosing g(x) = x',t > s > 1, and replacing u by M,(G(w)) and Mi(G(u)), 
respectively, in Lemma 7.12, we can prove the following Theorem 7.13. 


Theorem 7.13. Let M, be the Hardy-Littlewood maximal operator defined in (71), 
Mi be the sharp maximal operator defined in (72), and G be Green’s operator. 
Assume that u € L'(M, A',), 1 = 1,2,...,n, is a differential form in a domain 
M,1<s <t < o, and the measure [1(x) is defined by du = w(x)dx, where w is 
a weight. Then, 
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Ci |My (G(u)) — (Ms(GW))) mullet S IIMs (G@)) Ile atw 
< C|[M(G@)) — (Ms (G@))) aullemov» 


C3||M(G@) — (ME(G@)) Mulla < MEG) Ilan 


< Cal|Mi(G(u)) — (ME(GW))) alle: 
where Ci, C2, C3 and C4 are constants, independent of u. 


We all know that differential forms have many applications in geometric analysis 
and physics; see [6, 24]. For example, we can apply our results to the Jacobian 
J(x, f) of a mapping f : M > R", f = (f',..., f”). It is well know that 
Jacobian J(x, f) is an n-form, specifically, 


I(x, f)dx =df'an---nd a 


where dx = dx; Adx2 A-++Adxy. For example, let f = (f!, £7) bea differential 
mapping in R*. Then, 


fe Fy 


I(x, f)dx \ dy dx dy = (ff? — fy f2)dx a dy, 


iy ty. 


df! ” df? 


(flax + fidy)  (f2dx + f2dy) 
= fi fidy Ndx + fi} f2dx a dy 


_ (Ae = ee, dx A dy, 
where we have used the property 
0 i=] 
dx; \ dx; = : 
: “i eee 


Clearly, 
I(x, f)dx \ dy = df! a df”. 


Let f : M > R’, f = (f!,..., f") be a mapping, whose distributional 
differential Df = [df'/dx;] : 2 — GL(n) is a locally integrable function 
on M with values in the space GL(n) of all n x n-matrices. A homeomorphism 
ff : M — R’ is said to be K-quasiconformal, 1 < K < on, if its differential matrix 
Df (x) and the Jacobian determinant 
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1 1 1 1 
ne? Ts x3 °° * SXp 
2 2 2 2 
x] x2 xX3 °° ° SXn 
J(x, f) = detDf (x) = 
n n n n 
xX] x2 xX3 °° * SXy 


satisfy 
|Df(x)|" < KJ(x, f), 


where |Df(x)| = max{|Df(x)A| : |h| = 1} denotes the norm of the Jacobi matrix 
Df (x). Let u be the subdeterminant of Jacobian J(x, f), which is obtained by 


deleting the k rows and k columns, k = 0,1,..., — 1, say, 

iy i i iy 

xj1 Xj2 Mjg 0 YX gy 
i2 12 12 i2 

Xjy Xj2 Xjg "*" 4X jpg 

. £i I i aa 
Ij A pyc Byags FSF setae fF” ‘y= , 

in-k in—k in-k ss in-k 

Wily ig * 78 Xin—k 


which is an (n — k) x (n — k) subdeterminant of J(x, f), {i1,i2,...,in-zK} C 
{1,2,...,m} and {j1, jo,..., jn—z} C {1,2,...,n}. Also, it is easy to see that 


Vict eT eT ay A dXj, N+++N\ AX), 5 


is an (n — k)-form. Thus, all estimates for differential forms are applicable to the 
(n —k)-form J(Xj,,Xj.5-++5Xjpg3 Ss 2,00 fim) dxj, A dX j, A+++ A dX), 4. 
For example, choosing u = J(x, f) and applying Theorems 7.8 and 7.9 to u, 
respectively, we have the following theorems. 


Theorem 7.15. Let M; be the Hardy-Littlewood maximal operator defined in (71), 
G be Green’s operator, and J(x, f) € L'(M, A"), 1 < 5 <t < ©, be the Jacobian 
of the mapping f = (f',..., f"): M > R". Then, M,(G(J(x, f))) € L'(M) 


and 


[Ms(GUJ@, A) lew < CIO, Alm 


for some constant C, independent of J(x, f). 
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Theorem 7.16. Let J(x, f) € L*‘(M, A") be the Jacobian of the mapping f = 
(f!,...,£") : M > R" ina bounded domain M, Mi, 1 <5 < o, be the sharp 
maximal operator defined in (72), and G be Green’s operator. Then, 


for 


IME(GU(x, fils. < C|M| JO, Alsat 


some constant C, independent of J(x, f ). 


Note. 


(1) 
(2) 


If we apply Theorems 7.8 and 7.9 to an (n — k) x (n —k) subdeterminant of 
J(x, f), we will have the similar estimates for subdeterminant of J(x, f). 

We can also apply the other results obtained in previous sections to the Jacobian 
J(x, f) or its subdeterminants to obtain different estimates. Considering the 
length of the chapter, we do not include them here. 
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Multidimensional Discrete Hilbert-Type 
Inequalities, Operators and Compositions 


Bicheng Yang 


Dedicated to Professor Hari M. Srivastava 


Abstract Hilbert-type inequalities with their operators are important in analysis 
and its applications. In this paper by using the methods of weight coefficients and 
technique of real analysis, a multidimensional discrete Hilbert-type inequality with 
a best possible constant factor is given. The equivalent forms, two types of reverses, 
a more accurate inequality with parameters, as well as a strengthened version of 
Hardy-Hilbert’s inequality with Euler constant are obtained. We also consider the 
relating operators with the norms, some particular examples and the compositions 
of two discrete Hilbert-type operators in certain conditions. 


1 Introduction 


Assuming that p > 1, 3 + 5 =1, f(x), go) = 0, fe L?(R+), g € L7(R4), 


If llp = if proyast! wT 


\lgllq > 0, we have the following Hardy-Hilbert’s integral inequality (cf. [10]): 


[ FOE) gray < —* _I1fllollelle (1) 


0 x+y sin(zc/ p) 
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where the constant factor z/sin(z/p) is the best possible. If dy,b, > 0,a = 
{Amba © €?, b= {hn hid, € &f, 


i= {Scant 0 0, 


m=1 


n=1 


\|b||, > 0, then we still have the following discrete variant of the above inequality 


= = amb 
2 
a rte Jaca plalle pllPlla- (2) 


with the same best constant 2/sin(z/p) (cf. [10]). Inequalities (1) and (2) are 
important in analysis and its applications (cf. [10, 20, 24, 25,27, 29]). 

In 1998, by introducing an independent parameter A € (0, 1], Yang [22] gave an 
extension of (1) at p = gq = 2. Recently, Yang [24,27] gave some extensions of (1) 
and (2) as follows: 

IfA,,A2,A € RJA, + Ax =A, ky (x, y) is a non-negative homogeneous function 
of degree —A, with 


k(A\) = xc Ii dt E Ry, 
0 
b(x) = xPUAD-l, p(y) = yZ0-Ad-1 F(x), g(y) = 0, 
ioe) 1/p 
f €LygRy) = ly If lle = tf o(o)lfcaylPaxl < ~f 
& € Ly y(R+), Ife. llgllew > 0, then 


[ / kas. fOe)dxdy <kADIfllpallellosr: 3) 


where the constant factor k(A,) is the best possible. Moreover, if ky (x, y) is finite 
and k,(x, y)x*!!(ky(x, y)y?27!) is decreasing with respect to x > 0 (y > 0), 
then for dmb, > 0, 


© 1/p 
a €lyg = }« lla||p.o = dL oenlanlet < xf ; 


n=1 
b = {by hP2, € Lay, |lal| p> llPllaw > 0, we have 


Co wo 


Yo Soka n)ambn < kA) Ilallpellbllqy: (4) 


m=l1n=1 


where the constant factor k(A,) is still the best possible. 
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Clearly, for A = 1, k\(x, vy) = 1/(x + y), Ay = 1/qg, A2 = 1/p, (3) reduces to 
(1), while (4) reduces to (2). Some other results including multidimensional Hilbert- 
type integral inequalities are provided by [3, 4, 11, 13, 16, 18, 34-37, 39, 44]. 

About half-discrete Hilbert-type inequalities with the non-homogeneous kernels, 
Hardy et al. provided a few results in Theorem 351 of [10]. But they did not prove 
that the constant factors are the best possible. However, Yang [23] gave a result with 
the kernel 1/(1 + nx)* by introducing a variable and proved that the constant factor 
is the best possible. In 2011, Yang [26] gave the following half-discrete Hardy- 
Hilbert’s inequality with the best possible constant factor B (Ay, A2): 


oo oo d 
(x) ——"—_dx < B (Ai, A2) ollallay: (5) 
[sr ae 14a) [If lleollallay 
where A;A2 > 0,0 <A. < 1,4, +A. =A, 


B (u,v) x : f "dt (,v>0) 
u,v) = ——_—__ u,v 
0 el + tyre 


is the beta function. Zhong et al. [40-46] investigated several half-discrete Hilbert- 
type inequalities with particular kernels. 

Using the way of weight functions and the techniques of discrete and integral 
Hilbert-type inequalities with some additional conditions on the kernel, a half- 
discrete Hilbert-type inequality with a general homogeneous kernel of degree —A € 
R and a best constant factor k (A) is obtained as follows: 


[fe Vacemay dx < KOS ipa 


n=1 


which is an extension of (5) (see Yang and Chen [31]). At the same time, a half- 
discrete Hilbert-type inequality with a general non-homogeneous kernel and a best 
constant factor is given by Yang [28]. 


Remark 1.1. (1) Many different kinds of Hilbert-type discrete, half-discrete and 
integral inequalities with applications are presented in recent twenty years. 
Special attention is given to new results proved during 2009-2012. Included are 
many generalizations, extensions and refinements of Hilbert-type discrete, half- 
discrete and integral inequalities involving many special functions such as beta, 
gamma, hypergeometric, trigonometric, hyperbolic, zeta, Bernoulli functions, 
Bernoulli numbers and Euler constant. 

In his five books, Yang [24,25,27,29,30] presented many new results on Hilbert- 
type operators with general homogeneous kernels of degree of real numbers 
and two pairs of conjugate exponents as well as the related inequalities. These 


(2 


~m 
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research monographs contained recent developments of discrete, half-discrete 
and integral types of operators and inequalities with proofs, examples and 
applications. 


In this paper, by using the methods of weight coefficients and techniques of real 
analysis, a multidimensional discrete Hilbert-type inequality with a best possible 
constant factor is given, which is an extension of (4). The equivalent forms, two 
types of reverses, a more accurate inequality with parameters and its equivalent 
form, as well as a strengthened version of Hardy-Hilbert’s inequality with Euler 
constant are obtained. We also consider the operator expression with the norm, some 
particular examples as applications and the compositions of two discrete Hilbert- 
type operators in certain conditions. The lemmas and theorems in this chapter have 
provided an extensive account of this type of inequalities and operators. 


2 Main Results, the Equivalent Forms and Reverses 


If io, jo € N (N is the set of positive integers), a, B > 0, we put 


1 
io a 
xlle: = (>> pu") (x = (%1,...,Xig) € R”), 


k=1 


1 


Jo B 
lyllp 2 = (>: vet) (Y = (W1,--+s Vjo) € R”). 
k=1 


In the latter part of this chapter, we agree that p € R\{0, 1}, a+ 7 =1,A,A,,A.€ 
R, A; +A2z =A, ky (x, y) (= 0) is a finite homogeneous function of degree —A in 
Ri, satisfying for any u,x, y € R4, 


ky (ux,uy) = u*ky(x, y). 


Definition 2.1. Form = (m,...,mi.) € N®, n = (n1,...,Mj)) € N”, define 
two weight coefficients w, (A2,) and w) (A, m) as follows: 


oy (Aa,n) : = [In]? >> ka (mas |el|¢) —- 


m 


’ 


=A 
||" i 


wy(A1,m) : = Ulla Dalla n||g)———- 


—A 
||" te . 


where >, = Dy oa ao igen and >, = a : 
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Lemma 2.1. [fam = d(m,,....mjg) 2 9, then 


(1) For p > 1, we have the following inequality: 


alae a2 
Ji = Linge 2 Kail, Halla) 


1 


? 
| Deca. 3 6) 


IA 


(2) For p <0, or0 < p < 1, we have the reverse of (6). 
Proof. (1) For p > 1, by Hélder’s inequality with weight (cf. [15]), it follows 


So ka(|mlla. ||71||6)@m 


m 
es (jo—A 
_ : |r| fo Ai)/@ ale 2)/P 
= Do kal(ler la Ilells) Tela Go-AN/4 


m ||| 


1 
(io—A1)(p-lL) P 
||| 
=} kadai “______ap, 
m IIn|l, 


noe 3 
4} ka (lola lp) — § 
» iimlli 


L 
i io—A1)(p—1) ? 

Ly mas [Jello 
=[o,(A2.n)]*|In||7 } el qa a 4 


m IIn|l, 


Then we have 


|— 


Jj 


A 


(io—A1)(p—-1) | 


limi 
| De 


n m IIn|l, 


[|m|| So VED 7 
= 45>) k(llle. Ilrlla) ———al, 
Inline 
m n B 


i 


= } Xm aa. miigt>ral 


m 
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Hence, (6) follows. 
(2) For p < 0, or 0 < p < 1, by the reverse Holder’s inequality with weight 
(cf. [15]), we obtain the reverse of (7). Then we still obtain the reverse of (6). 
oO 


nip) 2 0, then 


(1) For p > 1, we have the following inequality equivalent to (6): 


1 = ok lle: llr] p)amBn 


n m 
1 1 


P q 
| Dendaminigernd 


n 


L 1D zo (di,m)||m||260-20-!9g 


m 


—o 


(8) 


(2) For p < 0, or 0 < p < 1, we have the reverse of (8) equivalent to the reverse 
of (6). 
Proof. (1) For p > 1, by Hélder’s inequality (cf. [15]), it follows 
0 —(jo~Aa) 
Ini 


1 (jo—Az)— 
=> [Santa tpn onc imi "| 


n [@, (Az, n)]@ m 


L 
q 


<i | Doonan fit Pog | (9) 
n 


Then by (6), we have (8). 
On the other hand, assuming that (8) is valid, we set 


PA2— jo 


-1 
[lI " 
by = EN CnETTe! So ka(\mlla. [Il |p)am] 5 ne NM. 


Then it follows 


IP = Yon Qa, n)||nl [gra 


n 


If J; = 0, then (6) is trivially valid; if J; = oo, then by (7), (6) keeps the form 
of equality (= oo). Suppose that 0 < J; < oo. By (8), we have 


oe 
0 < Shea npllallger as = JP = 1 
n 


L i 


Pp q 
< } > wy (Ar,m)||mn| ZO” “atl | Denali adhd 60, 
n 


m 
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It follows 


1 


435 


Gotieical tonite pt ? 
Jy =F an Qa,nylnlger Pate <9 mrAim)llmlr ane 
n 


m 


and then (6) follows. Hence, inequalities (8) and (6) are equivalent. 


(2) for p < 0, or0 < p < 1, by the same way, we have the reverse of (8) equivalent 


to the reverse of (6). The lemma is proved. 


Setting 
gm) := |lm|[299-, Yen) = ||| [A 
Gm) := (1— Ax(m)) ||| [2-4 ——_(O,.(m) € (0, 1); m E N*) 
and 
Hn) = (1 Pay lIn| |G" Ou) € O,1); 2 EN*), 


by Lemmas 2.1 and 2.2, we have the following theorem: 


Theorem 2.1. Suppose that p > 1, there exist constants Ki > 0 (i = 
such that 


wi(Aj,m) < Kj, @y(Azx,n) < Kyo (me N®, n EN”). 


) = 0, satisfying 


gooey ? = reroll jg 


m 


‘ o—1)-i 
0 < |lallpg = | Domi : va < OO, 
1 


q 
er 
0<||Dllqy i= 1D ae val < 00, 


n 
then we have the following equivalent inequalities: 


1 ne 
Yo > ka(lmlle |lrtl|p)ambn < K? K$ |lal|pollbllaw: 


n m 


1 


p P 1 1 
_ 
f= | Sig s (24s an) | SRT RF Nall eos 


oO 


1,2), 


(10) 


(11) 
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Theorem 2.2. Suppose that p < 0, there exist constants K; > 0 (i = 1,2), 
such that 


w,(A;,m) < K; (meéN"), 
0 < Kx(1— %(n)) < @,(A2,n) < Ky (né N*), 


sei) — M9 VN ~~ (NY gees 


1 


qd 


ean 
0<([bllag = | S20 = Px(a))| | 4-8 | < 00, 
n 
then we have the following equivalent inequalities: 


bd 
Yodo karla. [tl |6)ambn > KP K3 |lallpollOllg.g (12) 


n 


||n||222-2° P\> ist 
pores roe S > ka (lle. [721 |6)am > K? Ky |lallpy- (3) 


n 


Theorem 2.3. Suppose that 0 < p < 1, there exist constants K; > 0 (i = 1,2), 
such that 


0 < Ki(1—6(m)) < wy(A1,m) < Ki (meEN"), 


ay(Az,n) < Ky (n€N”), 


seeMNig) — Vo VN “(NI ,..es 


0< |lallpg = }Du = otis < 00, 


m 
and 0 < ||b||g,y4 < 00, then we have the following equivalent inequalities: 


de td 
Soo ka(\ml le [72 |6)4mbn > KP KS |lal|pallbllaw: (14) 


n m 


1 


P\? 11 
| Digi (est pan | > K/ Ky |lallpe- (15) 
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Lemma 3.1. Suppose that h(t) is a non-negative measurable function in 
R, a ER, and there exists a constant 69 > 0, such that for any 5 € [0, 50), 


k(a+6):= i h(t)t@*9—'dt ER. 
0 


Then we have 
k(a+8) =k(a)+0(01) (6—> 07°). (16) 
Proof. For any 6 € [0, 50/2), it follows 


h(t)t 0/9! ¢ € (0, 1], 


h(Ht@*9! < gO := 
h(t)t@*%/2-1 | ¢ € (1,00). 


Since we find 


[o.@) 1 6S 
O< / g(t)dt = / h(t)t@—%o/9)—! at +f h(t)e tat 
0 0 1 
< [PO reoeewrrar + [Oo naerrtar 
0 0 
= k(a — 89/2) + k(a + 60/2) ER, 


then for any 6 € (0,49/2), by Lebesgue control convergence theorem (cf. [14)]), it 
follows 


k(a +8) = _ A(t)t@*9—"dt = [ h(t)t* '!dt+o(1) (6 > 0°), 


and then (16) follows. The lemma is proved. oO 


Lemma 3.2 ([29]). [fs € N, y, M > 0, W(u) is a Non-negative measurable 
function in (0, 1], and 


Dy = 


Ss 
So Y Yy 
xER‘; Sat sae, 


i=l 
then we have 


Sx \Y Mrs(s) pf} 454 
fof (@ Janda, = sre Wu)u?'du. (17) 


i=1 
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Lemma 3.3. Fors € N,y > 0,¢€ > 0,¢ = (cy,...,¢s) € [0, 1)°, we have 
rs(s) 
[|ul|;° *du = —_ __, 
_—— estvys-P(5) 
Yo lim — ell ces O(1) (e > 0*) 
m—c||,°% = E> ; 
- Y astivysIT() 
Proof. For M > s'/’, we set 
0, O<u< 4, 
W(u) = = 
(Mul/’)—s—*, a oul, 
Then by (17), it follows 
ewe ee, 
ul|o* ‘du= lim oe w (=) dx,-++:dx;y 
Jess sxx | I, Jim | I. (= M ; 
Mrs() 71 P 
= lim —— (Mul’”) "urdu 
M--0o pro) s/MY 
scl 
rs(2) 


a eslyys PS)’ 


namely, (18) follows. By (18), we find 


So |lm —el|°* = i Ix — e||7°fdx 
Wi {xER*, 


13x; >1+c;} 


Peg) 
=| al 
{uER*, 3u;>1} Es® yy iy) 


Fors = 1,0< yy ||” ellipse < oo; for s > 2, by (18), we have 


(18) 


(19) 


0< 2 Im — cll" 2a4 iy [eel 


{mENS ;3ig mig =1,2} {meENS—!3m;>3} 


<at / \|x — aloes 
GeeR Tx, 214+;} 
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=¢4 / [Jul [5o-P—OF9 dy 
{wER' 3uj>1} 


rs- "G ) 
bare + e)(s — Doar ar(st 1) 


<oo (a€R,), 


and then 
Yo Ibn - lly? = > Ibm eliy e+ Dim - el 
m {mENS ;Fio mig =1,2} {méEN® 3m; >3} 
<0) +f IIx — elly-*dx 
{xER*,3x;>14+c¢;} 
ov+ f ul|pt-"du = 0) ++ — 
= 0; ul, u= O; —_——_—___—.. 
WER wet” esl? PG) 
Then we have (19). The lemma is proved. oO 


In Theorems 3.1—3.3, we suppose that k(A,) € R4, and 


_  F*G) _ re(t) 
— pimip (ey K> = avr (ay OY. 


Theorem 3.1. With the same assumptions of Theorem 2.1 (p > 1), if there exists a 
constant 6) > 0, such that for any A; € (A; — 69,4; + 60) @ = 1,2),A, $A. =A, 


Ko(1—0,(n)) < @(Ao,n) (n EN”), (20) 


where 


io¢@h . : 
i= Ge R: did eS o(_, 


sop) 7)€ 01) (™>0), 


lial 


11 
then the constant factor K)’ K, in (10) and (11) is the best possible. 


Proof. For 0 < € < qéo, A=Ai+&, da = do —§, we set 


ig tAi— ~ —jotar— 


din = [Illa ? (MEN), By 2= |Inllg * (ve NA). 


Then by (19), (16) and (20), we obtain 
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L 
Pp q 
~ i ig—A1)—io ~ (jo—A2)—jo 7 
ly Bllay = } . va {Dim : “i 
n 


m 


1 


II 


>> a p> ng 


m 


SI 


ra($) 


ig? BR-T(R) 


+ eO(1) 


1 rio(1) 


€ | if“ aio! (22) 


veo] 


~ 


i:=)0 bp ka (\|mla, no by, 


n m 


i =d) ~jo- 
oa in Yo kadllmlle. oi Tala 
n m 


7 —jo-€ ea 1 —jo-€ 
= S\an(da,n)|Inl|z"*° > Bo ( - oma) lInlk” 
n n B 


rig) 


eg!” BTR) 


= (Kk, + o(1)) 


id tA 
If there exists a constant K < K,’ Kj, such that (10) is valid when replacing K,’ KJ 
by K, then in particular, we have 


riot) : : 7 
B me 
(Ky + 0(1)) | —,———— _ + 011) — € O01) | < el < €R||4||, olla, 
2 ane PP aw 
1 i 
rio(+) P ris) 7 7 
= K we ae Racist 
is/are T(2) jal Bi TB) 


For ¢ > 0+, we find 


Pot inf h inf h Pp Pit q 
— - = a) k(1) <K a Aa? — an 
pir B® aT) ara) | | pir) 


14 11 
and then K,’ K,’ < K. Hence, K = K,’ K; is the best possible of (10). 


Multidimensional Discrete Hilbert-Type Inequalities, Operators and Compositions 441 


toa 
The constant factor K,’ K,' in (11) is still the best possible. Otherwise, we would 


reach a contradiction by (9) (for @,(A2,n) < K>) that the constant factor in (8) is 
not the best possible. The theorem is proved. Oo 


Theorem 3.2. With the same assumptions of Theorem 2.2 (p < 0), if 


b(n) = O(—,) €@.1) (>), 


1 
UT] 
[inl 


there exists a constant 5) > 0, such that for any re € (A; — 409, A; + 60) G@ = 1,2), 
Aytar.=A, 


w3(A2, 1) mK (n €N”), (21) 
where 
K re@) k(Ay)eR 
= — € ; 
2 air (2) 1 + 


1641 
then the constant factor K/ Ke in (12) and (13) is the best possible. 


Proof. For 0 < € < qéo, hi =A,+&, Ae = dA.- ai we set dm, Dy as in 
Theorem 3.1. Then by (19), (21) and (16), we obtain 


1 1 


P : 
~ ~ es eae Goda) io 2 
Hallpolldllag = | Dm ) “a Yd — dm) llnl lS “a 
n 


m 


= | Dm ix( = o( gaze) tn 


Za) en ath + e6(1) — 20) 
iat) AGT ptr 


——. 


1 
€ 


i= [Dinca ne | bn = >on Gla,n)|lallg”* < RY lal 
n n 


n m 


rh) : 
= (42 +00) | a OO |- 
EJo pi TF) 


dye al 
If there exists a constant K > K,’ K,', such that (12) is valid when replacing 


11 
K/ K;' by K, then we have 
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Ps) 7 7 - 
K 1)) | —————_ + 01 I >eK\|a Bilis 
a FON Geipairegy | OO | E> RN ABN 
1 al 
r(-) ‘ Fis) : ° 
=K e/a; = F + €0(1) Wan mihry + POW — 20) 
ig OP) jg BTR) 


For ¢ > 07, it follows 


[so i io(l io( 1 2 [io i i 
— & kd Ma) ajo k= ta) — cae 
Bio E(B) ao (2) gor) Br PB) 


1oL lou 
and then K,’ K,’ => K. Hence, K = Kj’ K, is the best possible constant factor 


of (12). 
1 1 


The constant factor K’ : K. i in (13) is still the best possible. Otherwise, we would 
reach a contradiction by the reverse of (9) that the constant factor in (12) is not the 
best possible. The theorem is proved. Oo 


Theorem 3.3. With the same assumptions of Theorem 2.3 (0 < p < 1), if 


6, (m) = o(——) € (0,1) (p>0), 


||77| |e 


and there exists a constant 3) > 0, such that for any ve € (A;—d9, A; +60) (¢ = 1,2), 
Ay ta, =A, 


w3(Ar,n) rae et (n EN”), (22) 
where 
K re@) k(A,)ER 
= —__ € ; 
2 av () 1 + 


141 
then the constant factor K) K,' in (14) and (15) is the best possible. 


Proof. For 0 < € < |q|do, Ai =A,+ 4, ha = h2- 7 we set Gm, by as in 
Theorem 3.1. Then by (19), (22) and (16), we obtain 


all pellollay 
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£ 


=} Da— empimg "4 ath" pa (os as 


1 


=}O(1-0(— ) imi |" Dmg je {" 


1 rio(t) n 7 PIG) = q 
= ; + eO(1) —e0(1) ae a | * 
€ 6! yio— 1r() jo pi T(#) 


n m 


= [Dhatia nd bn = dente, n)|lnllg7° *< Ka Din Ig Fe 
ri) . 
= (K2 + o(1)) a) eae +eO(1)]. 
ig! pr) 
dy, a te a 
If there exists a constant K > K,’ K,', such that (14) is valid when replacing K,’ Ky 
by K, then we have 


FAG) 


—_,——"—~ + 0 (1) | > ef > Kall pgllAlla. 
i! pi (B) — 


(K> + 0(1)) 


tI 
sh 


re) 


—_,—_4+#— + «0(l) 
iol” Bio 1 (2) 


ar 
=K ce #__ + ¢Q(1) —eO(1) 
in ao (2) 


For ¢ > OT, we find 


Pit iof lh iofh 7 Pict a 
GPO) pays | @ amie 
BiB) oF) aor) | | per) 


1 A 14 
and then K’ K; > K. Hence, K = K{’ Ky is the best possible of (14). 
1 1 


The constant factor K : K. s in (15) is still the best possible. Otherwise, we would 
reach a contradiction by the reverse of (9) that the constant factor in (14) is not the 


best possible. The theorem is proved. oO 
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Corollary 3.1. Suppose that k(A,) € Ry, 


1= Fate K) = Sask, 
and 
Ki(1—@(m)) < (i,m) < Ki (m EN"), (23) 
where 
6,(m) = (a) € (0,1) (p>0). 


If there exists a constant 59 > 0, such that for any A; € (A; —60,4; +40) G@ = 1,2), 
Ay tar. =A, 


Kx(1— B4(n)) < ay (Az,n) < Ky (ne N”), (24) 
where 
un) = of Jeon Sth), KS m@ ky) eR 
a(n) = Til, , (n , 2= aio (2) 1 +s 


Lot 
then the constant factor KK, in Theorems 3.1-3.3 is the best possible. 


Theorem 3.4. If k,(x,y)y*2~ is a strict decreasing function with respect to 
y € R4, there exists a constant 69 > 0, such that for any A, € (Ay — 69,4, + 
50), kx (x, y)x*!~ is strict decreasing with respect to x € R4, 


k(A1) =| ka(t, It! dt ER, 
0 


and there exists a constant 6, < A, — 60, satisfying 
L 
ky(t,1) < rh (t € (0, 00)), 


11 
then the constant factor K; Kj in Theorems 3.1-3.3 is the best possible with 


ku) = | k(t, It! "dt € Ry. 
0 
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a We need to prove that the conditions of Corollary 3.1 are fulfilled. For any 
AE (Aj — b9,A; + 60) G@ = 1,2), Ayti.= A, 


aa (x = (%1,...,Xin)) 


Qa 


1 
kale lle) 
is strict decreasing with respect to x; € Ry (i = 1,..., io). Setting 


Dy = 


xER®: Sot cut, 


i=1 
by the decreasing property and (17), we find 


ka(\lxlle.llnllp) 
oy (d2.n) = |lnl|42 Daa lp) —y- < ype fe dx 
IImlio~ 


ig ig—A 
RE fila” 
Mi io 
= [Io jim ea (Milla. lballp ———dx 
Bou ig—A 
Il az lla 


~ M*ipio(1y 1 wen! 
Ae: bs 
=(lalle am | — ky(Mue, \\7 ||) du 
M- oo a0 (0) 0 yio—A1)/o 


Pac) 


—k(A,) = Kp. 
at p(B) (A) 2 


Hence, it follows 


rio() 
K> = ——*—_ k(d}) > 0 
av P(2) 


and then k(A,) € Ry. For M > ah we set 


0, 0O<u< in. 
W(u) = ky (M 1/a to eye 1 
a(Mu'’, ||n||) ——~ TSA oe = u= 1, 


Then by the decreasing property and (17), we have 


xERY xi =H} A 


; ” 1 
on (a.n) > lolly f ogeny Mlle led a 
Fale 
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on (ho,2) > nip f ka (elles lll) 


ER :x)>1} Tesi eae 


i do 4; Xi A1—i0 ' 
= |In|I* Jim fe (0B) )a' dx, +++ dXig 


i=1 


‘i M?pio(1) wen! 
= |lnltf? Jim aa. ka(Mu®, |ln||p) du 
M->0o ao (2) ylio—A1)/o 
pit ioe) pe 
= PG) ky(v, Du" 'dv (v= M||n||z!u'/) 


ao D2) Ji! jnlls 


lo 


II 


Ko(1 — 04 (n)) > 0, 


where 


0< By (n) : 


ig Alalle Fe 
| ka(v, lv! "dv 
k(A,) Jo 
ie n x 
< me J ae yl dy 
k(A1) 


L ie: 1 
~ k(t) Ar = 81 [In || 


Setting 7 = A, — 69 — 6; > 0, it follows 


dy(n) = o(—7) e (0,1). 
III], 


By the same way, we can prove that 


riot) 
aes 
B 
and 
Ki(1—6,(m)) < w,(A1,m) < K; (m€N*), 
with 


6,(m) = o(—>) €(0,1) (p>0). 
||| a 
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i 4 
By Corollary 3.1, the constant factor K,’ K, in Theorems 3.1, 3.2 and 3.3 is the best 
possible. The theorem is proved. Oo 


Corollary 3.2. [fk (x, y) is a positive decreasing function with respect to x (y) € 
Rx, A, < in,A2 < jo, there exists a constant 0 < 59 < jo — Az, such that for any 
Ay € (A1 — 80, A1 + 80), 


co ~ 
kG) = | ka(t, It 'dt eR 
0 
and there exists a constant 6, < A, — 80, satisfying 


kts SZ (te O00), 


11 
then the constant factor K; Kj in Theorems 3.1-3.3 is the best possible with 


kau) = | k(t, It" dt € Ry. 
0 


Remark 3.1. By (23) and (24), we find 


li A = kKk,= M@ k(a 
fim a ( 2,n)= Ky, = ov (2) (A1), 
Fic) 
im w,(A;,m) = Ky = apap eye): 
pir r(2) 


4 The More Accurate Inequality and Its Equivalent Form 


Definition 4.1. For 0 < a,f < 1,t = (t,...,t) € (0,1/2]", o 
(01,..-,0j.) € (0.1/2), m—7t = (Mm, —t,...,Mig — Ty) € RE, N-—o = 


II 


(Nn, — O1,...,Nj) — Oj) € R”, define two weight coefficients wa(A2,) and 
W,(A1,m) as follows: 


IIn — o |? 
wa(A2.n) =) ka((lm = tla, || — ols) nae 
m Im — To 
||m — 7||2" 


Wi(Ai,m): = Yo ka(\jn — tla, ||” — oll) nao 
n B 


448 B. Yang 


Lemma 4.1. If for t > 0, (-1)'h(t) > 0 Gi = 1,2), then forb > 0,0 <a <1, 
we have 


ul 


d 
dx! 


(—1)' —h((b + x*)'*) > 0 (x > 0; i = 1,2). (25) 


Proof. We find 


- h((b + x®)/%) = (b+ x2) + x%)e1xt! <0 


and 
d? d 
<—A((b + x*)*) = [hl (b+ xe) + x%) eH 
dx? dx 
=h"(b+X*)2)(b + x*) 27x 
1 
+a(— =_ 1)n'(b + x°*)z\(b a x%) a2 20-2 
a 
Ha = RH + x8) + x8, 
1.€., 
a? 1 " L 2_4 r-2 
—xh((b aa x”) /e) ZN} ((b 4 x%)a)\(D 4 x%) a? 20 
dx? 
+b(a— Ih! (b+ x)a)(b + x) 7x" > 0. 
Hence, (25) follows. The lemma is proved. oO 


Lemma 4.2. With the same assumptions of Definition 4.1, if 


0 ; a) 
(=) Dal (ka(x, y)x71) > 0, CYa7 (ki@, y)y*») > 0 G@=1,2), 
then 
(i) We have 
wi(Az,n) < Ko (n €N”), (26) 
Wy(Ai,m) < K; (m€N®); (27) 


(ii) For p > 1, setting hi =A,;+ a Ax =).- 7 we have 


K3(1 — 6,(n)) < wa(Ar,n), 
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where 
5 ig ee Gai 
(n) = | (v, 1)u*! “du € (0,1), 
Nn kG) Io a ( 


K _ F°@) 1G, k(A1) = nie ae | 
> ao P(2) 1); 1 = ? a v, VU Vv. 


Proof. (i) By Lemma 4.1 and Hermite-Hadamard’s inequality (cf. [15]), similarly 
to Theorem 3.4, it follows 


ln — oll," 
wy(A2,n) < ky(\|x — tla, || — o ||) dx 
(1/2,00)/0 


IIx — ole" 


In — oll? 
= ky (||u|| lla — olla)" u 
tee, . ||u lla e 


lle ie ee 


ae ka ((lelles lt — oll) — 


Hence, we have (26). By the same way, we have (27). 
(ii) By the decreasing property and the same way as in Theorem 3.4, we have 


A i ky(\|x — tlle, [ln — o||p)dx 
wy (a,n) > Ino f | a(lbx = elles ln = olla) 
{xER'? 5x; >1+7;} ||x _ 1|['o7 
dg ky (\lulle, ||a — o||p)du 
= ||n-oll, — 
bee tet aller” 
Pit ioe) 7 
a ka(v, lo "du 


i ' 
ato 1 PCD) Jit! j\\n—ollg 


= K,(1—6,(n)) > 0. 


The lemma is proved. 
Oo 
Setting ®(m) := ||m —1||20 2 (m € N’*) and W(n) := ||n — lal 
(n € N/°), we have: 


Theorem 4.1. [f0 <a, 8 < 1,7 € (0, nel o € (0, 1/2], 


(- ve SO, = De 2-H) >0 (i = 1,2), 
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there exists a constant 59 > 0, such that for any Aa € (A, — 50, A1 + 50) 


k(A1) = f kilt, Dear ER, 
0 


and there exists a constant 5, < A, — 59, satisfying 


L 
HOD Sa © € (co), 


then for p > 1, Gm, by = 9,0 < |la|lp,o, [lPllaw < 00, we have the following 
inequality: 


n m 


J. 
T(t,0) = DO Yo ka (ll — tlle [lt — oll )dmbn < K} K7|lal|p.ellbllqv. (28) 


where the constant factor 


chad | 22@ J [22 “10 
(ey pio T(B) pio! (22) 1 


is the best possible with 


kA) = / k(t, It"! 1 dt € Ry. 
0 


Proof. As in Lemma 2.2, by Hélder’s inequality, we still have 


I(t,0) = YoYo ka (lm = tlle, || — ollp)amb 


n m 


IA 
I 


P 
| acc ges nal 
m 


n 


: : q 
x | Y > wa(A2,n)||n — | gin nal 
Then by (26) and (27), we have (28). 


For 0 < € < qb, A, =A, + a eo =i2.- se by the assumptions, we find 


k(A1) = k(1) + o(1)(e > 0°), 
and for 6, = Ay — d9,A4 — 6, > 0, 


Multidimensional Discrete Hilbert-Type Inequalities, Operators and Compositions 451 


0 < b(n) — MY atv, Dota 
An) = a(v, l)v v 
k(A1) 
jl/m n—-Oo ae 
= ae [ aia: yiAi-ldy 
k(A1) 


Lise 1 
~ k(A)Ar = 81) ||n = a |p 


and then 

~ 1 

6,(n) = O ——— (n = A, — 69 — 6, > 0). 

ln — oll, 
We set 
—igtA ~ —jotA.—£ : . 
Gmi= ||m—tlle bn = IIn ally “4 (me N®,n EN”). 

Then by (18), we obtain 


1 L 


Pp q 
. 7 ig—A1)—io ~ (jo—A2)— Jo 7, 
allele = }3 a tel aia “a » I|n — alg" "ny 
n 


m 


1 


2a 
P q 
pS ||m — so | ile aim 


m 


1( re e( rad ns 
e/a; 7 0 + eO(1) a) Prae ear + eO(1) ‘5 
@ \ iar) ja per) 


I(t,0): 


Il 


x baa = tlle. |In = apn bn = Y\wa(ho,n)||n —o|l5 2° 


n m n 


Vv 


Jo—€é 
E(t 2 =5i i alg 


Pioct 
=k|— “@ —O0)— 00), 
eje!® pir (2) 
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tou ay ae 
If there exists a constant K < K,’ Kj, such that (28) is valid when replacing K,’ K+ 


by K, then we have 


Dict) 7 7 7 
B 5 
K 1 —_.—— + 011) - 00 T(t, K b 
(K+ 0) | Sargiingy + OW ~ | < eFte.0) < eX lalla 

: L ail q 

riot) P P(g) 7 
=K Se + eO(1) aR Pas + eO(1) 3 
ig ate (2) is BiB) 


For ¢ > 0+, we find 


P*@_ MO gy <x{_P@ | PAGY I 
prairey array ~~ Laer | [per] 


1 A 1oL 
and then K c Ky < K. Hence, K = K i Ky is the best possible constant factor of 
(28). The theorem is proved. oO 


Theorem 4.2. With the same assumptions of Theorem 4.1, for 0 < ||a||p,o < 00, 
we have the following inequality equivalent to (28) with the best constant factor 
1 


oe 
K/ Ky: 


i 
P 


Pp 
J(t,o):= 1D IIn ol” (= ky (||m — tlle [Ir - apn | 


Lou 
< K/’ Ky ||a||p.0- (29) 


Proof. We set b, as follows: 


p-l 
Aaj j 
by t= IIn—olls dD (> ky(\|m — tlle, || - apn , neNn”, 
m 


Then it follows [J(t,o)]? = ele If J(t,o0) = 0, then (29) is trivially valid 
since 0 < ||a||p,o < 00; if J(t,0) = on, then it is impossible since the right-hand 
side of (29) is finite. Suppose that 0 < J(t, 0) < oo. Then by (28), we find 


dd 
Plliy =o)? = 1(t,0) < K? K}|lal|p.ollbllav. 
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namely, 


lod 
= Prd 
lb\liu = J(t.0) < Ky K;lal|p.o, 


and then (29) follows. 
On the other hand, assuming that (29) is valid, by Hélder’s inequality, we have 


I(t,0) = Sw(nyy-4 bp ke, (|lin — tlle In — aid [(Yin))# bp] 


n 


< Jt, o)|Ollqv- (30) 


Then by (29), we have (28). Hence (29) and (28) are equivalent. 
11 
By the equivalency, the constant factor K,’ Kj in (29) is the best possible. 


14 
Otherwise, we would reach a contradiction by (30) that the constant factor K,’ Ky 
in (28) is not the best possible. The theorem is proved. Oo 


Remark 4.1. (1) For t = o = O, (28) reduces to (10). Hence, (28) is a more 
accurate of inequality of (10). We still can consider the reverses of (28) and 
(29) as in the front section. 

(2) If0 < Ay < ip, 0 < Ao < Jo, then 


In(x/y) 
k(x, y) = Ga A>0) katyy)= gh = (0<A<1) 
and 
S 1 
ka(x,y) = |= (0 <a, <:+:+<a;,0<A<s) 


a xA/s + agyr/s 


all satisfy the conditions of 


; =(ka(x. yy?) > 0 = 1,2), 


ai : : 
(kat, yx") > 0, (1) 
i oy 


(-1)' Ox 


for using Theorems 4.1 and 4.2. 
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5 Euler Constant in a Strengthened Version 
of Hardy-Hilbert’s Inequality 


For ip = jo =LA=LA=tA=t(r>tt4+1=1),4@.y) = bin 
Definition 2.1, we have the following weight coefficients: , 


co 


1 1 1 
— — — /s —. a e 
w(s,N) = a; (- : n) n y Gane 


m=1 
1 1 
—_ = l/r 
DW(r,M) = Wi\-,m) =m eee 
(r,m) = w(—.m) S 


and then in Theorem 2.1, we have the following Hardy-Hilbert’s inequality with a 
best constant factor 2/sin(s/Tr) : 


1 


CO CO 1 a [oe 7 (oe) q 
T:= ——db, < ———~ 2-1 ap #-1 pa : 31 
=D E cmb < se (Semi tas)’ (Sontag). a 


n=1m=1 m=1 n=1 


In this section, we build a strengthened version of (31) with Euler constant y = 
0.57721566" as follows (cf. [33]): 


1 


1 
P(o q 
(— q 
=e —_ ales nr—!p4 . 
2 sin(=) n/t 


n=1 
(32) 


I< 


= IT l-y 
= 2-1 p 
— ms 
2 EE; m/s | 


m=1 


Note. The other name of Euler constant y = yo is called Stieltjes constant of 0- 
order, which is the first term constant of the Laurent series of Riemann ¢— function 
¢(s) in the isolated singular point s = 1| as follows (cf. [27]): 


ss) = — + 2" 


-1 
n=0 


Yn 


(s—1)" (0<|s—1| < oo). 
n!} 


The Riemann ¢ — function, gamma function, beta function and Bernoulli function 
are very important in Number Theory and its applications. About the modern 
development of Analysis Number Theory, please refer to [1,2,5,6,9, 12, 17, 19]. 


Lemma 5.1 ((25,38]). If (—1)'F©(t) > 0 (t € (0,00); i = 0, 1,2, 3), then we 


have 
1 00 i. 
pra <f Pi()Fdt <-—GF(5). 


where P(t) = t —[t] — s is Bernoulli function of 1-order. 
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Setting f(t) := GE (x > 1, t > 0), we find 


Gly = —1 _ 1 _ (r+1)t+x 


(eter ratory ~~ rye entra’ 


By Euler-Maclaurin summation formula (cf. [27]), it follows 


oe) 


1 
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1 1 — 1 o 
ee? 2 eae | fae + 5 fay + | pun fat] 


n=1 


1 (oe) 1 1 xe 1 [oe] ? 
ag [ (Ore [ seat + fay +x / Pu(t) flat 


1 1 1 
4 xu rdu xT 1 ¢® r+1)t+x 
= + xf Py(t) ( ) 
0 1 


sin(4) l+u  2(x+1) r(x + 1)2r1+d/r) 
Setting 
il 
= (r + 1)tx + x2 aed re: _ ae 
G(t,x): r+ rary’ A(x) =x ‘| ia Pla B(x) =| P\(t)G(t, x)dt 
and 
O(r, x) = A(x) + B(x) — aD (x € [1,00)), 
then we have the following decomposition: 
a4 6(r,m 
w(r,m) = == 3m) (m EN). 
sin(~) mi 

Lemma 5.2. We have 

min 0(r, x) = (7,1) = —— — o(,1). (33) 

x21 sin(*) 
Proof. By ([{7]), Lemma 2.1, we have 

x our r(2r —1)xr 
[ du> (x > 1). 
o l+u (ry —D[Qr-1)x+r-1] 
Then we find 
doit 1 
x r 1-—-=)r(2r-1 
#6 = (1-2) [ urdu 1 S ( ~)r(2r ) 1 
r o ltu x4+17 (-DiI@r-)x4+r-1]) x4+1 


_ (2r —1) to r 
(Qr—l)xtr—-1 x41 («+ D[(Q@r—-)x4tr-] 
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Setting Fi (¢t) = EF and F,(t) = aa then by Lemma 5.1, it follows 


B'(x) = i‘ PNG (t,x)dt=** [ P\(t) Fy, (t)dt—2x [ Pi(t)Fy(t)dt 


r+1 


1 2x 3 1 4 at 
(pA) 7 3 (5) = ara 1D? + 30x r aa) 


Then we have 


6 (r,x) = A'(x) + B’(x) - | 


2(x + 1)2 
FS r+1 4x 2\7 1 
~ (xt D[Qr-—D)x+r—1) 12r(x + 1)2 a 3(2x + 3)3 ©) 2(x + 1)? 
(—2r? + 5r + 1)x + (Sr? + 6r + 1) 4x 27 
12r(x + 1)7[(2r — 1x +r—-1] Aer 


(1) If 1 <r <5/2,—2r? + 5r +1 > Oand then 6/(r, x) > 0. 
(2) Ifr > 5/2, (2/3)!/" > 4/5, then we obtain 


(—2r? + 5r + 1)x + (57? + 6r +1) 16x 


O.(r,x) > 12r(x + 1)2[2r —1)x +r— 1] 15(2x + 3)3 


_ 5{(—2r? + Sr + 1)x + (Sr? + 6r + 1)](2x + 3)3 
60r(x + 1)2(2x + 3)3[(2r — 1)x +r—1] 


64rx(x + 1)?[Q2r —1)x+r—1] 
60r(x + 1)?(2x + 3)3[2r —1Ix4+r—1] 


(48r? — 44r + 40)x* + (160r7 + 1076r + 92)x3 
60r(x + 1)2(2x + 3)3[(2r —1)x+r—1] 


>0 (xé[I1,oo)). 


Hence, O(r, x) is increasing with respect to x € [1,00), and then we have 
(33). The lemma is proved. oO 


Lemma 5.3. Fork €N, k > 5, the function 
k -id ko-r ts r 

I(r,k) =| = >> = 

o itu 20+k) “1+m 


is strict decreasing with respect tor € (1,00). 
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Proof. For k > 5, we find 


1 k-7 Ink 47] In2—s In3 
HOW = a) +] ff a 
r 204+) o itu Ru dre he dr 


It is evident that for u > 4, 
d (u77 Inu i. Inu Inu 1 cn fl Inu 
= = = + < - <0, 
du l+u l+u ru l+ui ou ltulu l1+u 
and then u~? Inu /(1 + u) is decreasing with respect to u > 4. It follows that 
kT in '/" Inm Ku" Inu 
> _ du>0 
aaa 1 +m 4 1 +u 
Setting u = e~”, we obtain 


4 —I/r 4 oo (-1+4)y 1 oo 
J(r):= i: Ce die -| a dy <— / ye ltr dy 
o itu —-mn4 l+e¥ 5 Jina 


r4i-; r s4i/s 
ee ee ry ee = In4—s). 
seantl aa) gt!) 


If 1 <s=r/(r —1) < 1n4, namely, r > In4/(In4 — 1) = 3.58877, then we find 


d (s4s 4s In4\ 54s 


0, 
ds 5 = 


and 
1 
s4s 4 
—(In4—s) < ~(n4-1). 
= (Ind —s) < 3(In4—1) 
In this case, 


In2 In3 
3 .21/3.5887 4. 31/3.5887 


4_-1 

Ly ind. “se .-- 4 
[° st | eepaae “= < <(iIn4—1)- 
0 


u— as 
I+u 3-27 4.-3F 
< —0.083996 < 0. 


If In4 <r/(r —1), then J(r) < 0. 
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Therefore, 7/(r,k) < 0 and then /(r, k) is strict decreasing with respect tor € 
(1, co). The lemma is proved. Oo 


Lemma 5.4 ([8]). [fr > 1, t + t = 1, then we have the following inequalities: 


wm (r,m) < ae (m EN), (34) 
sin) mi 
_ 
w(s,n) < ay en ee (n E N), (35) 
sin(* ) ns 
where 1 — y = 0.42278433" is the best value (y is Euler constant). 


Proof. Fork €N, k > 5, we have 


a Oo yo; Sm 
(rt) = wnt) = | du— —— 
sin(+) o Ilt+u = l+m 


k ¥-} co yt k-1 -} 20." y= t 
= i du [ ——du-— ee - ‘ 
o lt+u x. itu sa itm “itm 
Setting g(t) := 1/[(1 + 2)¢!/’], then by Euler-Maclaurin summation formula, we 
have 
© yi d -; oma? © y-id -F 'k 
/ u Uu u e y m 2 / u u i u _ 8 ( ) 
c itu +3048 a orm t Iltu 20+k) 12 
It follows 
ee ) 


I(r,k) + —— < 6(7,1) < I(r,k), 
1 
inf I(r,k) + 2 inf g’(k) < inf O(r, lI)< inf I(r,k) (k= 5). 


Since for any k > 5, 


1 1 
a 
02 inf g'(k) = sop | Tbk + Hi spor | 


1 1 
>-[aapt asp 7° eee): 


then it follows am inf g’(k) = 0. Hence by Lemma 4.1, we obtain 
too r> 


inf O(r,1) = lim inf J(r,k) = lim lim J(7,k) 
r>1 k>oor>1 k—oo roo 
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k-1 1 


Kk du 1 
li = — 
vl f ltu 20+k) ee 


n=1 


Mal 4 1 
=1-li es) 
ame ator) TE | 
=1l1-y. 


Therefore, since inf,,>; 0(r,m) = O(r, 1), we have 


W A(r, 1) ca inf,5, O(r, 1) 


< — — 
nm) = in) msi) at 
uA l-y 
= = EN). 
sin(=) = mr te ) 


It is evident that the constant 1 — y in (34) is the best possible. By the same way, we 
still have (35). The lemma is proved. oO 

Forig= je = 1,4. 1, 40 = 2a 
in (8), we have 


fe 


(7 >1,$4+1=1),4@y) =ob 


il 


p [00 ; 7 
(> w(s,n)n 0) 


n=1 
Then by (34) and (35), it follows: 
Theorem 5.1. [fr > 1, ++4=1, dm, bn = 0, 


lo 2) lee) 
De 4 
0< y ms la? < 00, 0< y nr "bt < 00, 
m=1 n=1 


then we have (32) with the best possible constant factor n/sin(/Tr). 
In particular, forr = q, s = p, we have 


fo.) : co a 

a4 l-y p a l-y 

I< ——— - —_ }a? —— ——— |b?) . 36 
m=1 Pp n=1 P 

Forr = p,s = q, we have the dual form of (36) as follows: 


= a l-y _ ets 1 l-y| ¢ 
I — p-2qP a q—2 pd 
SPE ne 3 Pe mp ; 


m=1 
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Corollary 5.1 ((32]). Ifr > 1, 4+ 4=1, am, bn = 0, 
Co Co 
P 4 
0< >> msla? <0, 0< > nr'bf < 00, 
m=1 n=1 
then we have the following inequality with the best possible constant n/sin(m/Tr) : 


ua a 1 > 
n<}>-| ]ontont 


: = I I 
4 Lsin(=) 9 2ms + m7 


1 
love) _ , q 
>| z : || . 


=I sin(~) = Qnr +75 


Proof. By the same way of Theorem 5.1, we need only to prove the following 
inequality: 
1 


a 
w(r,m) < — _ 
( ) sin(#) Iml/s + m-1/r 


(m EN). (37) 


We find 


1 A 


aa a lw 
m Uuor 1 m t 
A(m) = mit f du= mint f ) (-1)*uk-* du 
Ort aee 9 K=0 


II 


foe) J 
m+ yi(-ps is uk-7 du 

k=0 0 
yu ey (1k 
2 Gein 2 aoe 
k=0 5 k=0 Ss 


and 


a | ge / Pit) E ae = r(m Sao | dt 


1 m m 
12 lon De” rae mE 


For m > 2, we obtain 


mata (tt yo <1-2 45, 
api = (lt ) <2(1-=+5); 
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for m = 1, the above inequalities are still valid. Then we have 


m 


O(r,m) = A(m) + B(m) — 30 +1) 


> fins) + &m(s) (meN), 


where 


1 1 1 1 
+ + + ' 
12s (l+s)m  12sm? 3(1 + 3s)m3 


Tin(S) :=st 


1 1 7 1 is 1 7 
12sm 2(1+2s)m2 12 2m 12m? 12m3° 


&m(S) 2 = 


For s > 1, m EN, we find 


ieee 1 1 1 
pee 12s? (1l+s)?m 12s2m2 (1+ 3s)?m3 
1 1 1 1 
>1l-—---—- > 0, 
12 4 12 = 16 
(s) = + : >0 
Bm) = 1952 (1 + 2s)?m? 


Then we obtain 


1 1 


1 
A(r,m) > Ins) ae &m(S) > Jim, Cin(s) + &m(S)) = 3 — Tom = ae 


For m > 3, since 


we have 
1 1 1 1 1 
a = > = - 
2 2m 2m” 21+ 4) 24m! 
and then we find 
O(r, 1 sl 1 1 
FC ee 
sin(*) ie sin(*) mr \2 12m 2m3 


18 1 a4 1 


eae =— 
sin(t) omi(2+m-!) sin) mr +mz7s 


Since y < 0.6, 1 — y > 1/3, and (1 — y)(2 + 27!) > 1, then it follows 


(m > 3). 
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1l-y 4 1 


IT 
w(r, 1) < ——. - — : 
sim(Z) {7S sin(#)  g.17 415 


4 l-y 4 1 
(z\) nmi ~ an(z\ . eet 
sin(*) 2 sin(t) 2-27 4275 


w(r,2) < 


Hence, (37) is valid form € N. The corollary is proved. oO 


6 The Operator Expressions and Some Examples 


For p > 1, y(m) = ||m||e"—" (m © N®), and win) = |In||f07-”, 
wherefrom 


[y(n]? = |In|lf'-” WEN”), 


we define two real weight normal discrete spaces 1,,, and 1,4, as follows: 


1 


a= {an}; l@l| po = | Doman <r, 


m 


Ln : 


q 


Iyy 2 = 95 = thats lla = | Dvn < 00 


As the assumptions of Theorem 2.1, in view of the fact that 


dot 
J <K/ Ky |lal|po. 


we have the following definition: 


Definition 6.1. Define a multidimensional Hilbert-type operator T : 1,9 — 1, y,\-» 
as follows: Fora € 1,9, there exists a unique representation Ta € 1, yi—p, satisfying 


(Ta)(n) = D> ka(\|mla.|In||g)am (2 € N’”). 


For b € l,,y, we define the following formal inner product of Ta and 6 as follows: 


(Ta,b) = D> Y- ka(\|mllas ||| 6)amn- 


n m 
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Then by Theorem 3.4 (or Corollary 3.2), for 0 < |la||p., [lbllq.u < oo, we have 
the following equivalent inequalities: 


ae oa 
(Ta,b) < K/ Ky|la||pollllay 


i 
I|Ta||,.yi-r < Ky Ky |lallpo- (38) 


It follows that 7 is bounded with 


Ta I- ok 
ITIL:= NP al owner Ke, 
a(FO)Elpo lalloe 


14 
Since the constant factor K,’ K,' in (38) is the best possible, we have 


Corollary 6.1. With the same assumptions of Theorem 3.4 (or Corollary 3.2), T is 
defined by Definition 6.1, it follows 


1 on Pio(4) p Pio(h 7 
Tl = KP Ks =| © Pe) |" kay, 
Bio eu) qio 'r(2) 


Remark 6.1. In Corollary 6.1, 
(1) If for x > y, ky(x, y) = 0, then we define the first kind Hardy-type operator 


as follows: 
(Tia)(m) := D> ky (\n|a lllg)am On EN”). 
m<n 
We find 
ki (Aq) := [ ka(t, It"! dt € Ra, 
and then 


7 PAG) B rio(4) 7 
int = | | | ar ky(A1). 


(2) If for0 < x < y, ka(x, y) = 0, then we define the second kind Hardy-type 
operator as follows: 


(Tha)(m) := D> ky (|e. |lallp)am Om EN"). 


m>n 
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We find 
kaa) = | k(t, 1)t®!!dt € Ry, 
1 


and then 


rill FPG) 7 rio(t) . j 
II7all = per) } | ar) an 


Example 6.1. (1) We set 


1 

COT as rae) (A >0,0<A1 <io, 0 <A < jo), 
1 

OT) ak (A > 0, 0 <A, <i, O<A2 < jo), 


which is a positive decreasing function with respect to x (y) € Ry. For 69 = 
+ min{Ay, Ad, ig — Ai, Jo = A>} > 0, and Ay € (A; = 69, A4 + 50), it follows 


P oe | x i oc ae 
ki) = 1144 ara [ ——yi 'd 
Gy) / t+] (: ado v+l- . 


4 


—e € R,. 
A sin 2(A,/A) 


Setting 6; = 0 (< A; — 69), we have 


(t € (0, 00)). 


Then by Corollary 6.1, we have 


ir= | @ ‘Tired ys 
Bi r(2) | Lao r(2) | Asin(ZB) 


We set ki(x,y) = (x + y)"* (A > 0,0 < Ay < ip, O < Ad < Jo), 
which is a positive decreasing function with respect to x (y) € R4. For 
69 = + min{A1, A2, io _ 41, Jo _ Ao} > 0, and A; € (Ay — b9,A, + 50); it 
follows 


(2 


wa 


= oo 1 * = S 
k(A\) = dt = BOA,,A—A1) E Rg. 
(A1) / +1 (1 i) € Ry 
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Setting 6, = 0 (< A; — 69), we have 


1 1 
k(t, 1) = Gal G41 <1 a (t € (0, 00)). 


Then by Corollary 6.1, we have 


rio(t) ? Pio(h 7 
3 |\— Fe) | pai, Aa). 
Bio rR) aio 'r(2) 


We set k(x, y) = In(x/y)/(x* — y+) (A > 0, 0 < Ay < in, O < Az < jo), 
which is a positive decreasing function with respect to x (y) € R4+ (cf. [25]). 
For 50 = $min{A;, A2, io = 41, Jo = A} > 0, and A € (A; = 60, A1 + 60), it 
follows 


x ce Int 5 1° 1 a 
k(A1) =| aot tat (o=# =a | avian) 
A = Ss 


2 
7 Freer ER). 
A sin (A /A) 


(3 


wm 


Ale 50 


Setting 0 < 6; = < A; — do, since 


Int _ fl Int 
lim z = lim | a 
root t* -—1 too t* —] 


there exists a constant L > 0, such that f°! Int /@* — 1) < L, and then 


Int L 
=~ (fe (0,00). 


a= te—1 ~ 741 


Then by Corollary 6.1, we have 


ie re a rio(+) 7 XT 
IS pT) iol (2) A sin(2#+) : 


Lemma 6.1. Jf C is the set of complex numbers and Co = CU {oo}, x € 
C\ {z| Rez>=0, Imz= 0}, k =1,2,...,n, ave different points, the function f (z) 
is analytic in Cgg except for z (i = 1,2,...,n), and z = 00 is a zero point of f(z) 
whose order is not less than |, then fora € R, we have 


Sores f@2e a), (39) 


a 


a fx)x" "dx = 
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where 0 < Im(nz) = argz < 2x. In particular, if z (k = 1,...,n) are all poles 
of order 1, setting ox (z) = (2 — zk) F(Z) (@x (ze) F 0), then 
foe) i X n 
/ S(x)x* dx = — So (—ze)* "x (zx). (40) 
0 sin 701 — 


Proof. By [21, p. 118], we have (39). We find 
1—e7" = 1 —cos2ma —i sin2xa 


—2i sinwa(cosma +i sinma@) 


II 


= —2ie'™” sinma. 


In particular, since f(z)z*~! = =a Ge (z)z*—!), it is obvious that 
Res[ f(z)2*"', ax] = ze"! @e (Ze) = —e!™ (—z4) Oe (Ze). 
Then by (39), we obtain (40). The lemma is proved. oO 


Example 6.2. Fors € N, we set 


= 1 


ki(X,¥) = | | = ca 
a xA/s + agy?!s 


(0 <a, <-++-<as,A>0,0<A, <io, 0 < Az < jo), 


which is a positive decreasing function with respect to x(y) € R}+. For d9 = 
+min{A1,A2,i0 — Ai, jo — A2} > 0, and Ay € (A; — 8,A1 + 8p), by (40), we 
find 


k(A4) [ I ee = ee ee [ I] : Ft gy 
=_ S u u 
: 0 pat ak A Jo pa ET Ak 
_ Ss iy, 3 l 
ee eR, 
A sin(24+) k=1 i aj — ak 
J 


Setting 6; = 0(< A; — 60), L = [Tey a we obtain 


S 1 RY 1 1 
k(t, 2) = I en < Me =L- ai (t € (0,00)). 


=1 


Then by Corollary 6.1, we have 
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1 1 
pie) P rio(1) q gee yy 
7 || care ry jo cae 4 mh) Se ‘ ja 
B (3) a sin( Hen ke 


k=1 


In particular, 


(1) Fors = 1, ka(x,y) = + (a; > 0), we have 


ae 
: 1 1 ii 
ris) P rio(4) q na; 
T\| = - — ; 
Me Bo r(B) | Later) | Asin(S) 
(2) Fors = 2, 
ky(x,y) (0 <a; <a) 
x, = J 3 a a ¥ 
MS BREF a VTE any") eas 
we have 


: i af 
pp OY at ae a 
Lp tr(2) | Loo) | AsinZy agar 


Since we find 


fet 2ay_y 

an z % 

x a Fla Ina; —a Inaz) 

ay — a, ; #( 1 mney) 2) In(a2/a1) 


= lim = 
20 z cos(2241) 1 


MF 


lim 
a 
Ay sin( 


2nh1) 


then for A; = Ay = A/2, we obtain 


a 7 recy PP 2im(ar/ar) 
| Bier) | Loo) | Alaa — a1)” 


(3) Fors = 3, 
k = : ) 
a(x, y) = (x43 + ay y4/3) (x43 + ay y4/3)(x03 + az y4/3) ( <da| <a) < a3), 
we have 
; (2) 1 i 1 ‘ji 3 
[J = P rio(t) q 37 3a _y 1 

a | mira eI FH) A sin( 3241 By I] aj —ak 

pi r(B) | Lat) |] asinGy So’ ht aj — a 
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Then for A; = Az = A/2, we may find that 


ele 2 | eo FP 3n 
| Bir B) | Lao r(B) | A Vat Jaa) Sait Va) a+ fas) 
Example 6.3. (1) We set 


1 


ky(x,y)= 
ay) xA42(xy)4/2 cos y+ y 


(A>0,.0<y = 5,0 <A <i, 0 <2 < jo), 


which is a positive decreasing function with respect to x (y) € Ry. For do 
Smin{Ay, Ao, Io _ Ai, Jo = A} > 0, and dt € (A; = 60,A1 + 50); setting = 
—el!, zy = —e~'”, by (40), it follows 


II 


7 = 1 Ai-l 27” I my _y 
co pi-ldr = qld 
0 t4+2t4/2 cosy +1 A Jo u2+2ucosy +1 


= Oe. emt u : sey tt _| 


: i —iy — ely iy —e7ly 
A sin( 2441) e e e e 


7 2x siny(1 — 21) 
= € R. 
Asin y sin(244) 


Setting 6; = 0 (< A; — 40), we have 


1 
<l= 


it) = Foon cosy +1 


x(t € (0,00). 


Then by Corollary 6.1, we have 


Pe) ? rio(+) 7 2n sin y(1 — ae 
I|7 || = F 5 


bare aio! (2) Asin y sin(244) , 
(2) We set 
1 c>0,0<b<2/c, 
ky (x, y) = 3 b 1/2 X A otal ° . s , 
x* + b(xy)*/* + cy A>0,0<A, =A2 = § < min{io, jo} 


which is a positive decreasing function with respect to x (y) € Ry. For d9 = 
+ min{4, ig — a, Jo- Ay > 0, and dA; € a — do, A + 60), it follows 


A Re 1 2 2¢° 1 
k(=) = ee ea / d 
G / t+ bp/2+¢ AJo wet+bu+tc " 
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20 et 
Ale —~ 
8 V/V 4c — b2 
= J ——— arctan ——_., 0 < D < 2c, 
AV 4c — b2 b 
4 
T= b=2//c, 
AJSc ve 
and 
A - i A-1 oa A_9§/—] Ol ayy 
o<kay) = [ Lae ey af ca a+ f at 
1 
Setting 6; = 0 (< A; — 40), we have 
1 1 1 
kat, = <== —y (O00). 


O+br/2+¢7 ¢ ct 


Then by Corollary 6.1, we have 


riot) a ioc a 
[IT jg—1 Ss ig—l 2 K( ). 
pi r(B) | Later) | \2 


Example 6.4. We set 


(min{x, y})” 


K(x, y= (max{x, y))*7 (=< Al <%=) <2 = Jo— 7); 
Then we find 
y¥t42—io 
er a Pane | 0 ? 
pe ARDY gy | ee 
RE) = ee 
(max{x, y})*+” x 


ao ae 2X; 
yrityt jo ya 


is a strict decreasing function with respect to y € R;. There exists a constant 
eer 
609 = 3 mintlo —y Ary + Azy + Ai} > 0, 


such that for any Ave (A; — 60, A, + 40), 
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lat 
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xy thi-io 
‘ ———., 0<x<y, 
Kae, y)xtio = OO YD ie YY : 
(max{x, y})*+7 y? 
i Aare aa x 2 J; 
xA-Ai tioty 


is strict decreasing with respect to x € R+, 


x oo i Ly’ - Do co 4 . 
k(A1) _ / (min{f, }) tld = i puty-la¢y fh : nee, | dt 
0 1 


(max{t, 1})4+y 


2 A+ 2y 
Ait ya-A+y) 


Since 59 < i(y +A) <y +A, and 


y 
f(t, 1) = omit ee ner 
em max, BY) Te sy 
taty ’ Se? 
then there exists a constant 6; = —y < A, — do, satisfying 


kit, 1) < x (t € (0, 00)). 


Therefore, the assumptions of Theorem 3.4 are satisfied and by Corollary 6.1, it 


follows 
. L 1 
ied 2) | SO ey 
[per | Laer) | Qi+y)Q24+7)° 


In particular, 


(i) For y = 0, we have 


ky(x,y) = (0 <A, < ip, O< Ar < J) 


(max{x, y})” 


I|7 || = ae m@ a 
= pir (2) oo“1 (2) | AyAg’ 


(ii) For y = —A, we have 


and 
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ky(x,y) = (—Jo <A <0, —ip < An < 0) 


1 
(min{x, y})* 


Pio) 2 rio(+) # (a) 
Wri=|——2 | | | 
pir (F) aol P(2) | AjAg 


(iii) For A = 0, we have 


and 


min{x, y} 


Y 
GE = ( ) Geog SS 


max{x, y} 


ru =| oP] |_ee@e_] 2 
~ Lpatrcay | Leer) |? - ay 


7 Compositions of Two Discrete Hilbert-Type Operators 


and 


For p > 1, still setting 


g(x) = xP (y) = yX0"1 x,y E Rg), 


as in the front section, for ig = jo = 1, we define two normal spaces as follows: 


= 1 
? 
lo. = ya {ant i alle _ | a eomjan <wr, 


m=1 


L 


lay = 75 = {bihras Ubllay = | do wenie < 00 


n=1 
Corollary 7.1. With the same assumptions of Theorem 3.4 (or Corollary 3.2) for 
ig = jo = 1, T is defined by Definition 4.1 (for ip = jo = 1), such as 
[o,) 
(Ta)(m) = ¥ i ka(m.n)am (mm €N), 
m=1 


we have 


472 B. Yang 


ITI] = kA) = | iq (t, Dtldt € Ry. 
0 


In the following, we agree that p > 1, “+ ; = 1,A,A1,A2 ER, Ap +A2 =), 


ra (x, vy) @ = 1,2, 3) are non-negative finite homogeneous functions of degree —A 
in R2,, with 
KOA) t= i; KO (u, Dudu e Ry, 
0 


and ken? we; y) is symmetric. 


Definition 7.1. If k € N, we define two functions F;(y) and G; (x) as follows: 


CO 
Fy(y): = eal k (xc, y)x 7d, yeRi, 
1 


CO 
G(x) =x / K(x, yy2o# dy, x E Ry. 
1 


Lemma 7.1. /f there exists a constant 5) > 0, such that k (A, + 69) € Ry (i = 
1,2,3), and there exist constants 6, € (0,69) and L > 0, satisfying for any u € 
[1, 00), 

fe wie eh uae Ee (41) 


then fork €N,k > i max{<,, a setting functions F;,(y) and Gx(x) as follows: 


_ five 1 Z 
F(y): = y"! rk (Ay a —) — Fx(y), ye Ry 
pk 


G(x) i= eNO, a: =) —~Gy(x), x ER, 
we have 
0< F(y) = O(" 1) (y € [1,00)), 0 < G(x) = OC?!) (x € [I, 00)). 
Proof. Setting u = x/y, we obtain 


1 


wo 1 oo 
Fy(y) = yt / Ku, Du" dy 
1/y 


Multidimensional Discrete Hilbert-Type Inequalities, Operators and Compositions 473 


efile fe erie copii fe? =— 
= yy"! pk ‘f kw, Du"! pk lau —y" Dk = k? (u, Du mm dy 


=o 1 —4-, pi = 
= yay =) = EP tat 
P 0 


Hence, it follows 
u—+-1,.2) I = u-t-1 [” ,@ ota 
Fi (y) = yt) (4) — —) — Fy) = yt ku, Dud 
pk 0 
kta [ 72o) iis 
oe ie ky, v)ju PF dv = 0 (y € [I], 00)). 
y 

In view of (41), we have 


foe} 
ve) yay f ye yet ae dy 


J 


00 Ay—6)-1 
oe —3; +--+ Ly*!" 

= yl 7K 1 f yp Sitpeldy = = nc 
y 6) - = 


pk 


and then 


Fy(y) = OCG") (y € [1, 00)). 


Still setting u = x/y, we have 
G(x) = aces Ku, It dy 
0 
dy—- 4-17 33) 1 cy PO ae 
= x2“ lk (41+—)-x” ak ky (u, Lut? a Hii: 
qk 2 
Hence it follows 
_ vAa- 4-173) 1 = 
Gi (x) = x gk kk A1+—)- Gi (x) 
qk 
— da— gel * 8) 1 itde-l gy 2 
ae ; y (yu, Iuer 4 ua 0. 
By (41), we have 


oo dy—81-1 
1 Rip Lx*2~! 
0< G(x) < x02- ak nf ge yg = — 
x 
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and then G(x) = O(x*2-*'~!) (x € [1, 00)). The lemma is proved. Oo 


Lemma 7.2. With the same assumptions of Lemma 7.1, we have 
Lf? (fw ioe eat Fa ad 1) 
tate a / ky) (x, y)x2 yt dx ) dy =k (Ai) +0(1), (42) 
1 1 


when k — oo. 


Proof. Setting u = y/x, since sees y) is symmetric, by Lemma 3.1, it follows 


1% y 
Ly = al yet (/ Ki ape) dy 
k Jy 0 
1 ca ar ; (1) Myt+i-1 
=— yk ky’ (u, Iu" du ) dy 
kL 0 
Oe lig ff" itty += 
+f yk / ky (u, lull" *® du ) dy 
1 1 


co 
uy 


1 I eS 
=f Pa netinans = | (/ yay) ku, Dut" du 
0 1 j 
no Ait geal aan Gat 
=| ky (u, uel" du [ kO (a, uF" du 
9 1 


= 7 ku, Du "dut+ o(1). 
0 


Hence, (42) is valid. The lemma is proved. oO 
Lemma 7.3. With the same assumptions of Lemma 7.1, ifA,A\,A2 < 1, gee y) 


(i = 1,2, 3) are decreasing with respect to x (y) € Ry, setting 


CO 
- A-“-l 
Ax(n) : =n? > k? (m,n), ae 


m=1 


lo @) 
- Ay-+-1 
Bem): = mM SO kPa 


n=l 
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then we have 


CO CO 3 
i= 3 Yo SOP nn) Ann) Bem) = TRA) +00) (k > 0). (43) 
m=l1n=1 i=1 


Proof. By the decreasing property, Definition 7.1 and Lemma 7.1, it follows 


Tk 


IV 


1 co foo _ 7 
cf fe FOrGceardy 
1 


1 a dd) A-4-l (2) 1 
cf fen [yA - 5) — 0) 


1 
x Emule (i + —) - Guts)| dxdy 
q 


IV 


I, -—1h- Is, 


where /;, [>, [3 are defined by 


1 1 1 = oe ee ae 
ee pOles @) Lp ft? atin tee a1. eet 
oes (a1 on (2 a i / a a 


LAjl fe is -i- 
In: = KOA + naval (, ke ee ak ‘as) Fy(y)dy, 


1\1 s% as eles 
2 £Q) _ as () Ay=se=1 
Ih:=k (a1 varal (| ky’ (x,y)y ay) Gx (x)dx, 


respectively. By Lemma 7.2, we have 
1 1 
h=k%a 1))k® —)k (A idl 9 
= (KPA) + oC) = SE )RO (Aa + =) 
Since 0 < Fy(y) = O(y*!—*'~!), there exists a constant L> > 0, such that 


Fy(y) < Loy"! (y € [1 00)), 


1\L ee 
0O<h< KOA + a ([- k(x, y) x2 a ax) yt-8i-ldy 
1 0 


1\Lo. (* id mel 1 
— 7-3) (1) Aitga-l b—=,—1 
=k (A+ 7D) Z i (/ ky (u, Lue 4 du) y ak" dy 


Tk (A, + eM + eae 


~ & 


Hence, J, > 0 (k — ov). 
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Since 0 < Gx(x) = O(x*2~*!!), there exists a constant L3 > 0, such that 


G(x) < L3x'" (x € [1, 00)), 


and then 
)= [o,@) 
aa teers: Br(f [ eu Vu a Mau) b-#-1 gy 


ete tae 


Hence, J; — 0 (k — oo). Therefore, 


3 
> N-h-k > [[k°Q) (k +00), 


i=1 
and then (43) follows. The lemma is proved. oO 


Theorem 7.1. Suppose that for 1,4. < 1,4 < 1, k(x, y) @ = 1,2,3) are 
decreasing with respect to x (y) € R, there exists a constant by) > 0, such that 


KOA, £49) € Ri G =1,2,3), 

and there exist constants 5 € (0,69) and L > 0, satisfying for any u € [1, 00), 

kK, weet’ a ee ku, Lubité <L. 
Ifam,, By 20,4 = {Omi bin =1 € Lyg, B= {Bntai € lq llallp WBllaw > 9 
setting 

lo, 
Aj(n) := ni! > k (my, nam, (n EN), 
m,=1 

then we have the following equivalent inequalities: 


T= 0 SC RP mn) Ag() Bn < KO ADK? AdIlallpollBllavs (44) 


m=1n=1 


lee) oe) P > 
J:= [Some (324%em.mauen) <kV ADK? (Allallpyg, (45) 


m=1 n=1 


where the constant factor k“) (A ,)k (A,) is the best possible. 
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In particular, if bn, = 0, b = {bn }°_1 € €a.w, |lPlla.u > 0, setting 


n= 
CO 
Bm = By(m):= mm’! S~ km, m)bn, (mM EN), 
n=l 
then we still have 


CO CO 3 
SSOP Om ny Ayn) Bim) < TTR Odllallpellbllay, = (46) 


m=ln=1 i=l 


3 
where the constant factor T] k (Aj) is still the best possible. 


i=1 


Proof. By (11) (for io = jo = 1), we have 
J Sk A)|Aalloe: (47) 


and the following inequality: 


s 1 
Aallpy = | oae-2o-taten 
n=1 
1 
lo) lo) P\ ? 
= {> ae SS Pon, nam, <k®(Q)llallpg. (48) 
n=1 m\=1 
then we have (45). 


By Holder’s inequality, we find 


r=>- (wi Son.m ate] (m>*B,) <J\|Bllav. (49) 


m=1 n=1 


Then by (45), we have (44). On the other hand, assuming that (44) is valid, we set 


oo p-l 
By = mP27! oy kK (m, nau) (m EN). 


n=1 


Then we find Bley = J’. If J = 0, then (45) is trivially valid; if J = oo, then 
by (47), it follows || A,||p,0 = 00, which contradicts (48). For 0 < J < on, by (44), 
it follows 


IBIé =JP=I< KM ADK Ar)llallpollBllaw: 
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Dividing out ||B||,,y in the above inequality, we find 
Bly =F <kKOADK OdIlall po: 


and then we have (45). 

Hence, inequalities (45) and (44) are equivalent. 

In particular, setting B,, = B,(m) in (44), since by (11) (for i9 = jo = 1), we 
find 


Bila <kKO AMID lay. 


then we have (46). 
In the following, we prove that the constant factor in (46) is the best possible. For 
kKEeN,k> a max{ +, ah we set 


1 
—t-) 
2 - qk 
dm, i= ™M, bn, t= Ny (m,n, EN). 


Then it follows 


lo. 2) lo, e) 
Ax(n) = a >» k? (my, nam, By(m) = mm! es kO (m,n )bn,. 


m\=1 n=l 
3 ms 
If there exists a positive constant K < [| k(A,) such that (46) is valid when 
i=l 


3 
replacing [[ k“(A,) by K, then in particular, it follows that 
io 


L 


Ley 1 1 es a 
. ; eee rae oe 
te = 2 DO RV em MA Balm) < FE KlallpgllBllaw = eK (1 + >on :) 


m=ln=1 n=2 


By (43), we find 


3 
[[A°Q) +00) <h = K(I + =) 


i=1 


and then 
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3 
[[k°@p <K (k—oo). 


i=1 


3 
Hence K = [| k(A)) is the best value of (46). 


By the dquivalency: the constant factor in (44) is the best possible. Otherwise, for 
By, = B,(m), we would reach a contradiction that the constant factor in (46) is not 
the best possible. In the same way, the constant factor in (45) is the best possible. 
Otherwise, we would reach a contradiction by (49) that the constant factor in (44) is 
not the best possible. The theorem is proved. oO 


Definition 7.2. With the same assumptions of Theorem 5.1, we define a Hilbert- 
type operator T : £,4 — €y. as follows: For A, = {Aj(n)}°2, € Ly9, there 
exists a unique representation TA, € £9, satisfying 


(TA, )(m) = m* 1S * ki (m,n)Ayn) (m EN). 


n=1 


We can find 
WT Aallpo = KP ADIAallpe 


where the constant factor k)(A;) is the best possible. Hence, it follows 


[rr =k Gx -| KP, edt € Ry. 
0 


Definition 7.3. With the same assumptions of Theorem 5.1, we define a Hilbert- 
type operator T® : £,.4 > Lp, as follows: for a = {am}_, € Lp, there exists a 
unique representation Ta € ¢,, satisfying 


(Ta)(n) = A,(n) = n! x k? (m,n)am (n EN). 


m=1 


We can find 
Paling Sk OAdllallpe. 


where the constant factor k)(A,) is the best possible. Hence, it follows 


7] = kay) =| k(t, Dt dt € Ry. 
0 


480 B. Yang 


Remark 7.1. In Definition 7.2, 


i) Ifforx > y, i” On y) = 0, we define the first kind Hardy-type operator as 
follows: 


(Ti Ay) (mn) =m! SOP (m,n) Ann) (m EN), 


n=1 


then we have 


1 
OF = KP AD =| kOe, Ie dt € Ry. 
0 


Gi) If forO < x < y, sees y) = O, we define the second kind Hardy-type 
operator as follows: 


(TS Ay)(m) =m! > ky? m,n) Ax (n) (m EN), 


then we have 
[ee 
7271) = kPa) -| KOO, Dede € Ry. 
1 


In Definition 7.3, 


Gi) If forx > y, ke (x, y) = 0, we define the first kind Hardy-type operator as 
follows: 


(Tayi) = WY Kn. n)am (0 EN), 


m=1 


then we have 


1 
IT)? | = kPa) =| k(t, It dt € Ry. 
0 


(ii) If forO < x < jy, ae (x,y) = 0, we define the second kind Hardy-type 
operator as follows: 


(Tain) =n" YER, mam (2 EN), 


mn 


then we have 


[ee 
IT)? I = Py) | k(t dt € Ry. 
1 
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Definition 7.4. With the same assumptions of Theorem 5.1, we define a 


Hilbert-type operator T : lp)4 — £py as follows: Fora = {am}P°_) € lp, 
there exists a unique representation Ta € £, 9, satisfying 


(Ta)(m) 


T') Ay(m) =m" S~ ki? (m,n) Ag (n) 


n=1 


co 


[o,@) 
m! Sok? (mn)n! a kK (m,n)am, (m EN). 


n=1 mi=1 


II 


Since for any a = {dm}P°_, € py, we have 
Ta = TA, = TOT%a) = (TOT)a, 


then it follows that T = TT), ie., T is a composition of T and T®). It is 
obvious that 


FI] = [POT || < [|TP|- [7P || =KO ADO Ad). 
By (45), we have 
Tall po = IT Aall po =H=J< KV ADK ADI|lallyo- 


where the constant factor k“ (A )k @ (A) is the best possible. It follows that ||7'|| = 
k(A,)k@(A1), and then we have the following theorem: 


Theorem 7.2. With the same assumptions of Theorem 7.1, the operators T) and 
T are respectively defined by Definitions 7.2 and 7.3, then we have 


(eer = ir PS ee Ok Ga: 


In particular, 


(i) KO (x, y) = k(x, y), then T® = T™ and 
MPP |] = 17 1? = & Gy): 


(ii) If TO = ES (j = 1,2) is a Hardy-type operator defined by Remark 7.1, 
then we have 


2 . 
POT? || = [TO] (ITP || =kO ADP AD CG =1,2). 
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ii) If TY = 7 (i = 1,2) is a Hardy-type operator defined by Remark 7.1, then 
we have 


FOTO] = [TO -[ITO = KP ADRPAYD G=1,2). 
dv) ET = 7, @ = 1,2), T? = TP (j = 1,2), then we have 
OT? || = WTO WUT? | =KPAdRPaD Gi=12. 
Example 7.1. (i) ForO <A <1,0<A1, A2 <1, 


A 1 In(x/y) 
x, = ; , , 
AE EE Cy Raye maxte 


and 


S 


1 
| | —— (i = 1,2,3) 
A/s A/s 
ee 
are satisfied using Theorem 7.1. 


(ii) For 


1 


(a) = (axis vie 
ky (x,y) = (max{x, y})4 


2 
aapy eo) 


in Definitions 7.2 and 7.3 and Remark 7.1, it follows 


Co 1 
TYA =m!) °——__A 
(T'’A,)(m) =m Lat a(n) (mEN), 


(T?a)(n) =n?" rs es (n EN), 


(max{m, n})+ ae 


m=1 


(TP a)(n) = Siam (nN EN), 


m=1 


CO 
1 
(T,?a)(n) =n! > am (n EN), 


then by Theorem 7.1, we have 
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TOPO] = |7| |r| = —— Be as — 
Asina(S1) AiA2 Ay Ag sin (44) 
Pore = ||TO||- (te = = x : = 2 ay’ 
A sinz(4!) At AA, sin 1 (5) 
TOTO] = [TPO || [72 1 1 1 


7 A sin (44) Az = AAr sin (At) 
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The Function (6* — a*)/x: Ratio’s Properties 


Feng Qi, Qiu-Ming Luo, and Bai-Ni Guo 


Dedicated to Professor Hari M. Srivastava 


Abstract In the present paper, after reviewing the history, background, origin, 


: : . tioat —at_,—Bt . : 
and applications of the functions 2 —— and 4, we establish sufficient and 
- i ttf , ; ae 
necessary conditions such that the special function aor is monotonic, logarithmic 


convex, logarithmic concave, 3-log-convex, and 3-log-concave on R, where a, 6, A, 


and y are real numbers satisfying (a, 8) 4 (A,), (a, 8B) 4 (w,A), a # B, 
anda # yp. 


1 Introduction 


Recall from [43] that a k-times differentiable function f(t) > 0 is said to be 
k-log-convex on an interval J if 


0< [In f(t)! <00, kEN (1) 


on /; if the inequality (1) reverses, then f is said to be k-log-concave on I. 
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For b > a > 0, let 
bt—at 
e t £0; 
Ga p(t) = t 
Inb—-Ina, t=0. 


In [37, 38], the complete monotonicity and inequality properties of Ga,(t) were 
first investigated. In [1, 9, 13, 28, 33, 34], the 3-log-convex and 3-log-concave 
properties of Gz,(t) were shown. The function G,z,(t) has close relationships 
with the incomplete gamma function [21,25]. It was ever used to prove the Schur- 
convex properties [13,25, 34], the logarithmic convexities [4, 13,20, 28, 34], and the 
monotonicity [36, 39] of the extended mean values (for more information, please 
refer to [2,21] and closely related references therein). It was applied in [7,29, 30,40] 
to construct Steffensen pairs. It was also employed in [41] to verify Elezovié- 
Giordano-Peéarié’s theorem [6, Theorem 1] which is related to the monotonicity 
of a function involving the ratio of two gamma functions. Some more applications 
were further established in [31,32] recently. 
For b > a > 0, let 


F a,b (t) =<" 1 
b-a’ 
In [3, 15, 18,22, 4446], [5, p. 217], and [16, p. 295], the inequalities, monotonicity, 
and logarithmic convexities of the function F,,(¢) fora = b—1 and its logarithmic 
derivatives of the first and second orders are established. In [18], the history, 
background, and origin of F,,(t) fora = b — 1 and its first two logarithmic 
derivatives were cultivated. In [11, 42], the logarithmic derivative of F,.,(t) for 
a = b—1 was applied to study the complete monotonicity of remainders of the first 
Binet formula and the psi function. In [8,17, 19], the function Fin ging (t) was utilized 
to generalize Bernoulli numbers and polynomials. In [9,33], the 3-log-convex and 
3-log-concave properties of F,,,(t) were shown, among other things. 
For real numbers a and f satisfying a 4 B, (a, B) # (0, 1), and (a, B) ¥ (1,0), 
let 


In [12, 23,41], the monotonicity and logarithmic convexities of Qy.g(t) were 
discussed and the following conclusions were procured: 


1. The function Qy g(t) is increasing on (0, oo) if and only if (8 —w)(1—a—f) = 0 
and (B — a)(\a — B| —w — B) 2 0. 

2. The function Q, g(t) is decreasing on (0, 00) if and only if (B—a)(1—a—f) < 0 
and (B — a)(\a — B| —w — B) <0. 
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3. The function Q, g(t) is increasing on (—oo, 0) if and only if (8 —w)(1—a—f) = 
0 and (6 —a)(2— |a — B| -wa— 8) = 0. 

4. The function Q,,(t) is decreasing on (—oo, 0) if and only if (6 —a)(1—a—B) < 
0 and (6 — a)(2— |a — B| -wa— B) <0. 

5. The function Q, g(t) is increasing on (—oo, oo) if and only if (6B — a)(|a — B| — 
a — B) > Oand (6 — a)(2— |a— B|-a— B) 20. 

6. The function Q, g(t) is decreasing on (—oo, oo) if and only if (B — a) (|a — B| — 
a — B) < Oand (6 — a)(2— |a— B|-—a— B) <0. 

7. The function Q.,g(t) on (—oo, 00) is logarithmically convex if B — a > 1 and 
logarithmically concave if 0 < B —a@ <1. 

8. If 1 > B —a@ > 0, then Qa (ft) is 3-log-convex on (0, 00) and 3-log-concave on 
(—oo, 0); if B—a > 1, then Qy.4(t) is 3-log-concave on (0, oo) and 3-log-convex 
on (—oo, 0). 


The monotonicity of Qg4(t) on (0,00) was applied in [12, 24, 35] to present 
necessary and sufficient conditions such that some functions involving ratios of the 
gamma and g-gamma functions are logarithmically completely monotonic. The log- 
arithmic convexities of Qy,4(t) on (0, oo) were used in [10,41] to supply alternative 
proofs for Elezovié-Giordano-Peéari¢’s theorem. For detailed information, please 
refer to [26,27] and related references therein. 

The functions Gy, (t), Fa,5(t), and Qo,g(t) have the following relations: 


1 
Gap(t) = house, Fa p(t) = Giud) 
_ G,-« -—p (t) _ Fo-1(t) 
Qap(t) = Gea » Oap(t) = F_o_p(t) 


For real numbers a, 6, A, and yu satisfying (a, B) ~ (A, ), (a, B) 4 (w,A), 
a # B,andd F y, let 


eat — eft 
eAt — ent? t #0, 
Ag pat) = p=e 
, t=0. 
A pL 


For positive numbers r,s, u, and v satisfying (r,s) 4 (u,v), (7,5) F (v,u), 7 #8, 
and u # v, let 


ri —st 
faye 8a 
Proww@) = Inr —Ins 


Inu—Inv’ 
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It is clear that 


Aa psa.u (t) = Poa eB se et (t) (2) 


and 


Prssuy (t) — Any rins;lInu,Inv (t) : 
In addition, the functions Hy g-, ,,(t) and P,.s:1,»(¢) can be represented as 


Puy (t) O-a—s G,s (t) 
= dC Prssuy = ’ 
Fp) Oa. Ge 


the ratios of Gap(t), Fan (t), and Oo,g(t). 

Since the functions Gz,(t), Fay(t), and Q(t) have a long history, a deep 
background, and many applications to several areas, we continue to study the 
monotonicity and logarithmic convexities of their ratios, Hy.g:1,,(¢) and Prs:u,(t). 

Our main results may be stated as the following theorems. 


Theorem 1.1. For real numbers a, B,A, and wt with (a,B) # (A, ph), (a, B) F 
(u,A),a A B, andi # y, let 


A=(a—-p)a+B-A-p), B=(@—B)(a+ B—|a—fp|—2A), 


Aa p:au(t) = 


C=(a—p)a+B+|a—Bl—22), D=@—-B)@t+B+la—f|—2y), 
E = (a— p)(a + B —|a— B| — 2p). 


Then the function Hyp: ,,(t) has the following properties: 


1. The function Hy.p:,,.(t) is increasing on (0, 00) if and only if either’ > , 
A = 0, and@€ = O0ordA < p, A <0, and B <0. 

2. The function Hyp:,,,(t) is decreasing on (0, 00) if and only if either X < yp, 
A= 0,andB>0oraA > pw, A <0, and <0. 

3. The function Hy p:,,,(t) is increasing on (—0o,0) if and only if either 4 > ps, 
A> 0,andE > 00rd < pw, A <0, and D <0. 

4. The function Hyg:,,,(t) is decreasing on (—0o,0) if and only if either 1 > pu, 
A <0,andé < 00rd < up, AZ 0, and D=0. 

5. The function Hy g:r,.(t) is increasing on (—00, 00) if and only if either 4 > ju, 
C>0,andE>O0ora <p, B<0,andD <0. 

6. The function Hy p:,,.(t) is decreasing on (—0o, 00) if and only if either X > ps, 
€ <0,andE <0ordA < pp, B=0, and D = 0. 

7. The function Hy.p:,,.(t) on (—00, 00) is logarithmically convex if ae > lor 


logarithmically concave if 0 < ah <i. 
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8. The function Hy p.,,,(t) is 3-log-convex on (0,00) and 3-log-concave on 
(—oo, 0) ifeitherA-—p >a-—fB > O0ora—B <A-—yp < 0; the function 
Ay g:a,.(t) is 3-log-concave on (0,00) and 3-log-convex on (—oo,0) if either 
a-B>A-w>OordA-p<a-B <0. 


Theorem 1.2. For positive numbers r,s,u, and v with (r,s) 4 (u,v), (7,5) 4 
(v,u),r #5, andu F », let 


Cie ie, Ble lial Mee. SS 
uv Ss u2 KY Ss u2 

r 

In -— 


r rs r 
Jin’. e= (mn - Jin’. 
Ss v2 Ss Ss 


Then the function P,.s-4.(t) has the following properties: 


D= (m+ 
we 


x 
In — 
KY 


1. The function P,.s:y,y(t) is increasing on (0, 00) if and only if either u > v, 2X 0, 
and € = O0oru <v, UI < 0, and B < 0. 

2. The function P,.s:uy(t) is decreasing on (0, co) if and only if either u < v, A= 0, 
and 8 > Ooru> v, A< 0, and € < 0. 

3. The function P,s:u,(t) is increasing on (—0o, 0) if and only ifu > v, A> 0, and 
E>0,oru<v,2<0, andD <0. 

4. The function P).s:u(t) is decreasing on (—oo,0) if and only if either u > v, 
2< 0, and €<O0oru<v, AZ0, andD = 0. 

5. The function P,.s:uy(t) is increasing on (—0oo, 00) if and only if either u > v, 
€2>0,and€=O0oru<v,B <0, andD <0. 

6. The function P,5:y.y(t) is decreasing on (—0oo, 00) if and only if either u > v, 
€<0,and€ < Voru<v, 8 20, and D = 0. 

7. The function Py.s:u.y(t) on (—0o, oo) is logarithmically convex if 


In(r/s) 
In(u/v) 
8. The function P,.s:u.(t) is 3-log-convex on (0, co) and 3-log-concave on (—oo, 0) 

if*>2>l1or® < << 1; the function P,.s:y,y(t) is 3-log-concave on (0, 00) 


and 3-log-convex on (—oo0, 0) if > 4>1or4<f <1. 
Ss Uv Uv Ss 


In(r/s) 


In(u/v) > lor 


<I, 


logarithmically concave if 0 < 


Remark 1.1. The monotonicity of the functions Hg,g:,,,(¢) and Pys:u,(t) can be 
described by Table | below. 


Remark 1.2. In [23, Remark 2.1] it was remarked that the function Qy.g(t) cannot 
be either 4-log-convex or 4-log-concave in either (—oo, 0) or (0, oo), saying nothing 
of (—oo, 00). Therefore, neither Hqg:,,,,(t) nor P,.s:u,y(¢) is either 4-log-convex or 
4-log-concave on either (—oo, 0) or (0, oo), saying nothing of (—oo, oo). 
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Table 1 Monotonicity of the functions Hq,g:1,,(t) and Py.s:u,v(t) 


Intervals Monotonicity Aor&% BorB Cor€ DorD Eor€ Aand poruand v 


(0, co) Increasing 20 20 A>poru>v 
(0, co) Increasing <0 <0 A<poru<v 
(0, co) Decreasing 20 20 A<poru<v 
(0, co) Decreasing <0 <0 A>poru>v 
(—oo, 0) Increasing 20 =0 A>poru>v 
(—oo,0) Increasing <0 <0 A<poru<v 
(—oo,0) Decreasing <0 <0 A>poru>v 
(—oo,0) Decreasing 20 20 A<poru<v 
(—oo, 00) Increasing 20 =0 A>poru>v 
(—oo, 00) Increasing <0 <0 A<poru<v 
(—oo, 00) Decreasing <0 <0 A>poru>v 
(—oo, 00) Decreasing 20 20 A<poru<v 


2 Proofs of Theorems 


Proof of Theorem 1.1. Fort # 0, the function Hg g:,,,,(¢) can rewritten as 


e(e-Ayt _ e(B-A)t a we ea" e Aw = e Bw 
Haprult) = — —— = —, 
1 — eA l-—e™ l-—e™ 
where 
—X —X 
Differentiating with respect to t yields 
wpsd p(t) =(A- 1)Q", p(w), (3) 
H’,.,. (t)7 d J 
[In Hapsap(t)|” = ee | 7) wa] oe] 
Aa.p:r,y(t) dt | O4.2(w) (4) 
QO", 3) ]’ 
=(- w]e | =A pln Qa2w))’, 
and 
QO'",.3() 


[In Ho pant)!” =A- »| =(A-p)*[nQazgw)]”. (3) 


O4,B(w) 
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By virtue of [12, Theorem 3.1] or [41, Lemma 1] and the second-order 
derivative (4), it is easy to deduce that the function Hy.g:,,,(¢) is logarithmically 
convex if a > 1 and logarithmically concave if 0 < Bea < 1 on (—oo, 00). 

By virtue of [23, Theorem 1.1] and the third-order derivative (5), it is not difficult 
to obtain the following: 
1.IfA > wand1 > = > 0, then Hyg:,,,(t) is 3-log-convex on (0, 00) and 

3-log-concave on (—oo, 0). 

2. If A > pw and _ > 1, then Ag :4,.(t) is 3-log-concave on (0, 00) and 3-log- 

convex on (—oo, 0). 

3. IfA < wandl > oa > 0, then Hy,g:1,,(t) is 3-log-concave on (0, 00) and 

3-log-convex on (—oo, 0). 

4. If A < mw and a > 1, then Agg:4,.(t) is 3-log-convex on (0, 00) and 3-log- 

concave on (—oo, 0). 


Direct computation gives 


as A< up, 
(B—A)(1-A—B) = ——;_ (B—A)(|A—B|-A-B)= ‘ 
(A— pb)? C 
tue 
D 
Gao 7” 
(B — A)(2—|A— B|—A—B) = : 
Game “7 


Consequently, utilization of [12, Theorem 2.3] and the first-order derivative (3) 
yields the following conclusions: 


1. The function Hy g.,,,,(t) is increasing on (0, oo) if and only ifA > p, A = 0, 
and € = 0; the function Ay g., ,,(t) is decreasing on (0, oo) if and only if A < p, 
A = 0, and B = 0. 

2. The function Hy g:,,,(t) is decreasing on (0, 00) if and only ifA > yu, A < 0, 
and € < 0; the function Hy g:,,,(¢) is increasing on (0, oo) if and only if A < p, 
A <0, and B <0. 

3. The function Ay g:) ,,(¢) is increasing on (—oo, 0) if and only if A > py, A = 0, 
and € > 0; the function Hyg. _,(t) is decreasing on (—oo,0) if and only if 
A < p,A = 0, and D = 0. 

4. The function Ay pg.) ,(¢) is decreasing on (—oo, 0) if and only if A > pw, A < 0, 
and € < 0; the function Hy g-),(t) is increasing on (—oo,0) if and only if 
A<p,A<0,andD <0. 
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5. The function Hg g:,,,(t) is increasing on (—oo, 00) if and only if A > pr, © = 0, 
and € = 0; the function Hy g-,,,,(t) is decreasing on (—oo, oo) if and only if 
A < p,B >= 0, and D = 0. 

6. The function Hy g-) ,,(t) is decreasing on (—oo, 00) if and only ifA > py, € < 0, 
and € < 0; the function Hy ., ,(¢) is increasing on (—oo, oo) if and only if 
A <p,B <0,andD <0. 


The proof of Theorem 1.1 is complete. 


Proof of Theorem 1.2. This follows directly from the combination of Theorem 1.1 
with equations in (2). Theorem 1.2 is proved. Oo 


Remark 2.1. This article is a slightly revised version of the preprint [14]. 
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On the Approximation and Bounds 
of the Gini Mean Difference 


Pietro Cerone 


Dedicated to Professor Hari M. Srivastava 


Abstract A variety of mathematical inequalities are utilised to obtain approxima- 
tion and bounds of the Gini mean difference. The Gini mean difference or the related 
index is a widely used measure of inequality in numerous areas such as health, 
finance and population attributes arenas. The paper provides a review of recent 
developments in the area with an emphasis on work with which the author has been 
involved. 


1 Introduction 


Let f : R—-[0,00) be a probability density function (pdf), meaning that f is 
integrable on R and tie Ff (t) dt = 1, and define 


Foy f Ff (@t)dt, x eR and E(f= [xf ar, (1) 


to be its cumulative function or distribution and the expectation provided that the 
integrals exist and are finite. 
The mean difference 


1 CO Co 
Ro(fy=5 ff b-yidF ary Q) 


was proposed by Gini in 1912 [14], after whom it is usually named, but it was 
discussed by Helmert and other German writers in the 1870s (cf. David [12], see 
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also [21, p. 48]). The mean difference has a certain theoretical attraction, being 
dependent on the spread of the variate values among themselves rather than on the 
deviations from some central value ((21, p. 48]). Further, its defining integral (2) 
may converge when the variance a (f), 


o2(f):= / (x — E(f) dF (x), 3) 


does not. It can, however, be more difficult to compute than (3). 
Another useful concept is the mean deviation Mp (f ), defined by [21, p. 48]: 


foe) 


Mp (f= [ x E(A)ldF (x) =2 f «pdr. 
—oo Lb 


As G.M. Giorgi noted in [16], some of the many reasons for the success and the 
relevance of the Gini mean difference or Gini index Ig (f), 


Re (f) 
E(f)’ 


are their simplicity, certain interesting properties and useful decomposition possi- 
bilities, and these attributes have been analysed in an earlier work by Giorgi [15]. 
For a bibliographic portrait of the Gini index, see [16] where numerous references 
are given. 

The Gini index given by (5) is a measure of relative inequality since it is a ratio of 
the Gini mean difference, a measure of dispersion, to the average value wu = E (f). 
Other measures are the coefficient of variation V = o/ and half the relative mean 
deviation Mp (f)/(24), where Mp (f) is as defined in (4). 

From (1), F (x) is assumed to increase on its support and its mean jz = FE (f) 
exist. These assumptions imply that F—! (p) is well defined and is the population’s 
p' quantile. The theoretical Lorenz curve (Gastwirth [13]) corresponding to a given 
F (x) is defined by 


Te (fy = 


(5) 


Lipy=— [°F (x)dr, O<p<l. (6) 
MK Jo 


Now F7! (x) is nondecreasing and so from (6) L (p) is convex and L’(p) = 1 at 
p= F (wu). 

The area between the Lorenz curve and the line p is known as the area of 
concentration. 

The most common measure of inequality is the Gini index defined by (5) which 
may be shown to be equivalent to twice the area of concentration ([13]) 


1 
oS) c(p) dp, ¢(p) = p—L(p). (7) 
0 


On the Approximation and Bounds of the Gini Mean Difference 497 


c (p) vanishes at p = Oor | and is concave since L (p) is convex. Further, there is a 
point of maximum discrepancy p* between the Lorenz curve and the line of equality 
which satisfies 


c(p*) =c(p) for all p € [0, 1]. (8) 


The point p* = F (yw) and c (p*) = MoD (241), where Mp (/) is given by (4). 

The study of income inequality has gained considerable importance and the 
Lorenz curve and the associated Gini mean or Gini index are certainly the most 
popular measures of income inequality. These have also however found application 
in many other problems within the health, finance and population arenas. 

In a sequence of four papers, Cerone and Dragomir ([6—10]) developed approx- 
imation and bounds from identities involving the Gini mean difference Rg (/). 
Some of these results involved using the well-known Sonin and Korkine identities. 
Cerone [4] procured some approximations and bounds utilising the Steffensen and 
Karamata inequalities and some of the results are presented in Sects. 4 and 5. 

The characteristics of the Lorenz curve, L (p), and its connection to the Gini 
index via (7) to obtain upper and lower bounds for both L (p) and Ig (f) were 
analysed by the author in [5]. This is accomplished by utilising the well-known 
Young’s integral inequality and some less well-known reverse inequalities. These 
are discussed in Sect. 6 and applied in Sect. 7. 

In the final section, generalisations and extensions of the Iyengar inequality to 
allow the approximation and bounds of Riemann-Stieltjes integrals and weighted 
integrals in a less restrictive framework developed in [3] are presented. These 
developments enabled the procurement of novel results for the approximation and 
bounds of the Gini mean difference which are summarised here with a brief sketch 
of proofs. 


2 Some Identities and Inequalities for the Gini Mean 
Difference 


Some identities for the Gini mean difference Rg (/) through which results for the 
Gini index Jg (f) may be procured via the relationship (5) will be stated here. 
These have been used in [6—10] to obtain approximations and bounds. The reader is 
referred to the book [21], Exercise 2.9, p. 94, or [10]. 

The following result holds (see for instance [21, p. 54] or [10]). 


Theorem 2.1. With the above notation, the identities 


Ro (f= ff (FO) Foydy=2f xf (x) F(x)dx-E(f) (9) 


hold. 
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The following result was obtained in [6] using the well-known Sonin identity 
(see [23, p. 246]) for the case of univariate real functions. 


Theorem 2.2. With the above assumptions for f and F,, we have the identity 
Co 
Ro(f)=2f EEG) F dx 
—oo 


=2 [7-8 (FO)-5)f eas (10) 


for any y,6 € R. 


The following result was studied in [7] using the Korkine identity (see [23, 
p. 242]) for the case of univariate real functions. 


Theorem 2.3. With the above assumptions for f and F, we have the following 
representation for the Gini mean difference: 


Ro(f= ff &-—yY(FM-FO)S@FO)dxdy. aD 


The following lemma will be proven here since it is crucial for the current work 
in bounding the Gini index via the Lorenz curve and the area of concentration C. 
The identity is also proven in [21, p. 49] in a different way. 


Lemma 2.1. The following identity holds 


Re (f) = ee (f) = 2uC, (12) 
where the quantities are defined by (2), (5), (6)-(7). 


Proof. From (6) and (7) we have 


1 Pp 1 Pp 
auc =2 | [ou — [ F(x) dx| dp =2 [ / [E(f)-— F! (x)] dxdp. 
0 0 0 Jo 
An interchange of the order of integration and a substitution x = F (t) produces 
auc =2 f (t— E(f)) F (t) dF. (13) 


Now (13) is equivalent to identity (10) with y = 0 and so 2uC = Rg (f) and 
hence the identity (12) is proved. 
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3 Bounds for the Lorenz Curve and Gini index 


3.1 Inequalities for Rg (f ) 


The following result compares the Gini mean difference with the mean deviation 
defined by (4) which was obtained in [6] using (10). 


Theorem 3.1. With the above assumptions, we have the bounds 
1 
gMo(f/) = ReG) 22h O)=9| Mp) <= Mp(f), 
x€ 


for any y € [0,1], where F (-) is the cumulative distribution of f and Mp (f) is 
the mean deviation defined by (4). 


It was pointed out by J.L. Gastwirth in [13], using inequality 105 from the book 
[17] by Hardy, Littlewood, and Polya and the fact that F' is increasing, that one can 
state the following results. 


Theorem 3.2. Assume that F is supported on a finite interval (a,b). Then 


0< Rg (f) $ pb - EEL) -a). (14) 


3.2 Inequalities via Griiss and Sonin Type Results 


The following representation for the Gini mean difference 


b 
ey / F(x) (1—F @)) dx, (15) 


holds provided that F is supported on [a, b], a finite interval. 
Bounds for the quantity Ré(/), involving Rg(f) and defined here for 
simplicity 


: 1 
Re) = 5 bb - EQILE GS) — a] - Re Y), (16) 
will be obtained below. 
Utilising the well-known Griiss inequality the following simple bound for the 
Gini mean difference was obtained in [9]. 


Theorem 3.3. If f is defined on the finite interval [a,b] and RZ (f) is given by 
(16), then 
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0< RE (f)< 70-4). (17) 


The following improvement of Theorem 3.3 was obtained in [9] using an 
improvement (see [7] and [11]) of the Griiss inequality. 


Theorem 3.4. If f is defined on the finite interval [a,b] and R¢% (f) is given by 
(16), then 


F(x)- 


1 b— EP) | 
elf (Fy -95 pe EY ts <7{(b-a), (18) 


The Sonin identity [23, p. 246] on (15) producing the result 


b 
R= f (Fw 2S Vr @- Aydt (19) 


1 b 
Os kos 5° 


b-E(f) 
b-a la 


was used in [8] to obtain the following theorem. 


Theorem 3.5. Assume that f is defined on the finite interval [a,b] and R& (f) is 
given by (16), then 


b 
0 S)R5(f) < inf F Ale f |FW- (20) 


a 


p= By) 
Rak a 


F(t)- 


b-E 
(f) | ; 
b-a 
Taking A = i in (19), the following simple bound was also obtained in [8]: 


a+b 


1 
RNS [+E 


] : (21) 


The following identity was obtained in [8] from using the Korkine identity [23, 
p. 242] on (15): 


* a 1 p a 2 
RB N=sg-y | [ FO-Feraxay, 22) 


where R& (/) is as given by (16). 
If upper and lower bounds for the density function f are known, then we have 
the following result which was obtained from (2.17) in [8]. 
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Theorem 3.6. Jf f is supported on [a, b] and there exist the constants0 <m,M < 
oo such that 


m< f(x) <M forae.x € [a,b], (23) 


then 


eg ORG Ce 


4 Results from Steffensen’s Inequality 


The following theorem is due to Steffensen [24] (see also [2] and [1]). 


Theorem 4.1. Leth : [a,b] — R be a nondecreasing mapping on |a,b] and g : 
[a,b] > R be an integrable mapping on [a, b] with 


—oo < @ < g(x) < ® < o forall x € [a,b], 


then 
1 eth {?G@h(@)dx 1 f? 
= h(x) dx < ~4 h(x) dx. 25 
al ike ? G(x) dx ae ba ae om 
where 
b — 
r= | G (x) dx, 0<6()= 208 <1, 4h. (26) 


Remark 4.1. Equation (25) has a very pleasant interpretation, as observed by 
Steffensen, that the weighted integral mean of h (x) is bounded by the integral 
means over the end intervals of length , the total weight. 

The following results have been obtained in [4]. 


Theorem 4.2. Let f be supported on the interval [a,b] and E (f) exist. Then the 
Gini mean difference Rg (f ) satisfies 


ati’ b 
/ @ta-xf (dx sRo(fsa—f b- Od] fae, (27) 


whereX = E (f)—a. 
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Remark 4.2. We note that the result (27) may be compared with that of Gastwirth, 
namely , 4 < Rg(f) < A with A = E(f)—a, which was derived under the 
assumption that F is defined on (a, 00) and satisfies a DHR property. 

We notice that the upper bound in (27) is always less than A. It is uncertain 
however as to whether the lower bound is greater or less than 4. 


The following theorems assume that the pdfs are defined over the finite interval 
[a, b] and so from (9) we have the identity: 


Ro (A+£E(/) 


b 
5 =| xf (x) F (x) dx. (28) 


Theorem 4.3. Let f (x) be a pdf on [a,b], 0 <a < xf (x) < BandA = 
er , then the Gini mean difference Rg (f ) satisfies 


Ro (P+ EW) 


ataz 
(Ba) | (@@+Aa—x) f @dx < ; 


—a(b—E(f)) (9) 


IA 


b 
(p-a) f- [o-@-ayre 7 7 


Theorem 4.4. Let f be supported on the positive interval la, b] withO <a <b 
and @ < f (x) < ®, x € [a,b] and E (f) exist. With A = =e a , then the Gini 
mean difference Rg (f ) satisfies 


ataz 
(@-) [ [a+ar-x] foax 
eke N+Ein-of 2) f (x) dx 


<(@-¢) 


hepa fo oyna _ (30) 


5 Results with Karamata’s Inequality 


In an interesting but not well-known paper [22], Alexandru Lupas generalised some 
results due to Karamata. These are presented and applications to bounding the Gini 
mean difference are demonstrated in the current section. 

First some notation. 

Let —oo < a < b < +c0 and e€9 (x) = 1, x € [a,b]. Further, let X be a real 
linear space with elements being real functions defined on [a, b]. By ¥ : X > Rwe 
denote a positive linear functional normalised by F (e€9) = 1. The following three 
results were obtained by Lupas in [22]. 
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Theorem 5.1. Leth, g € X with 
m, <h(x)<M, (M, 4m), O0<m,.<g(x)<M, xeéfa,b]. G1) 
If D (h) = M, — F (h), d (h) = F (h) — m, then 


m,M,D (h) + M,m2d (h) 2 F (hg) 2 M,M2d (h) + m,m,D (h) 
M2D(h)+mod(h) ~ F(g) ~ Mod (h) + m2D (A) 


(32) 


The bounds in (32) are best possible. 
Theorem 5.2. Let h, g be elements from X which satisfy (31). If A(x) = M, — 
h(x), 6 (x) = h(x) — my, then 

v|F (h) F (g) — F (hg)| 


é M2 —m2 
~ (M, —m,) (M2 + m2 


; [F (A) F (5g) + F(6)F(Ag)]. 3) 


Theorem 5.3. Leth, g € X with 


O<m<h(x)<M, = O<m<g(x)<M. xela,b]. (34) 


If 
x = Vm + /M,M) 
mM + Mm 
then 


ty SOO. ow 
K? ~ F(h) F(a) ~ 


(35) 


We note that Karamata established (32) and (35) in [19] and [20] for ¥(h) = 
fo h(t) dt. 

Further, 4 and g in Theorem 5.3 are assumed to be strictly positive and 
bounded, whereas in Theorems 5.1 and 5.2, h is not allowed to be constant and 
the requirement for positivity is removed. 

The following three theorems assume that the normalised positive linear 
functional F (-) is given by 


b 
F (h) = — / h(x) dx (36) 


and the identity (28) is used. 
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Theorem 5.4. Let f (x) be a pdf on [a,b] and0 <a < xf (x) < B, then the Gini 
mean difference Rg (f) satisfies 


1 Zz 
(SE) ein skein = (22) eu. G7) 
where p = é and z= mat. 


Theorem 5.5. Let f (x) be apdfon [a,b] and0 <m < f (x) < M, then the Gini 
mean difference Rg (f ) satisfies 


2bE 2bpé 
M=a@=pe = Ro) Sty Ge FY): (38) 
where 
2_M b 
p= af &= >. and My = | x? f (x) dx. (39) 


Theorem 5.6. Let f (x) be apdfon [a,b] and0 <m < f (x) < M, then the Gini 
mean difference Rg (f ) satisfies 


E (f) + 2M [a (4%) -bE(f)| 
2bM —1 


SRety) (40) 


2 E(f) + 2M [b (4°) - aE (f)) 
= 2aM —1 


Theorem 5.7. Let f (x) be a pdf on [a,b] witha > Oand0 <m < f (x) <M, 
x € [a, b], then the Gini mean difference Rg (f ) satisfies 


(eo) ens reins (Se) EW. (41) 


—q2 b 
where p = M C= NG and Mz = fx? f (x) dx, the second moment about 
zero. 


Remark 5.1, The lower bounds in (37) and (41) are only useful when they are 
greater than 0 since Rg (f) is known to be non-negative. This occurs for E (f) < 


ap-tbo Ma?+mb?2 
“orp and M, < ~M+m* 


” Further Theorem 5.7 uses the normalised linear functional F(h) = 


b : 
ie in Theorem 5.1 with w(x) = x, h(x) = F(x) and g(x) = f(x). 
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6 Young’s Integral Inequality and Reverses 


The famous Young’s integral inequality states that 


Theorem 6.1. [fh : [0, A] > R is continuous and a strictly increasing function 
satisfying h (0) = 0, then for every positive0Q <a < Aand0 <b <h(A) 


a b 
Y (h;a,b) =| h(t)dt+ | h-'(t)dt > ab (42) 
0 0 


holds with equality if and only if b = h(a). 


In the 1912 paper in fact Young [26] proved (42), assuming differentiability of the 
functions. The inequality (42) has a geometric interpretation involving the areas of 
the two functions and the rectangular area. There has been much work on different 
proofs and generalisations of (42). 

We notice that in (42), ab is a lower bound for the Young functional Y (h; a, b). 
In 2007, Witkowski [25] gave two simple proofs for Theorem 6.1. The first utilises 
the fact that since h is strictly increasing, then its anti-derivative is strictly convex. 
The second uses the mean value theorem. The second proof will be replicated here 
to highlight the fact that this approach does not just provide a proof for Young’s 
inequality (42) but it also gives its reverse. 


Theorem 6.2. Let the conditions of Theorem 6.1 hold. Then 
ab <Y (hia,b) < ah(a) +h"! (b) (b—h(a)) (43) 


with equality if and only if b = h(a). 


Remark 6.1. We note that the upper bound in (43) provides a reverse of Young’s 
integral inequality (42). Equation (43) can be written in the appealing form 


ab < Y (h;a,b) < ab + (b—h(a)) (h"! (b) —a) (44) 
or 
0 <Y (h;a,b) —ab < (b—h(a)) (h (b) —a) (45) 


We notice that (b — h (a)) (7! (b) — a) = 0 with equality holding only for b = 
h (a) (equivalently, a = h7! (b)). 


Theorem 6.3. Let the conditions of Theorem 6.1 persist. Then the inequality 


a b 
a (a.b) [ h(t)dt+ 8 (a.b) [ h7! (t)dt <ab (46) 
0 0 
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holds, where 


a (a,b) = min and fB(a,b)= min (47) 


‘ee i=" 


with equality holding if and only if b = h (a). 


It is instructive to compare the upper bounds for i h-! (t) dt provided from 
the results of Witkowski from (43) and (46) and (47). The following Lemma was 
obtained in [5]. 


Lemma 6.1. From Theorems 6.2 and 6.3, the following upper bounds are tighter. 
Namely, 


b 
i h(t) dt 
0 


Fey [ah (a) — fo h(t) dt] for A >0,b <h(a): es 
ab + (h7' (b)—a) (b—h(a)) — fy h(t) dt for A <0Oor b>h(a), 


where A := ah (a) — fy h(t) dt —h(ayh™ (b). 


7 Bounds for the Lorenz Curve and Gini via Young 
Type Inequalities 


We are now in a position to investigate bounds for both the Lorenz curve and through 
the relationship (12) for the Gini index using the results of Sect. 6 based on Young 
type inequalities. Firstly, however, we state a result of Gastwirth [13] for bounding 
the Lorenz curve. 


Theorem 7.1. Let F (x) be a distribution function with mean 1 and support (a, b). 
Then its Lorenz curve, L (p), satisfies 


B(p)<L(p)<p (49) 
where 
oP p<r; 
B(p)=) 4, (50) 


+E pon) p>r 


= 


and r is determined by the relation ra + (1 —r)b = w. Here the random variable 
X generating the Lorenz curve B (p) takes on the value a with probability r and b 
with probability (1 —r). 
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The following technical lemma will prove useful subsequently. 


Lemma 7.1. Let F (-) be a distribution function defined on (0, A] and its inverse 
F~! (-) exists, then for a € (0, A] 


1 1 A 
i (p — F (a)) (FO! (p)—a) dp = 5 [a-a-f F(odt] Ha- 1) F(a. 
(51) 
Proof. Firstly, we note that for h (0) = 0, 


A A h(A) 
i h(t) dt = Ah (a)- f th’ (t)dt = Ah (a)- f h(t)dt. (52) 
0 0 0 


If we then associate h (-) with F (-), noting that F (A) = 1, then from (52) 


1 A 
pL (y= | F*(pydp = A- f FQ)dt =p (53) 


since L (1) = 1. 
Further, a substitution of p = F (t) and integration by parts gives 


1 A A 1 A 
[ oF (p)ap = [ FOF at=5-> / F’(t)dt. (54) 
0 0 2 2 0 


Now, 


1 
/ (p — F (a)) (F7" (p) — a) dp 


a 


1 1 
= | pF (p)dp + aF (a)— F(a) [ F(p)dp— 5. (55) 
0 0 


Substitution of (53) and (54) into (55) gives the stated result (51). 


The following theorem uses the results of Witkowski [25] as given by (43) to 
procure bounds for the Lorenz curve. 


Theorem 7.2. Let L(p) be the Lorenz curve defined by (6) corresponding to a 
given distribution (cumulative) function F (a) with F (0) = 0,0 < a < A and 
0 < p < F(A) = 1. Then 


. jar [Fear] <L(p) (56) 
Mb 0 
1 @ 1 
< ~ [arf Fide] + —(p—F (a))(F'(p)—a) 
ML 0 M 


with equality if and only if p = F (a). 
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Remark 7.1. The lower bound is only useful for p > 7 rh F (t) dt since zero is a 
lower bound for L (p). The upper bound is useful if it is less than p. The following 
Corollary results based on these observations: 


Corollary 7.1. Let the condition of Theorem 7.2 hold. Then 


l(p) <L(p) <u(p), (57) 
where 
0, p<1-4; 
l(p) = , Z ' (58) 
plea lea)). pets 
and 


O<p<p*; 


P; 
= 59 
1+ (p-1), p*< p<, 6?) 


u(p) = 


where p* = F (2) is the point of maximum discrepancy satisfying (8). 


Remark 7.2. It may be noticed that by taking a = 0 and b = A in Theorem 7.1 
we have r = | — w/A and so Corollary 7.1 recaptures the lower bound obtained 
by Gastwirth [13]. The upper bound given by (59) provides a refinement of that 
obtained by Gastwirth [13] and shown here as (49). 


Theorem 7.3. Let the conditions of Theorem 7.2 hold. Then the Gini index defined 
by (5) or, equivalently, (7) satisfies 


a A 
(1-£)+< f Fidt+2(1-") r@-2[4-a- For] 
Kb Jo sd Mh 0 


stoi s (1-2) += [rede (60) 
Mb MK Jo 


Proof. From (56) we have, since, as shown in Lemma 2.1, the Gini index Ig (f) of 
(5) is equivalent to twice the area of concentration, namely, 2C . Now, (56) gives 


(1-") p+ [ r@ar- pray (Fa) 
LL Ke Jo . 


<p-Lip)s(1-") p42 [rad 
M Lb Jo 
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so that from (12) and (7) 
a 1 
(1-2) +5 [ria-= [ w-F@(F"@)-a)ap 
(i MK Jo MK Jo 


sto(fs(1-") +2 [reat 
sd LK Jo 


Using (51) from Lemma 7.1 produces the inequality as stated in (60). 


Corollary 7.2. Let the conditions of Theorems 7.2 and 7.3 hold. Then the Gini 
index bounds from (60) are the tightest bounds on (0, A] ata = jh and a = m for 
the lower and upper bounds, respectively. These are given by 


wf Fod<te(f<(1-") +2 [roa (61) 
LL Jo td LK Jo 


where m = F7! (5) is the median and 1 is the mean. 


Proof. Since F (t) is defined for t € [0, A] and F (0) = 0, we have from (9) that 


1 A 
B=] if F()(1—F (pat. (62) 
MK Jo 


We notice that the lower bound in (60) approaches Jg (f) as a > O* and the upper 
bound tends to 1. Further, if we denote the lower bound in (60) by « (a), then 


a >0,0<a<p 
Ka) =2(1- 2) F@ 
Mb <O0,u<a<A. 


The maximum occurs at a = p so that 


sup K(a)=Kk(u) = af Pod —a-a- [roa] (63) 
KL Jo Mb 0 


a€(0,A) 


2 sh 1 £4 

- | F@ydr—— | F(t)Q—F (t))dt 

MK Jo MK Jo 

since from (53), A -— uw = i, F (t) dt. We now have from (63) and using (62) that 


2 fH 
sup cla) =e) == f F (t)dt—Ig(f), (64) 
KL Jo 


a€(0,A) 


as the best choice for the lower bounds in (60) from which the lower bound in (61) 
results. 
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Further, the minimum upper bound in (60) occurs when 2F (a) — 1 = 0, namely, 
ata =m = Fo! (5), producing the upper bound in (61) from (60). 


Remark 7.3. In Cerone [4, Theorem 13] the Steffensen inequality was utilised 
together with the property that F (x) is nondecreasing to obtain 


1 at+A 1 b 

~| F(ydx sto(Ns— f F (x) dx, 

Kb Ja MK Jo- 
where A =  —a and f is supported on [a, b]. That is, taking a = 0 andb = A, 
we have 

a ia Re i 
- f F(jdxsto(s— f F (x) dx. (65) 
MK Jo M 


A- 


We notice that the lower bound here is recaptured by (61); however, the upper 
bounds differ. 


Corollary 7.3. Let the conditions of Theorem 7.2 hold. The Gini index, Ig (f) 
satisfies 


1 f* bb 
a F(X) Q-F @)dx < Ig (f) 51-4 (66) 


Sketch. Use Corollary 7.2 and Lemma 2.1. 


Remark 7.4. The upper bound given in (66) was also obtained in Gastwirth [13] 
using a result from Hardy et al. [17]. The lower bound obtained in [13] was zero 
which is smaller than that given in (66). 


8 Iyengar Inequality for Riemann-Stieltjes Integrals 
and Application to Gini 


In 1938 Iyengar using geometric arguments developed the following result in the 
paper [18]. 

Theorem 8.1. Leth : [a,b]— R be a differentiable function such that for all x € 
[a,b] and for M > 0 we have |h’(x)| < M, then 


b 
napa — Het HO) 


_ (hb) =a)” 


(b—a) < 7 b-a)? = 


(67) 
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Remark 8.1. It should be noted that form < h(x) < M then Jh'(x) — we < 
Mom and then Iyengar’s result may be extended by applying it to k(x) = h(x) — 
mtM y with bound M, = Men 

The following three results developed in [3] extend the Iyengar inequality 
to involve Riemann-Stieltjes integrals while also relaxing the differentiability 
condition. 


Theorem 8.2. Leth, g : [a,b]— R be such that g is a nondecreasing function, and 
for all x € [a,b] and M > 0, the following conditions hold: 


|n(x) — h(a)| < M(x — a) and |h(x) — h(b)| s M(b — x). (68) 


Then for any t € [a,b] 


b 
/ h(x) dg(x) — {[g(t) — g(@|A@ + [s) -— g@)] son 


t b 
<u| i (x —a)dg(x) + / ast} (69) 


Using integration by parts of the Riemann-Stieltjes integrals from an intermediate 
result within the proof of Theorem 8.2, the following theorem was obtained in [3]. 


Theorem 8.3. Leth, g : [a,b]— R be such that g is nondecreasing and differen- 
tiable for all x € [a,b] and for M > 0 the following conditions hold: 
|h(x) — h(a)| < M(x —a) and |h(x) — h(b)| < M(b—x). (70) 


Then fort € [a, b] the tightest bound is given by 


b 
— MD(t") =| h (x) dg(x) — [h(b)g(b)—h(@)g(@)| < MDG), (7) 


or 


b 
~2M8(tm)¢(tm) < / h (x) dg(x) — [h(b)g(b) — h(a)g(a)] < 2MA(tn) (tn). 
‘ (72) 


where for 


_ ad 


_ fO)-f@ 4_ 
5 = pt = uy 


B 
B 5 Ts 
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or D(tm) = 0, with 
b t 
D(t) -| g(x)dx -| g(x)dx 
t a 


and 


sth) _ (4), Ais _(Aete n (: at EI: 


2M 2 2M 2 


Here, t* € |a, ate) and tx € [242d]. 


The following extension producing a weighted Iyengar inequality was obtained 
in [3]. 


Theorem 8.4. Let h,w : [a,b]— R be such that w(x) > 0 for x € (a,b) and for 
M > 0 the following conditions hold: 


|h(x) — h(a)| < M(x —a) and |h(x) —h(b)| < M(b— x). (73) 


Then for t € (a,b) the tightest bound is given by 
b 
J w(x)h (x) dx — {h(b)W(b) + M [I (te) — To) 


b 
<M if (b —x)w(x)dx —[I(t*) + To , (7) 


where for 

_ fb)-f@, = B 

eo SS PP Sa, 
2 M 

with 


I(t) = / t —x)w(x)dx . (75) 


If w(a) = 0, then the bounds at t = a need to be compared with L(t*) and R(t«) 
and similarly for w(b) = 0. 


Remark 8.2. It should be noted that taking w(x) = 1 in Theorem 8.4 recaptures 
the Iyengar result of Theorem 8.1 under less restrictive conditions (73) rather than 
|h’(x)| < M. It should be further emphasised that for m < AG) ha) < M andm < 


MO)—h@) < M the above results may be extended by taking k(x) = h(x) — tu 
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to produce the conditions of the above results for |k(x) — k(a)| < Mon (x — a) and 


|k(x) —k(b)| < 4" - x). 


With the above results, we are now in a position to obtain bounds utilising the 
Iyengar type inequalities developed above to obtain approximation and bounds for 
the Gini mean difference. The details may be seen in [3] but we will only provide a 
sketch of the proofs. We shall make use of the following identities, where f is the 
pdf and F its corresponding distribution: 


b b 
Rot) = f (=F) Fax =2f xf (®) F(x)dx—E(f). (16) 


a a 


Theorem 8.5. Let f (x) be a pdf on [a,b], f(x) < M and F(x) = {* f(u)du, 
then the Gini mean difference Rg (f ) satisfies 


[Ro (f) + E(f) —2{bf()E(f) + M L1G") — 1@)]}| 


b 
sam} f (b — x)xf (x)dx — [I(te) + 1*)]P (77) 
where 
2 tb _ bfb)—af@ ; — 2th , bfO)-4af@ 
~~" 9 2M i a 2M , 
and 


10 = [ (¢-oxf(de. 
For f(a) = 0 we have 
[Re (f) ~ 2bf)- ECA s 2M f ‘(b—xxflydx. (18) 
For f(b) = 0 we have 
[Re (f) ~ Rafla)- 1) E(f)| 52M f Ge-a)xf(dx. (79) 


Finally, for f(a) = f(b) = 0 we have 
b 


b-a 
2 


Ro (+B. s2M |2=*e0)-[xe—-2F*z(p)|1, 0 


where My = Ee x? f(x)dx, the second moment of f(x). 
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Sketch. In Theorem 8.4 let w(x) = xf(x) and h(x) = F(x) so that |h’(x)| = 
f(x) <M. 
Now from (76) we have 


Re (fF) +E) _ 
2 


b 
/ xf (x) F (x) dx, (81) 


and so there are two cases to consider. Namely, w(x) = xf(x) > 0 or w(x) = 
xf (x) = 0 for x € [a, b] with the first producing (77) and the other results covering 
the three possibilities shown in the results. 


Theorem 8.6. Let f (x) be a pdf on [a,b], f(x) < M and F(x) = [* f(w)du, 
then the Gini mean difference Rg (f ) satisfies 


[Re (f)—{E(f)+M [J.-J ]}}| <M : [(b-a)?—(,—-a)’—(t*-a)?] 
—J(b)+[ Hea)+J0°)]} (82) 
where 
(2 Ge 1 _atb 1 2 7 
—— eT. te 5 + 1a) = [ (t —x)F(x)dx. 


Further, for F(b) = | we have 
b 
Rois > f a fends = FOG —aPEY) =a}. 83) 


where My = CC xy dx 


Sketch. In Theorem 8.4 let w(x) = 1 — F(x) and A(x) = F(x) so that |h’(x)| = 
I(x) < M. Now from (76) we have 


b 
RCS / (1— F(®) FQ@)adz, (84) 


and so considering the two possibilities, namely, w(x) = 1 — F(x) > 0 for x € 
[a, b) and w(b) = 0, developed in [3]. 


An investigation of bounds for the Gini mean difference from the Iyengar 
inequality (67) and the identity depicted in Lemma 2.1 reproduces the results (14) 
obtained in Theorem 3.2, by Gastwirth [13, p. 48] by a different approach and will 
thus not be elaborated further. 
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On Parametric Nonconvex Variational 
Inequalities 


Muhammad Aslam Noor 


Dedicated to Professor Hari M. Srivastava 


Abstract In this paper, we consider the parametric nonconvex variational inequal- 
ities and parametric nonconvex Wiener—Hopf equations. Using the projection 
technique, we establish the equivalence between the parametric nonconvex vari- 
ational inequalities and parametric nonconvex Wiener—Hopf equations. We use 
this alternative equivalence formulation to study the sensitivity analysis for the 
parametric nonconvex variational inequalities. Our results can be considered as a 
significant extension of previously known results. The ideas and techniques may be 
used to stimulate further research for multivalued nonconvex variational inequalities 
and their variant forms. 


1 Introduction 


Variational inequalities theory, which was introduced by Stampacchia [37], provides 
us with a simple, natural, general, and unified framework to study a wide class of 
problems arising in pure and applied sciences; see [1-42]. Variational inequalities 
have been generalized and extended in several directions using novel and innovative 
techniques. It is worth mentioning that almost all the results regarding the existence 
and iterative schemes for variational inequalities have been investigated and consid- 
ered in the setting of convexity. This is because all the techniques are based on the 
properties of the projection operator over convex sets. These results may not hold 
for nonconvex sets. These facts and observations have motivated to consider the 
variational inequalities and related optimization problems on the nonconvex sets. 
Noor [29] has introduced and considered a new class of variational inequalities 
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on the uniformly prox-regular sets, which is called the nonconvex variational 
inequalities. We remark that the uniformly prox-regular sets are nonconvex and 
include the convex sets as a special case; see [4, 36]. It is well known that the 
behavior of such problem solutions as a result of changes in the problem data is 
always of concern. In recent years, much attention has been given to study the 
sensitivity analysis of variational inequalities. We remark that sensitivity analysis is 
important for several reasons. First, since estimating problem data often introduces 
measurement errors, sensitivity analysis helps in identifying sensitive parameters 
that should be obtained with relatively high accuracy. Second, sensitivity analysis 
may help to predict the future changes of the equilibrium as a result of changes 
in the governing systems. Third, sensitivity analysis provides useful information 
for designing or planning various equilibrium systems. Furthermore, from math- 
ematical and engineering points of view, sensitivity analysis can provide new 
insight regarding problems being studied and can stimulate new ideas for problem 
solving. Over the last decade, there has been increasing interest in studying the 
sensitivity analysis of variational inequalities and variational inclusions. Sensitivity 
analysis for variational inclusions and inequalities has been studied extensively; see 
[1,5, 8-11, 17,21, 31-33, 37, 40-42]. The techniques suggested so far vary with the 
problem being studied. Dafermos [5] used the fixed-point formulation to consider 
the sensitivity analysis of the classical variational inequalities. This technique has 
been modified and extended by many authors for studying the sensitivity analysis of 
other classes of variational inequalities and variational inclusions. In this paper, we 
develop the general framework of sensitivity analysis for the nonconvex variational 
inequalities. For this purpose, we first establish the equivalence between nonconvex 
variational inequalities and the Wiener—Hopf equations by using the projection 
technique. This fixed-point formulation is obtained by a suitable and appropriate 
rearrangement of the Wiener—Hopf equations. We would like to point out that the 
Wiener—Hopf equations technique is quite general, unified, and flexible and provides 
us with a new approach to study the sensitivity analysis of nonconvex variational 
inequalities and related optimization problems. We use this equivalence to develop 
sensitivity analysis for the nonconvex variational inequalities without assuming 
the differentiability of the given data. Our results can be considered as significant 
extensions of the results of Dafermos [5], Moudafi and Noor [11], Noor and Noor 
[31,33], and others in this area. 


2 Preliminaries 


Let H be a real Hilbert space whose inner product and norm are denoted by (-, -) 
and || - ||, respectively. Let K be a nonempty and convex set in H. 

We, first of all, recall the following well-known concepts from nonlinear convex 
analysis and nonsmooth analysis [4, 36]. 
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Definition 2.1. The proximal normal cone of K at u € H is given by 
Neu) = {£ € Hue Prlu+aé}}, 

where a > 0 is a constant and 
Px(u] = {u* € K: dx(u) = |lu—u'* |[}. 

Here dx(-) is the usual distance function to the subset K, that is, 


= inf ||v —ull. 
dx(u) = inf |v — ul 


The proximal normal cone N? (u) has the following characterization. 


Lemma 2.1. Let K be a nonempty, closed, and convex subset in H. Then ¢ € 
N# (u) if and only if there exists a constant a > 0 such that 


(C,v—u) <allv—ul!?, Vue K. 


Definition 2.2. The Clarke normal cone, denoted by NV . (u), is defined as 
Ng (u) = colNg (W)], 
where Co means the closure of the convex hull. 


Clearly NP (u) C N£ (u), but the converse is not true. Note that N (u) is always 
closed and convex, whereas NF (u) is convex, but may not be closed [4, 36]. 

Poliquin et al. [36] and Clarke et al. [4] have introduced and studied a new 
class of nonconvex sets, which are called uniformly prox-regular sets. This class 
of uniformly prox-regular sets has played an important part in many nonconvex 
applications such as optimization, dynamic systems, and differential inclusions. 


Definition 2.3. For a given r € (0,c0], a subset K, is said to be normalized 
uniformly r-prox-regular if and only if every nonzero proximal normal to K,. can be 
realized by an r-ball, that is, Vu € K, andO 4 & € Nk (u) and ||£|| = 1, one has 


(§,v —u) < (1/2r)|lv ill Vue K,. 


It is clear that the class of normalized uniformly prox-regular sets is sufficiently 
large to include the class of convex sets, p-convex sets, C '! submanifolds (possibly 
with boundary) of H,, the images under a C!! diffeomorphism of convex sets, and 
many other nonconvex sets; see [4,35]. It is clear that if r = oo, then uniformly 
prox-regularity of K, is equivalent to the convexity of K. It is known that if K, is 
a uniformly prox-regular set, then the proximal normal cone N kK (u) is closed as a 
set-valued mapping. 
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For a given nonlinear operator T, we consider the problem of finding u € K, 
such that 


(Tu,v—u) + yllv—ul)?>0, Vue K,, (1) 


which is called the nonconvex variational inequality, introduced and studied by 
Noor [29]. See also [3, 22-30, 32] for the variant forms of nonconvex variational 
inequalities. 

We note that, if K, = K, the convex set in H, then problem (1) is equivalent to 
finding u € K such that 


(Tu,v—u)>0,  VWveK. (2) 


Inequality of type (2) is called the variational inequality, which was introduced 
and studied by Stampacchia [39] in 1964. It turned out that a number of unrelated 
obstacle, free, moving, unilateral, and equilibrium problems arising in various 
branches of pure and applied sciences can be studied via variational inequalities; 
see [1—42] and the references therein. 

It is well known that problem (2) is equivalent to finding u € K such that 


0¢€ Tu+ Nx(u), (3) 


where Nx (u) denotes the normal cone of K at u in the sense of convex analysis. 
Problem (3) is called the variational inclusion associated with variational inequal- 
ity (2). 

If K, is a nonconvex (uniformly prox-regular) set, then problem (2.1) is 
equivalent to finding u € K, such that 


OE Tu+ Nx (uw), (4) 


where NP K, (u) denotes the normal cone of K, at u in the sense of nonconvex analysis. 
Problem (4) is called the nonconvex variational inclusions problem associated with 
nonconvex variational inequality (1). This implies that the variational inequality (1) 
is equivalent to finding a zero of the sum of two monotone operators (4). This 
equivalent formulation plays a crucial and basic part in this paper. We would like 
to point out this equivalent formulation allows us to use the projection operator 
technique for solving the nonconvex variational inequality (1). 

We now recall the well-known proposition which summarizes some important 
properties of the uniform prox-regular sets. 


Lemma 2.2. Let K be a nonempty closed subset of H, r € (0, 00], and set K, = 
{ue H: d(u, K) <r}. If K, is uniformly prox-regular, then 


(i) Vue K,, Px,(u) # 9. 
(ii) Wr’ € (0,r), Px, is Lipschitz continuous with constant 6 = r/(r —r’) on Ky. 
(iii) The proximal normal cone is closed as a set-valued mapping. 
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Noor [29] has established the equivalence between nonconvex variational 
inequality (1) and the fixed-point problem using the projection operator technique. 
This alternative formulation is used to discuss the existence of a solution of 
the problem (1) and to suggest and analyze an iterative method for solving the 
nonconvex variational inequality (1). 


Lemma 2.3 ((29]). u € K, is a solution of the nonconvex variational inequal- 
ity (1), if and only ifu € K, satisfies the relation 


u= Px,[u—pTul, (5) 


where Px, is the projection of H onto the uniformly prox-regular set K,. 


Lemma 2.3 implies that the nonconvex variational inequality (1) is equivalent to 
the fixed-point problem (5). This alternative equivalent formulation is very useful 
from the numerical and theoretical point of view. 

Related to the nonconvex variational inequality (1), we consider the problem of 
finding z € A such that 


TPx,z+p Ox,z=0, (6) 


where p > 0 is a constant and Ox, = I — Px,. Here J is the identity operator 
and Px, is the projection operator. The equations of the type (6) are called the 
nonconvex Wiener—Hopf equations. Note that for K, = K, the convex set, we 
obtain the original Wiener—Hopf equations, considered and studied by Shi [38]. For 
the formulation and applications of the Wiener—Hopf equations , see [1 1, 16-33]. 

We now consider the parametric versions of the problem (1) and (6). To formulate 
the problem, let M be an open subset of H in which the parameter A takes values. 
Let T (u, A) be a given operator defined on H x H x M and take value in H x H. 

From now onward, we denote 7)(-) = T(-, A) unless otherwise specified. 

The parametric convex variational inequality problem is to find (u,A) € H x M 
such that 


(pT,u,v —u) + y|lv —ull? > 0, Vv € K,. (7) 


We also assume that for some A € M, problem (4) has a unique solution 7. 

Related to the parametric nonconvex variational inequality (7), we consider the 
parametric nonconvex Wiener—Hopf equations. We consider the problem of finding 
(z,A) € H x M, such that 


T,Px.z+p'Oxnz2= 0, (8) 
where p > O is a constant and Q x,z is defined on the set of (z, 4) with A € M and 


takes values in H. The equations of the type (8) are called the parametric Wiener- 
Hopf equations. 
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One can establish the equivalence between the problems (7) and (8) by using the 
projection operator technique; see Noor [16, 17,21]. 


Lemma 2.4. The parametric nonconvex variational inequality (7) has a solution 

(u,A) € H x M if and only if the parametric Wiener—Hopf equations (8) have a 
solution (z,A) € H x M, where 

u= Px.z (9) 

z=u-— pT,(u). (10) 

From Lemma 2.4, we see that the parametric nonconvex variational inequal- 

ities (7) and the parametric Wiener—Hopf equations (8) are equivalent. We use 

this equivalence to study the sensitivity analysis of the nonconvex variational 

inequalities. We assume that for some A € M, problem (8) has a solution Z and 

X is aclosure of a ball in H centered at z. We want to investigate those conditions 


under which, for each A in a neighborhood of A, problem (8) has a unique solution 
z(A) near z and the function z(A) is (Lipschitz) continuous and differentiable. 


Definition 2.4. Let T)(-) be an operator on X x M. Then, the operator 7} (-) is said 
to be: 


(a) Locally strongly monotone if there exists a constant a > 0 such that 
(T,(u) — T,(v),u—v) >allu—v|?, VWAe Myu,ve X 
(b) Locally Lipschitz continuous if there exists a constant 6 > 0 such that 


|, (u) — T,(v)|| < Bllu—vl], VAe M,u,v eX 


3 Main Results 


We consider the case, when the solutions of the parametric Wiener—-Hopf equa- 
tions (5) lie in the interior of X. Following the ideas of Dafermos [3] and Noor 
[13, 14], we consider the map 


Fy(z) = Px,z— pTi(Px,2, VuEA)EXxM 


u— pT,(u), (11) 


II 


II 


where 


u= Px,z. (12) 
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We have to show that the map F(z) has a fixed point, which is a solution of the 
parametric Wiener—Hopf equations (8). First of all, we prove that the map F}(z), 
defined by (11), is a contraction map with respect to z uniformly in A € M. 


Lemma 3.1. Let T,(-) be a locally strongly monotone with constant a > 0 and 
locally Lipschitz continuous with constant B > 0. Then, for all z,,z. € X and 
Xd € M, we have 


I| Fa (21) — Fa (22) ll < Oller — zal, 


where 
6=5V/1—2ap + B20? (13) 
for 
_a@ 6202 — B2(52 — 1) — 
» Be < 3B , da > BV6d*—1., (14) 


Proof. For all z;, 2 € X,A € M, we have, from (11), 
| Fx (z1) — Fa (za) |] = lar — v2 — p(Ta (ur) — Ty (u2))II- (15) 


Using the strongly monotonicity and Lipschitz continuity of the operator 7), we 
have 


[ua — wa — p(Ta (ur) — Ta (ua))||? < ||ur — wall? — 20(Ta(u1) — Ta (ua), 1 — U2) 
+ p°||T,(u1) — Tw) II 
< (1 —2pa + p?B*)||u1 — ual’, (16) 
where a > 0 is the strongly monotonicity constant and 6 > 0 is the Lipschitz 


continuity constant of the operator 7), respectively. 
From (15) and (16), we have 


FG) — Fx@)|| < V1 = 20 + Bp? Ilr — wall. (17) 
From (12) and using the Lipschitz continuity of the operator Px, , we have 
\|u1 — ua|| < || Px.zi — Px,z2|| < S|lzi — 2]. (18) 


Combining (17), (18), and using (13), we have 


I| Fx (21) — Fy (z2)|| < 6V1 — 2pa + p*B? |Iz1 — zal 


= O|z1 — zl. 
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From (14), it follows that 6 < 1 and consequently the map F(z) defined by (11) is 
a contraction map and has a fixed point z(A), which is the solution of the Wiener— 
Hopf equation (5). oO 


Remark 3.1. From Lemma 3.1, we see that the map F(z) defined by (11) has a 
unique fixed point z(A), that is, (A) = F(z). Also, by assumption, the function Z, 
for A = J is a solution of the parametric Wiener—Hopf equations (8). Again using 
Lemma 3.1, we see that z, for A = 1, is a fixed point of F(z) and it is also a fixed 
point of Fy(z). Consequently, we conclude that 


2A) = Z= Fy(z(A)). 


Using Lemma 3.1 and technique of Noor [17,21], we can prove the continuity 
of the solution z(A) of the parametric Wiener—Hopf equations (8). However, for the 
sake of completeness and to convey an idea of the techniques involved, we give its 
proof. 


Lemma 3.2. Assume that the operator T,(-) is locally Lipschitz continuous with 
respect to the parameter i. If the operator T,(-) is locally Lipschitz continuous and 
the map 4 + Px,,z is continuous (or Lipschitz continuous), then the function z(A) 
satisfying (8) is (Lipschitz) continuous at d = 2. 


Proof. For all A € M, invoking Lemma 3.1 and the triangle inequality, we have 


IZA) — 2A) || < Fa) — FE@A)I + FGA) — HEA))I| 
< O||z(A) — 2A) || + |F@A)) — KEA))I. (19) 


From (11) and the fact that the operator 7) is a Lipschitz continuous with respect to 
the parameter A, we have 


Il Fa (2A) — FRA))|| = uQ) — uA) + p(Ty (uA), u(A)) — Tz (uA), u(A))) | 
< pyllA — All. (20) 
Combining (19) and (20), we obtain 


IQ) — As * aA, forall adem, 


from which the required result follows. Oo 


We now prove the main result of this paper and is the motivation of our next 
result. 


Theorem 3.1. Let i be the solution of the parametric general variational inequality 
(7) and Z be the solution of the parametric Wiener—Hopf equations (8) for A = A. 
Let T,(u) be the locally strongly monotone Lipschitz continuous operator for all 
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u,v € X. If the map A — Px, is (Lipschitz) continuous at A = A, then there exists 
a neighborhood N C M of X such that for ’ € N, the parametric Wiener-Hopf 
equations (8) have a unique solution z(A) in the interior of X,z(A) = Zand z(A) is 
(Lipschitz) continuous at A = 2. 


Proof. Its proof follows from Lemmas 3.1, 3.2 and Remark 3.1. oO 


4 Conclusion 


In this paper, we have introduced and studied a new class of variational inequalities, 
which is called the nonconvex variational inequality. We have shown that the para- 
metric nonconvex variational inequalities are equivalent to parametric nonconvex 
Wiener—Hopf equations. This alternative equivalence formulation has been used 
to develop the general framework of the sensitivity analysis of the parametric 
nonconvex variational inequalities. Results proved in this paper can be extended 
for the nonconvex multivalued variational inequalities. This is another direction for 
future direction. We expect that the ideas and techniques of this paper will motivate 
and inspire the interested readers to explore its novel and other applications in 
various fields. 
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Part III 
Approximation of Functions and 
Quadratures 


Simultaneous Approximation for Stancu-Type 
Generalization of Certain 
Summation-Integral-Type Operators 


N.K. Govil and Vijay Gupta 


Dedicated to Professor Hari M. Srivastava 


Abstract Srivastava and Gupta (Math. and Comput. Model. 37:1307-1315, 2003) 
introduced a general sequence of summation—integral-type operators, which in the 
literature have sometimes been termed as Srivastava—Gupta operators. In this paper 
we consider Stancu-type generalization of these operators and obtain moments of 
these operators by method of hypergeometric series. Also, for these operators we 
derive the asymptotic formula and error estimation in simultaneous approximation. 


1 Introduction 


In Approximation Theory after the well-known Bernstein polynomials, from time 
to time, several new operators have been introduced and their approximation 
properties studied, for example, there are exponential-type operators, which include 
some operators of discrete type such as Bernstein, Baskakov, and Szasz operators. 
In 1976, May [10] studied exponential-type operators and established direct, 
inverse, and saturation results for the linear combinations of these operators. It is 
known that the discrete-type operators are not able to approximate integrable func- 
tions, and in this context, Kantorovich [9] first proposed the integral modification 
of well-known Bernstein polynomials. Later in 1967, Durrmeyer [3] considered a 
more general integral modification of the Bernstein polynomials. In 1985, Sahai 
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and Prasad [13] introduced Baskakov—Durrmeyer operators and estimated direct 
results in simultaneous approximation (approximation of derivatives of functions 
by corresponding order derivatives of operators), which were later improved by 
Sinha et al. [14]. Also in the same year Mazhar and Totik [11] introduced Szasz— 
Mirakyan—Durrmeyer operators and estimated some approximation properties, 
including some direct results. In 1989, Heilmann [6] proposed a general sequence of 
operators, from which as special cases one can obtain Bernstein—Durrmeyer opera- 
tors, Baskakov—Durrmeyer operators, and Sza4sz—Mirakyan—Durrmeyer operators. 

In Approximation Theory the genuine operators are also very important, as they 
are defined implicitly with values of functions at end points of the interval in which 
the operators are defined. Phillips [12] in 1954 introduced such operators, and later 
Mazhar and Totik [11] discussed these operators in different forms. In the year 2003, 
Srivastava and Gupta [15] introduced a general sequence of linear positive operators 
Gy.(f, x) which when applied to f are defined as 


Gnc (f x) =n > Pak (vie) | Pn+e,k-1 (t; c) f (t) dt ig Pno (x;¢) ft (0) ’ (1) 


k=1 
where 
(—x)* 

Pnk (X30) = y—Gne @) (2) 
and 

ee c= 0, 

bne (x) = 4 (1+exy"", céEN:= {1,2,3,...}, 
(1—x)", c=-l. 


Here {dy ¢ (x)}02, is a sequence of functions, defined on the closed interval [0, b] 
(b > 0) and satisfying the following properties for every n € N andk € No := 
NU {0}: 


lL. dn € C™ ([a,b]) (6 >a >= 0). 

2. bn (0) = 1. 

3. gn. (x) is completely monotone, that is, (—1)* g (x) > 0 O<x <b). 
4. There exists an integer c such that 


k+1 k) . 
okt (x) = =n Nee (x) (a > max {0,—c}; x € [0,d]). 
In the literature, these operators have sometimes been termed as Srivastava—Gupta 
operators (see [2, 8, 17]). The authors in [8] considered the Bézier variant of these 
operators and estimated the rate of convergence for functions of bounded variation. 
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The following are some of the special cases of the operators G,,. (f, x) defined 
in (1), which have the following forms: 


1. If c = 0, then by simple computation one has p,% (x;0) = enn axl’ and 
operators become the Phillips operators G,9 (f,x), introduced by Phillips in 
[12], which for x € [0, co) are defined by 


Gn0 £9) = HY Pu (6:0) [pris (60) F () at + Pro (830) f ). 


k=l 
2. If c = 1, then by simple computation one has 


—) xk 


n 31 _ Pap oie oN go! 
Pni& (x ) ( k (1+ x)rtk 


and operators become the Durrmeyer-type Baskakov operators Gy. (f, x), 
which were introduced by Gupta et al. in [5] and which for x € [0,00) are 
defined as 


Gali Dan) pie Oe) / Piet (tl) f(t) dt + Pao 1) f (0). 


k=l 
3. Ifc = —1, then by simple computation one gets 
n = 
Png (x31) = ({) 0 =a; 


and operators become the Bernstein—Durrmeyer type G, —1 (f, x). In this case 
summation runs from | to n, integration from 0 to 1, and x ¢€ [0,1], and 
Gn —1 (f, x) are defined as 


n 1 
Gna (hx) =8 Pad Df prtei G—D £0 A + Pras F 0). 


k=1 
The q-analogue of this case was studied in [4]. 


Based on two parameters a, 6 satisfying the conditions 0 < a < 6, in 2003 
the Stancu-type generalization of Bernstein operators was given in [16]. Recently, 
Bykyazici and Atakut [1] studied the Stancu-type generalization of the g-analogue 
of the classical Baskakov operators. Motivated by this recent work of Bykyazici 
and Atakut [1] on Stancu-type operators, here in this paper firstly we consider the 
Stancu-type generalization of the Srivastava—Gupta operators for 0 < a < B as 


nt+a 
n+p 


Geb fan DY pag (00) i Puck (0) F{ 


k=1 


) de+pno (x; ¢) Gee 
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where p,x (x; Cc) is given in (2). 

Then, in this paper we study the simultaneous approximation for the case 
c = 1 of the above defined operators Gee (f, x) and establish Voronovskaja type 
asymptotic formula and an estimation of error. We obtain the moments by using 
the concept of hypergeometric series, a technique developed recently by Ismail 
and Simeonov [7], who obtained direct and inverse results for Jacobi weights of 
Beta operators. The other cases, i.e, c = 0 andc = —1, will be discussed later 
in forthcoming papers. It may be mentioned that recently, Deo [2] has studied 
a different form of Stancu operators and obtained moments and direct results in 
ordinary approximation. 


2 Alternate Form and Auxiliary Results 


The operators Gy 8 (f, x) for the case c = 1 can be written in the following alternate 
form. For simplicity, we will denote co (f, x) by Grr (f, x) and fora = B = 0, 
Ge (f,x) by G, (f, x). Also, we will denote p, x(x; 1) simply by p, (x). Thus, 
for x € [0, 00), we have the following form: 


i= [ Ky (x, nf(= at a 
-> poste) [reat t(S ES )ar + rt f(£5), x € 10.00), 
(4) 


where the kernel K,,(x,t) = Yi Pak (X)bne—1(t) + A + x)" (ft), with 6(¢) the 
Dirac delta function. As is easy to see, Baskakov and Beta basis functions for these 
are given by 


n+k—-1 Pi (n)x x 
Pnx(X) = = 


k (1 + x)rtk k! (14+ x)tk 
and 


a a  @ © 
bra) = BG bay ~ DIG Eye 


where the Pochhammer symbol (7); is defined as 


(n), =n(nt+ 1I)(n+2)(n 4+ 3)---(14+k-—1), 
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and B(n,k) is the usual Beta function. 
Note that the operator given in (4) can be written as 


love) (n)x xk lore) (n)x tk} 
ap = 
Cn h) = Do az), &-pia+n 


+ Pnolx)f (= =) 


(= 
n+p 


ja 


= i “; f (a) => (ner, en! 


G+x0+n 


+ protsf (- —<) 


(xt) 


k—- Dim a+00+n 


= mf f (ui) x y (n+). (n+ Dg 
o [A+x)(1+2)]"*! = 


+ prots)f (- <5): 


Using the hypergeometric series 2 Fi(a,b;c;x) = 3 ( (),k! 
c 


oof (MEE) x 
a,B ware 
Cr (ray=m f (d+naop ? 


+ Pao (- —<), 


which on applying Pfaff-—Kummer transformation 


F, (nin t:2 


x 
2Fi(a,b3c;x) = (1— x)“ oF (a.c — bc; 


gives 


nt+a 
ca (ae n+p ) me 
(+x+a"+1 ” 


+ prots)f (- —). 


[o@) 
Gsh(px) =n | Fi (n+ 11 —mi23 
0 


a)k(b)x i 


— x", we get 


xt 


i) 


—xt 


1l+xc+t 


(2)ck! [(d+x)(+2)]* 


)a 


535 


aaa) 
(+x) +f) 


(5) 
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and the above gives an alternate form of the operators (4) in terms of hypergeometric 
functions. 

As a special case, if a = B = 0 the operators (5) reduce to the Baskakov—Beta 
operators, that is, the case c = 1 of (1). 

Now we present the following lemmas, which would be needed for the proofs of 
the theorems concerning direct estimates given in Sect. 3. 


Lemma 2.1. Forn > 0 andr > 1, we have 


G,(t",x) = ee — = rer gy ak; (1 —n,l—r;2; =) . (6) 
Moreover, 
, era Iita=r=D! 
ee age 
_ (n+r—2)!\"—-r—I1)! ._, -_ 
+ r(r—1) (Dp? x + O(n). (7) 


Proof. Taking f(t) = t’, then making the transformation t = (1 + x)u, and using 
Pfaff—Kummer transformation, we get 


ry of x(l+x)'u" A \(n+1)~—n)e (—x (1 +x)u)* 
“ yen Gate (2)ck! (+x) +u))« 


r+k 


ow nt emg a ft 
i) ae RR aa 


= nt OE aye + xB FF Lar) 
_ (n+ Ie —n)e ae: rnal@r+kt+)Dr(n—-r) 
me je oe er Ta+k+) 


’ 


which, on using (n+ k + 1) = P(n+ 1)(n + Ig, gives 


ney OEDEI—Mk (yk n+ D (rt) (0 — 1) 
3 Oe oe Ta+ Dat Ds 


=n’x(1+x)"" 


Prt)Pm—-r) art led —n) : 
Ta+) 2 ene? 

rr+W)ra-r) 
rin+1) 


k=0 


=n’x(1+x)"" 2F\(1—n,r + 1;2;—x). 


Stancu-Type Generalization of Certain Summation—Integral-Type Operators 537 
, ‘ = x 
Finally, on using 2 Fi (a, b;c; x) = (1 — x) 2 Fi (a, c—)b;c; — we get 
XxX — 


rian—r)r 1 
G,(t",x) = es -nx(l+ a laFi (1m 1325 i 
x 


I'(n) 


The other consequence (7) follows from the above equation by writing the expansion 
of hypergeometric series. Oo 


Lemma 2.2. For 0 <a < B, we have 


no (n+r—1)\(n—-r-—1)! 
(n+ B)" ((n — 1° 

n (n+r—2)'(n-r—1)! 
(n+ By" (mI 
n-! (n+r—2)\(n—r)! 
(2+B)  ((a—1))? | 

nv (n+r—3)!\—-r)! 
(n+B)" — ((n—1)!)? 
r(r—l)o? nl?) (nt+r—3)\(n—-r+1)! 


: ~2 
+3 G+ By (n— DIP we 


GF (t", x) = x 


+ xl re —1) 


+ ra 


+ vl ri —1)(r —2)a 


Proof. The relation between operators G,,(f, x) and (5) can be defined as 


r jqg’-i 
G28 (t,x) = RU) om? n(t?, x) 


r—-1 


n 
——__G,,(t", x) + ra——_G,, (t’""!, x) 
Gan (n + B)’ 
r(r—1)a? nn’? = 
G,(t" “, x) +++: + ————G,,(1, x 
2 w+By wa By onl) 
which on using (7) gives the required result. Oo 


Lemma 2.3. Let m € N\_J{0}, and 


oO k m 
Un m(x) = Se pn k(x) (¢ _ | : 
k=0 


Then U,, 9(x) = 1, Un (x) = 0, and we have the recurrence relation: 


nUn m-+i(x) = x(1 + x) [Up yg (%) + MUnm—1(%)) . 
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Consequently, Uy m(x) = O (nent D/2) , where [m] is integral part of m. 


The above result is due to Sinha et al. [14], and we omit the proof as one can find it 
in [14, p. 219]. 


Lemma 2.4. For m € N°, if we define the central moments as 


Geb (t — x)", x) 


co fore) nt+a m a m 
n by —1(t = dt ara ae n ’ 
So) fra (Sg —x) ae (FSG —s) prot 


then forn > m + 1, we have the following recurrence relation: 


(n—m -»(* mE) penal 


= = x(l = x) et: m(X) 7 MULnm— (x) 


| 
ones V-CE) nm 
B 


+[x—D er~2 m1)" (Sp —8) ton | aml 


Hen (X) 


Further, one can obtain first two moments as 


x(n+ BO —n))+a(n—-1) 
(n+ B)(n— 1) 


Leno(x) = 1, Len (X) = 


’ 


and from the recurrence relation, it can be easily verified that for all x € [0, 00), 
we have 


Ham (x) = OPP), 
Proof. Note that from the definition of the operators in (3), we have [n9(x) = 1. 
The other moments follow from the recurrence relation. Now we prove the 


recurrence relation as follows: 
Using the identities 


x(1 + x) py (x) = (k — nx) pra (x) 
and 


t1+205,,¢2) =&-@4+ Dp) bd), 
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we have 


x(1 + x) Hh 9 (2) = Ske —mypnacy baat) (er x) a 
ase +B 


ey m 
=2 1 n,m— — 1 “7 : 
mx(1 + X)Mnm—-1(x) —nx(1 + x) ( x) 
Thus, 


XL + x) [Min 0) + Men m—10)] 


=F mac [ (k — nx)bn ci (0) (ae x) dt —nx(1 
k=l 


n+B Pas Gee, *) 
= Drccof He D—(@ + D¥+@+ Dtt(1 —nxlbne— Hof a =x) a 


nx(1+ x)" ( x) 


=: oa) t(1+2)b) , _,() (Hee. % 
k=1 


n+ B 


+ + DE moo f naan (MEE) 
#0) Yo Pra) [bra (EE =x) a 
k=1 


+B 
nx(1+ x)” ( ae 


which, on using the identity t = ntp [== —x- (3 - x)] , gives 


(8) 


x(1 +x) [e,. mx) + MiLnm—1(x)| 


m+1 
= EY mato [> Bs (SE - *) di 


sa = hy nt+a m 
n (5 ») Xe mater f thy) (SEF x) dt 


a), 


oo [eve) nt+a m+2 
Srna) [ Oh) ( -*) dt 


= n+ 


2 0 t+ m 
+ (45-*) > poate) Bh) (SE . *) dt 


hae n+B 
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= ~ nt +a m+1 
-2(-2 5-2 ‘)Ue pats) f O40 (EE x) a 
n+B\~o a nt +a a 


=1 


n+B a a O° ntta m 
A ) (=, =x) 0 pax f bn k—1(t) ( i +B -*) dt 


+ (I-nx) tn (x) — (= — “)" d+ "| —nx(1+x)™” (=, — “)" : 


If we now integrate by parts the first five terms in the right-hand side of the above 
expression and do some simple computations, we get 


n+p 


or m—1 (4 ) baomsst) 


= x(1 +x) [Hh 0) + Mn m1) 


+m (a) [a 


+ | (nx —1) + 9 -2m— 1)" 


("222) Jaco 


(. - ; =x) +00 + D] bam( 


and the Lemma 2.4 is thus proved. Oo 


Lemma 2.5 ((14, p. 220]). There exist polynomials qj,j,(x) on [0,00), indepen- 
dent of n and k such that 


etx) 5 Pra) = Yak =x)! Gijr() Pn). 


+j<r 
i,j =0 


3. Direct Estimates 


In this section, we present some direct results, which include asymptotic formula 
and an error estimation in simultaneous approximation. Let C,[0, oo) be defined as 


C,[0, 00) = {f € C[0, 00): f(t) = Ot”), y > O}. 


Then the operators Gy A (f, x) are well defined for f € C,[0, 00), and we have 


Theorem 3.1. Let f € C,[0,00) be bounded on every finite subinterval of [0, 00) 
admitting the derivative of order (r + 2) at a fixed x € (0, 00). If f(t) = O(t”) as 
t — oo for some y > 0, then 
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tim. n( (Ge) »)- fC) 
= r(r—B) f (x)+[(2r+a)+x(1+r—B)] fF? x) +x +x) fF? (x). 


Proof. By Taylor’s expansion of f, we have 


r+2 
f= @ ey tee, 


where e(f,x) > O ast — x and e(t, x) = o((t — x)*) as t > oo for some 5 > 0. 
Using Taylor’s expansion, we can write 


”) \- = = (r) 
n[(as?)? (£9-£@)] = 2] A 62h)? G2. )- 1) 


1=0 
+n es (e(t, x)(t—x)"*?, x) 
=: Ji + Jo. 


By Lemma 2.2, we have 


r+2 (i) i : — - 
nary ey (Jo (Gp)? x) —nf @) 
i=0 j=r 


= eo, ((Ge*) @”,x) =r!) 


r+1) 

E a spay + 1)(—x) (Gxt) @ x4 (Get) aa) 
(r+2) 2 1 , 

7 ; a x F032 (G24) (x) 


+ (7 + 2)(-x) (G8)? OT x) + (GEA)? OP, of 


[““ +r—l)!"-—r-—1)! 


(r) 
n+ py (=D! i|7 m0 


fot) ; n'(ntr—1)!\—r-—1)! 
ae (r+ 1)! G PCA) (n + By’ (n—)!)? 
n't (a+r)\—r — 2)! Pes +)nHn+r—D)i\n—r— 2)! 
x(r + Ilx 
(n+ By't! (n—D)!)? (n+ B+! ((n—1)))? 
b (r4 jo eee 


(@+Byt! (nD)? 
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nO (+2904) 20 @tr—-Di@—-r-D! ‘ 
(r+2)! 2 (n+B)" ((n — 1)!)? 
nln +r)'\n—r—2)! 
oe ae 
rr¢t)Datlatr—-Yin—r— 2)t 
(a + Bt! (a — 1)? 
n(ian+tr—-)in-r— rt) 
(n+ Bt} (@-DYr 
vPnrtrtiin—r—3)!(r+2)! 5 
(n + By'+? (a - 1!) 2 
(r+ Dr +2)n't2(n+r)\(n—r —3)! 
+4 
@t py? (@—DYy’ 
atl tr)\(n 
e+ bts 
rea +1)(r +2)n'tH en +r —1)i\(n—r - 2)! 
(a+ py? (@- Dy 
(r+ 2)(r+ Dorn’ (nt+r—)in—r— It 
2(n + B)y'+? (@— 1!) 


+(r+Da 


(r + 1)!x 


+ (r4+2)a 


+ O(n-2). 


The coefficients of f(x), fF) (x), and f+? (x) in the above expression are 
respectively r(r — B), (27 +a) +x(1+r-— 8), and x(1 + x), which follow easily 
by using induction hypothesis on r and then taking the limits as n — oo. Hence in 
order to complete the proof of this theorem it is sufficient to show that J2 —> 0 as 
n — oo, and for this note that by using Lemma 2.5, we have 


lana) = [» el 
<7 n k- ; or d 
| Jo| rn r(x d Pn &(x)| nx| +B x t 
ij>0 
— r+2 
+ ry 22D .0, 0) i = 

n 

= J3 + J4. 


Since e(t, x) > 0 ast — x, hence for a given ¢ > 0 there exists 6 > O such that 
|e(t, x)| < ¢ whenever |t — x| < 6. Further if A is any integer > max{y, r + 2}, then 
we find a constant K > 0 independent of f, such that 
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nt +a r+2 y 


n+B 


nt+a 
n+p 


=X 


le(t, x)| —x 


> 


for |t — x| > 6. Hence 


; eo nt +a r+2 
|J3| = Ci = ae Y paatsyik—nsi} | ebn pi (t) —x| dt 
2+j<r k=1 |t—x|<é6 n+B 

ij 20 
nt+a : 
+ Koby x1 (t) x ar} 
—x|25 n+ B 
=: Jst+Je, 


where 


ldi,zr(x)I 
i Dee re. 
PLS? ae) 
ij 


Now, on applying Schwarz’s inequality for the integration and summation to the 
above, we get 


[o.e) 
|Js| < eC, a Se pnt (xk —nx|/ 


2i-+j<r k=1 
i,j 20 


lee) } lee) nt +a ar+4 
«( i) bnsa(t)at) ( / rnaatt) (7 i -x) w) 


if 


26G.  ™ (>: Pra (ey(k - ns) 


2i-+j<r k=1 
ij2=0 


1 
io.) fore) 2r+4 2 
nt+a 
) nk by = a d ’ 
° ( v9 | eae ( n+B *) ) 


which on using Lemmas 2.3 and 2.4 gives 


Nie 


js se. >) 22 0G!?)-0G-") < 500), 


2i+j<r 
ij20 


and because ¢ is arbitrary, this obviously implies Js = o(1). 
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Now again, if we apply Schwarz’s inequality for the integration and summation 
and use Lemmas 2.3 and 2.4 to the expression for J¢, we get 


h 
i nt+a 
il C, YO 2 “YS macoik— as}! bng-i(t)| = — x] at 
U+i< k=l |t—x|26 + B 
[20 
1 
oe) 2 
<Q i nit! (>: Pnk (x(k - ns) 
2+s<r k=1 


ij2 


«(Senseo bn xi (t) (= i. “) w) 


> n+. O(n). O(n*/?) 


2i+j<r 
i,j 20 


O(n’ t?-)/?) = o(1). 


II 


II 


Thus, J3 — 0 as n — ov, and because it is obvious that J4 > 0 asn > oc, we get 
J = o(1). Now, finally on combining the estimates of J, and Jz, we get the desired 
result, and the proof of Theorem 3.1 is thus complete. oO 


Theorem 3.2. Let f € C,[0, 00) for some y > Oandr <m <r+2. If f™ exists 
and is continuous on (a —n,b +n) C (0,00), n > 0, then for n sufficiently large 


Cae") (£9 - £0)| 


C{a.b] 


m 
< Cyn IF Ollctas) + Con? o( f™, n-/?) + O(n), 


i=r 


where C\, Cz are constants independent of f and n, w(f,6) is the modulus of 
continuity of f on (a —1,b + n), and || - \|cja,p] denotes the sup —norm on [a, b]. 


Proof. By Taylor’s expansion of f, we have 


it (m)(£)— fm) 
10 =D oP 9 (ey LOOP ayn) + he. x00). 


where & lies between ¢ and x and y(t) is the characteristic function on the interval 
(a—n, b+). Now, 
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m 


i )(x) (Gee Mee xe ren} 


+ (G28) (4 mE) = fx) 


m! 


(G2) (fx) — fx) = 


(t Secen.) 


+ (G2) (nit, x)(1 — x(0)).x) 
2 Sy) + So + 83. 


By using Lemma 2.2, we get 


=p O@ fe) 5 2 ut Jor ja’ ve +j-D@-j-V! ; 
: dx’ 


(n+ B) ((n— 1)? 


(n+ By) (a — DY? (n + B)F (a —1)!)? 


, (JG =dU —2)anJ— a(n + j —3)n — j)! 
(n+ B)/ (2-11)? 


iG —VoPni (n+ j —3)"n-j +I!) jo -2)|_ 26) 
+ 2(n + BY (n—12 Js + O(n“) f(x). 


(1 =m) =n) ae aed j-l 
+ x 


Consequently, 


Sullctas) < Cin = fF Ilejao} + O(n), — uniformly on [a, 5]. 


i=r 


Next, we estimate S> as follows: 


(m) _ £¢(m) m 
| S>| <[- KMD a (§) os (x) nt+a 2 xo di 
0 m! n+ 
nt+a 
< K(x, 1 _ dt 
= : [Ry est) |] P+ F new 
o( f”, 8) : 
<p ool [boar 
k=1 
x (ees 4 mee a 
n+ 6 n+p — 
(n+r-—1)! _ ( a ce inl a ”)] 
————(1+ aes = + 6 |—— - : 
@—p U9)  \nae* n+p 
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Using Schwarz’s inequality for integration and summation, we get 


m 


t 
nt+aq@ dt 


+B 


oo fore) i fore) 2m 3 
_ n k- Jj by, cs di i by = a ) ° 
< YE Pog =m (fo mail os) (/ wi) (SER) a 


{oe} 7 oo fore) 2m 
Pn k— 24 n bn = (St -+) 
«(Yo &O)(k = nx) «(Sma f eiO(sag oe} ot 


—x 


Se postsrk asi! [ bai)" 


Nie 


= O(n!!?). O(n-™/?) 
= O(nU~"/?), uniformly on [a,b]. (9) 


Therefore, by Lemma 2.5 and (9), we get 


ntt+a 
+8 


dt 


—x 


3 inheol aes 
k=1 


ntta . 
dt 


n+p 


—x 


=) > sng tg pauls) fo bnk—1(t) 


k=1 2i+j<r 
ij20 


nt+a 


+B 


m 
—xX x) 


=C n' O(nd—™?) = O(n"—™!), uniformly on [a, 5], (10) 


2i+j<r 
i,j=0 


Idi.jr ch 
ts x! Les) > n (Soran [~ bn i(t) 


ij20 


where 


i,j (X 
Ges aap: ap Lie 
ri+j<r xElab] x’(1+ x) 


i,j 20 
Now, if we choose 5 = n~!/? and apply (10), we obtain 


off, n=) r—m r—m— —m 
|S] lcjao] < ——— [01a >) +n)? 0(n' i) Le O(n ) 


< Con FMP af, ny, 


Since t € [0,00) \ (a — 7, b + n), we can choose 6 such that |t — x| > 6 for all 
x € [a,b]. Thus, by Lemma 2.5, we get 
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|S3) <C x nD Pra ik nal! f | bn ei (t) A(t, x)| dt 
pi t—x|>6 


di+j<r 
i,j20 


(n +r 1)! —n—-r 
rr Or |h (0, x)|. 


For |t — x| > 6, we can find the a constant M such that 


|A(t,x)| <M 


where 6 is an integer > {y,m}. Hence, using Schwarz’s inequality for both 
integration and summation, Lemmas 2.3 and 2.4, it easily follows that S$; = O(n~*) 
for any s > 0, uniformly on [a, 5]. 


Combining the estimates of S), S2, S3, the required result is immediate. oO 


References 


11. 


12. 


. Biiyiikyazici, I., Atakut, C.: On Stancu type generalization of g-Baskakov operators. Math. 


Comput. Model. 52(5-6), 752-759 (2010) 


. Deo, N.: Faster rate of convergence on Srivastava—Gupta operators. Appl. Math. Comput. 


218(21), 10486-10491 (2012) 


. Durrmeyer, J.L.: Une formule d’ inversion de la Transformee de Laplace, Applications a la 


Theorie des Moments. Thése de 3e Cycle, Faculté des Sciences de |’ Université de Paris, Paris 
(1967) 


. Govil, N.K., Gupta, V.: Some approximation properties of integrated Bernstein operators. In: 


Baswell A.R. (eds.) Advances in Mathematics Research, vol. 11, Chapter 8. Nova Science 
Publishers Inc., New York (2009) 


. Gupta, V., Gupta, M.K., Vasishtha, V.: Simultenaous approximations by summation—integral 


type operators. Nonlinear Funct. Anal. Appl. 8(3), 399-412 (2003) 


. Heilmann, M.: Direct and converse results for operators of Baskakov-Durrmeyer type. Approx. 


Theory Appl. 5(1), 105-127 (1989) 


. Ismail, M., Simeonov, P.: On a family of positive linear integral operators. In: Notions of 


Positivity and the Geometry of Polynomials. Trends in Mathematics, pp. 259-274. Springer, 
Basel (2011) 


. Ispir, N., Yuksel, I.: On the Bézier variant of Srivastava—Gupta operators. Appl. Math. E - Notes 


5, 129-137 (2005) 


. Kantorovich, L.V.: Sur certaines developments suivant les polynédmes de la forme de S. 


Bernstein I-II. C.R. Acad. Sci. USSR 20(A), 563-568; 595-600 (1930) 


. May, C.P.: Saturation and inverse theorems for combinations of a class of exponential type 


operators. Can. J. Math. 28, 1224-1250 (1976) 

Mazhar, S.M., Totik, V.: Approximation by modified Szdsz operators. Acta Sci. Math. 49, 
257-269 (1985) 

Phillips, R.S.: An inversion formula for semi—groups of linear operators. Ann. Math. 59(Ser. 
2), 352-356 (1954) 


548 N.K. Govil and V. Gupta 


13. Sahai, A., Prasad, G.: On the rate of convergence for modified Sz4sz—Mirakyan operators on 
functions of bounded variation. Publ. Inst. Math. (Beograd) (N.S.) 53(67), 73-80 (1993) 

14. Sinha, R.P., Agrawal, P.N., Gupta, V.: On simultaneous approximation by modified Baskakov 
operators. Bull. Soc. Math. Belg. Ser. B 43(2), 217-231 (1991) 

15. Srivastava, H.M., Gupta, V.: A certain family of summation integral type operators. Math. 
Comput. Model. 37(12-13), 1307-1315 (2003) 

16. Stancu, D.D.: Approximation of functions by means of a new generalized Bernstein operator. 
Calcolo 20, 211-229 (1983) 

17. Verma, D.K., Agarwal, P.N.: Convergence in simultaneous approximation for Srivastava— 
Gupta operators. Math. Sci. 6, 22 (2012). doi:10.1186/225 1-7456-6-22 


Korovkin-Type Approximation Theorem 
for Functions of Two Variables Via Statistical 
Summability (C, 1, 1) 


M. Mursaleen and S.A. Mohiuddine 


Dedicated to Professor Hari M. Srivastava 


Abstract The concept of statistical summability (C, 1, 1) has recently been intro- 
duced by Moricz (J. Math. Anal. Appl. 286:340—350, 2003). In this paper, we use 
this notion of summability to prove the Korovkin-type approximation theorem for 
functions of two variables. 


1 Introduction and Preliminaries 


The concept of statistical convergence for sequences of real numbers was introduced 
by Fast [8] and further studied by many others. 

Let K C Nand K, = {k <n:k € K}. Then the natural density of K 
is defined by 5(K) = lim, n~'|K,| if the limit exists, where |K,,| denotes the 
cardinality of K,,. 

A sequence x = (x;) of real numbers is said to be statistically convergent to L 
provided that for every « > 0 the set K. := {k EN: |x, — L| => €} has natural 
density zero, i.e., for each e > 0, 


1 
lim —|{j <n: |x; -—L| >e}|=0. 
nn 
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By the convergence of a double sequence we mean the convergence in 
Pringsheim’s sense [20]. A double sequence x = (x jx) is said to be Pringsheim’s 
convergent (or P-convergent) if for given € > 0 there exists an integer N such that 
|xjx — | < € whenever j,k > N. In this case, ¢ is called the Pringsheim limit of 
X = (x jx) and it is written as P-limx = ¢. 

A double sequence x = (x;;) is said to be bounded if there exists a positive 
number M such that |x ;,| < M forall j,k. 

Note that, in contrast to the case for single sequences, a convergent double 
sequence need not be bounded. 

The idea of statistical convergence for double sequences was introduced by 
Mursaleen and Edely [16] and further studied in [11, 17, 18]. 

Let K C N x N be a two-dimensional set of positive integers and let Ky,» = 
{(j,k): j <m,k <n}. Then the two-dimensional analogue of natural density can 
be defined as follows: 

In case the sequence (K(m,n)/mn) has a limit in Pringsheim’s sense, then we 
say that K has a double natural density and is defined as 


K 
Pin oO 
mn mn 


= §{K}. 


For example, let K = {(i*, j*) : i, j € N}. Then 


K(m, sh 
(One = pain “2 pain MAI 
mn mn mn mn 


i.e., the set K has double natural density zero, while the set {(i,27) : i, 7 € N} has 
double natural density 1/2. 

A real double sequence x = (x;,) is said to be statistically convergent to the 
number L if for each € > 0, the set 


{U.k),j <m and k <n :|xj.-L |> €} 
has double natural density zero. In this case we write st- ee Xjp = L. 
Ti 


Remark 1.1. Note that if x = (x;,) is P-convergent, then it is statistically 
convergent but not conversely. See the following example: 
Example 1.1. The double sequence x = (x ;,) defined by 

1, if 7 andk are squares; 


Xjk = (1) 
0, otherwise. 


Then x is statistically convergent to zero but not P-convergent. 
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In [6], some Tauberian theorems have been obtained to get convergence from 
statistical convergence for double sequences. 

Moricz [14] introduced the idea of statistical summability (C, 1, 1). 

We say that a double sequence x = (x jx) is statistically summability (C, 1, 1) to 
some number L if st- lim Omn = L, where 


m n 


Onn = — > Do xjK- (2) 


j=lk=i 


In this case, we write st(c,1,1)- lim x = L. It is trivial that st@)- _ X jx = L implies 
Jy 


st-lim om, = L. Moricz [14] obtained the Tauberian conditions for the reverse 
implication. 

Let C[a, b] be the space of all functions f continuous on [a,b]. We know that 
C|a, b] is a Banach space with norm 


IF Iicta.) = sup ||; f €Cfa,}}. 
x€la, 


The classical Korovkin approximation theorem states as follows [10]: 
Let (T,,) be a sequence of positive linear operators from C [a,b] into C [a, 5]. 
Then lim, ||7n (fx) — f(x) |lcja,0) = 0 for all f € C [a, b] if and only if 


lim ||T;(e:. x) — e:(X)|lcja,o) = 0 fori = 0, 1,2, 


where €o(x) = 1, e;(x) = x, and e2(x) = x?. 

Quite recently, such type of approximation theorems have been established for 
functions of one and/or two variables, by using statistical convergence [5,9], gener- 
alized statistical convergence [7, 15, 21], A-statistical convergence [4], statistical 
A-summability [2, 3], weighted statistical convergence [19], almost convergence 
[1, 12], and statistical summability (C, 1) [13]. In this paper, we extend the result 
of [22] by using the notion of statistical summability (C, 1, 1) and show that our 
result is stronger than those proved by Tasdelen and Erengin [22] and Dirik and 
Demirci [4]. 


2 Main Result 


Let J = [0, A], J = [0, B], A, B € (0,1), and K = I x J. We denote by C(K) the 
space of all continuous real-valued functions on K. This space is a equipped with 
norm 


II FllccKy = sup |F@ y)I, f €C(K). 


OuyeE 
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Let H,,(K) denote the space of all real-valued functions f on K such that 


2 2, 
| f(s.) — f(x,y) sof ‘em - 7) (4-4) ) 


where w is the modulus of continuity, i.e., 


o(f:8) = sup 1 f(s.t) — flx.y) |: WsaP +P < s} 


(s,t), (x, y)EK 
It is to be noted that any function f € H,,(K) is continuous and bounded on K. 
The following result was given by Tasdelen and Erengin [22]. 


Theorem A. Let (T; x) be a double sequence of positive linear operators from 
H,.(K) into C(K). Then forall f € Hy(K), 


P- tim |7 iO eT DY cay = (3) 
if and only if 
where 
2 2 
fo(x.y) = 1, fi. y) = [ux 2G: yy =—, f(x. y) = (; ~) +() 


Recently, Dirik and Demirci [4] proved the following theorem. 
Theorem B. Let (Tj) be a double sequence of positive linear operators from 
H,.(K) into C(K). Then forall f € Hy(K), 


(2) : ‘ = 
t?- lim Iz SxX,y)— ; | =0. 
° paces iS ea) TD) C(K) ©) 


if and only if 


tO ep 1 Tic lfisx, y)- 


=0 (i =0,1,2,3). (6) 
C(K) 


We prove the following result: 


Theorem 2.1. Let (T;,,) be a double sequence of positive linear operators from 
H(K) into C(K). Then for all f € Ha(K), 


st(c.1,1)- im | Las ia Ie »)| ae = 0. (7) 
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if and only if 


stecay-lim [Tje(sx.9)— 1] = (8) 
ccortm|ra( 309) Tyla eo 
SU(C,1,1)- 4M | 4 jk fas" l-xllcxy 
tecaaytim | Tye ) =| = ue 
s - cs ak er 
(c1ny- lim | Tj4(G— 3% cK) 

ae i \ 
meio 25 . 
SUC,11)- HM} £ j,k l—s +(4) ome 
2 2 
-((4)+(4) =0 (1) 
l-x [=y C(K) 


Proof. Since each 


1 2 y ‘ee y+(-5) 
* 1-x’ l-y’ \1l-x l-y 


belongs to H,,(K), conditions (8)-(11) follow immediately from (7). Let f € 
H,(K) and (x,y) € K be fixed. Then after using the properties of f, a simple 
calculation gives that 


ITjc(fix.¥) — f&.y)I 
TxA S(s.0) — f(x. yi x. 9) + IF. WII C0: x. ¥) — fox. y)I 


4N 
set (CAN + PIT eCfrx.9) — fle + PITA Fix. 2) — fie) 


a 


ne ae ik (f23x5¥) — fo(x, y)| ria 2 any ik (P33 x,y) — f(x, y)| 


32. 
< e+ MUITie(fo:x,9) — fol. + [Tie fix.y) — ACY) 


+ ITA.) — AGW + IT fix,y)- AG. WI}, 


where N = || f ||c(x) and 


i gps A y+ B \*\ 4N( A \ 4N( B \ 2N 
= max, € ’ , > . 
& WIA 1-B 2A)’ 82 iB)’ 82 
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1 m n 
Now, replacing T;x(f;x,y) by — Se > Tjx(f;x,y) and taking sup , we 
TAN Saka OE® 
get 


1 m n 
| a se Ne Tja( fix, y¥) — fer.y)| 
C(K) 


j=lk=l 


] m n 
= u(| fim IDE Tia(fos x,y) - fats. | 
C(K) 


j=lk=l 


m n 


Sd T(Aix.y) — Ay) 


1 
+ |} —— 
se C(K) 


m n 


1 
2 (ers » oe Tjx(fasx,y) — folx, y) 


j=lk=1 C(K) 
m n 


1 
+] — DD Tix (fix 9) — B@Y) +e (12) 
mn ae 


j=lk=1 


For a givenr > 0 choose ¢ > 0 such that ¢ < r. Define the following sets: 


1 m n 
D:= fd <mandk <n: la VE tattixny- 20. =r, 
mn Bas 


j=lk=l 


1 m n ee 
dD, = |G <mandk <n: SL EM a rx) ~ fote.s)| = ' 
j=lk=1 


: : 1 m n — 
Daim Sik <mandk <n: SED Mal fiey)= Ae} > \. 
j=lk=1 (K) 


. ; 1 m n a 
D3:= fone <mandk <n: | Taher Aern| > \ 
mT G1 k=l C(K) 


stg fae — 
D4 i= fone <mandk <n: Eons Ta Fx ILE] = 7 \. 


Korovkin-Type Approximation Theorem for Functions of Two Variables 555 


Then from (12), we see that D C D; U D2 U D3 U Dy and therefore 
87 ED} < 6 {Dy} + 6 {Do} + 6 {D3} + 6 {Dy}. 


Hence conditions (8)—(1 1) imply the condition (7). 
This completes the proof of the theorem. Oo 


3 Rate of Statistical Summability (C, 1, 1) 


In this section we study the rate of statistical summability (C, 1, 1) of a sequence of 
positive linear operators defined on C(K). 
We now present the following definition. 


Definition 3.1. Let (@,,) be a positive nonincreasing double sequence. A double 
sequence x = (Xm) is statistically summability (C, 1, 1) to a function L with the 
rate 0(dmn) if for every € > 0, 


te, Oe 


MNO Amn 


0 


where 


> 


1 
G(e) = —|{p <m,q<n:| opq—L |= e 
mn 
and 0p, is defined by (2). In this case, it is denoted by Xn, — L = st(c,1,1) — 0(Qmn) 
asm,n — oo. 
It is easy to prove the following basic lemma. 


Lemma 3.1. Let x = (Xmn) and x = (Ymn) be double sequences. Assume that 
Xmn — Ly = st(c.1,1) = 0(Qnn) and Ymn — Ly = st(c.1,1) = 0(Bmn) 


on X. Let Ymn = Max{Amn, Bmn}. Then the following statement holds: 


(i) (Xmn =e Ymn) — (Li + L2) = st(c,1.1) — O(Ymn)s 
(ii) (Xmn _ Li) (mn _ L>) = st(c,1.1) _ 0(mnBmn)s 
(iii) Lm — Li) = st(e1,1) — O(Qmn) for any real number L. 
Theorem 3.1. Let (Tin) be a double sequence of positive linear operators from 
H,(K) into C(K). Assume that the following conditions hold: 


(a) | Tin.n (fo) ~ (follecx) = St(c,1,1) — O(Qnn) asm,n —> OO; 


(b) w(f; bmn) = st(c,1.1) _ 0(Binn) asm,n > ©, where bmn =¥V Zinn (Pec) 


with 
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ow =(Fo- 4) +(5-75)- 


Then, for all f € H,(K), we have 


Zinn Sf) _ (file) = St(c,1,1) — 0(¥mn) as m,n Ww. (13) 


Proof. Let f € H,(K) and (x, y) € K. Then 


|Tinn(f 3x, y) a Six, y)| 
= |Tinn (fu, v) — f(x,y) x, 9) — F(x, vy) Tin.n (fo; x, ¥) — fo(x, ¥))| 


S Tina) fu,v) — fe. yx.) + M | Tin (fo: x,y) — fo, YI, 
where M = || f'||ccx). This yields that 
ITnn(f3x,y) — fy) 


oo 
: 7) 


6 


< w(F58)Tn (1 - 


+M | Tn n(fo; x,y) — fo(x, y)| 


mr 


< wW(F38) | Tina (fo: x, ¥) — fox, y)| + Fyn $i x.y) 
+w(f; ) P M|Tinn(fo x, y) _— fo(x, y)| 
Now, taking sup,, »yex, we obtain Dinan (PF) — S llecky 


mah Flem= uO hick mr 


aes alP)llecK) 
+w(f; 8) + M||Tnn(fo) — follcc- 
Now, let 8 := nn ?= VTinn@)lccx)- Then 
I Tinn( PF) — Flic) < W(F3 8) Linn (Fo) = follecxy 
+2w(f3 8) + M||Tnn(fo) — follcuy (14) 


< N{w(F:8)|ITmal fo) — follocwy + WF:8) + [ITnn( Jo) — follea}, 5) 
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where V = max{2, M}. Fora givenr > 0, define the following sets: 


E:= jon) ENXN: [Tna(f) - flleuw = rf. 
B= jon) ENxN: w(f:8)||Tnn (fo) — Sfollecxey = mat 


Eo := Js) © NN (FB) = nat 


E3:= fn eNxN: Zinn (fo) — Sollccxy Z mat 


Then by (14), we get E C FE, U Ey U E3. Further, we define the sets 


Ea J (mn) ENXN:w(Fi8) > iam 


and 


B5i= |(mn) ENXN: [Tina fo) ~ fallew = Vat: 


Then EF; C FE, U Es andhence E C E,U FE; U Ey U Es. Therefore, by using the 
conditions (a) and (b), we get (13). 
This completes the proof of the theorem. Oo 


4 Example and the Concluding Remark 


We show that the following double sequence of positive linear operators satisfies the 
conditions of Theorem 3.1 but does not satisfy the conditions of Theorems A and B. 


Example 4.1. Consider the following Meyer-Konig and Zeller operators: 


Bnna(fix,y):=UA—x)"Hd— yy" 


sles k ky , 
23) Corwen vera) Wee ee )aly', 


j=0k=0 J 


where f € H.,(K) and K = (0, A] x [0, B], A, B € (0, 1). 


558 M. Mursaleen and S.A. Mohiuddine 


Since, for x € [0, A], A € (0, 1), 


1 SS (m+i\, 
— — = x! , 
(1 = xymtl dX ( J] 
it is easy to see that 


Bn n(fo; x, y) = Sox, y). 


Also, we obtain 


Baal fisx,y) = (l-xy"F(- yey (mts Jes 


jJ=0k=0 J 


any r 1 (m+j)! n+k ax 
= (1—x)"*!(1-y) Ostia] }e ze 


=0k=0 
1 1 =e 
(l—x)m+2 (l—y)r4! ~ Jax?’ 


= (- xy" d-yy'x 


and similarly 
Bn n (fr; x, y) = Pe 


Finally, we get 


Bnnn(f3;X,y) 
= m+1 n+l 2 | aad beg ‘y" 
censor EE LYCAM CPE) 


— (1) — yt nt+1_* f- Ne PEN ek \ eg 
er aro era k )y J 


jJ=0k=0 
ee (+I! pit 


CO CO k 
1- m+1 _ n+1 = =a a 
+(-x)"*d-y) rap aye es Pe em 


_ 7 y\ntl nt1 x (n+ jt! (nt+k) jae 
=(1-x)""U—y) ol yy ee k )y y 


j=0k=0 
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+ Sey (rs iyt| 


=0 k=0 
_ m+1 n+l (n+k+1)! m+ j Jayk-1 
+0-x)"™(1-y) oy DO ea esy) oa j Je» 
Se eee 1 \ fms 7 ist 
Ee \ ys 


_mt+2 x a" 1 x gfe y m 1 y 
~m+i1\1—x m+l1l—-x n+I1\l-y n+ll—y’ 


2 2 
x y 
Bann +X, ‘Qo a . 
cata t=) a) 


Therefore, the conditions of Theorem A are satisfied and we get for all f € 
H,.(K) that 


P- lim |Tjx(f3x,¥) — f(%, yIiccxy) = 9. 
jik—oo 


Now, define w = (Winn) DY Wmn = (—1)” for all n. Then, this sequence is neither 
P-convergent nor statistically convergent, but st(¢1,1)-limw = 0 (since (C, 1, 1)- 
lim w = 0). 

Let Linn : Hy(K) > C(K) be defined by 


Linn(fix, y) = ad + Winn) Bmn (Sf: x, y). 


It is easy to see that the sequence (L,,,,) satisfies the conditions (8)—(11). Hence by 
Theorem 2.1, we have 


StU.) Him Eman S39) — £O%. y)|| = 0. 


On the other hand, the sequence (L,,,,) does not satisfy the conditions of 
Theorems A and B, since (L,,,) is neither P-convergent nor A-statistically 
convergent. That is, Theorems A and B do not work for our operators L,,, ,. Hence 
our Theorem 3.1 is stronger than Theorems A and B. 
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Reflections on the Baker—Gammel-—Wills (Padé) 
Conjecture 


Doron S. Lubinsky 


Dedicated to Professor Hari M. Srivastava 


Abstract In 1961, Baker, Gammel, and Wills formulated their famous conjecture 
that if a function f is meromorphic in the unit ball and analytic at 0, then a 
subsequence of its diagonal Padé approximants converges uniformly in compact 
subsets to f. This conjecture was disproved in 2001, but it generated a number of 
related unresolved conjectures. We review their status. 


1 Introduction 


Let 
f@=) a7 
j=0 


be a formal power series, with complex coefficients. Given integers m,n > 0, the 
(m,n) Padé approximant to f is a rational function 


[m/n] = P/Q 


where P, O are polynomials of degree at most m,n, respectively, such that O is not 
identically 0, and such that 


(fO = P) (z) =O ers) . (1) 
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By this, we mean that the coefficients of 1, z, 2....,2"*" in the formal power series 


on the left-hand side vanish. In the special case n = 0, [m/0] is just the mth partial 
sum of the power series. 

It is easily seen that [m/n] exists: we can reformulate (1) as a system of 
m +n + 1 homogeneous linear equations in the (m+ 1) + (n + 1) coefficients 
of the polynomials P and Q. As there are more unknowns than equations, there is 
a nontrivial solution, and it follows from (1) that Q cannot be identically 0 in any 
nontrivial solution. While P and Q are not separately unique, the ratio [m/n] is. 

It was C. Hermite who gave his student Henri Eugene Padé the approximant 
to study in the 1890s. Although the approximant was known earlier, by, amongst 
others, Jacobi and Frobenius, it was perhaps Padé’s thorough investigation of the 
structure of the Padé table, namely, the array 


[0/0] [0/1] [0/2] [0/3] ... 
[1/0] [1/1] [1/2] [1/3] ... 
[2/0] [2/1] [2/2] [2/3] ... 
[3/0] [3/1] [3/2] [3/3] .-. 


that has ensured the approximant bearing his name. 

Padé approximants have been applied in proofs of irrationality and transcendence 
in number theory, in practical computation of special functions, and in analysis of 
difference schemes for numerical solution of partial differential equations. However, 
the application which really brought them to prominence in the 1960s and 1970s was 
in location of singularities of functions: in various physical problems, for example, 
inverse scattering theory, one would have a means for computing the coefficients of 
a power series f. One could use just 2” + 1 of these coefficients to compute the 
[n/n] Padé approximants to f and use the poles of the approximants as predictors of 
the location of poles or other singularities of f. Moreover, under certain conditions 
on f, which were often satisfied in physical examples, this process could be 
theoretically justified. 

In addition to their wide variety of applications, they are also closely associated 
with continued fraction expansions, orthogonal polynomials, moment problems, and 
the theory of quadrature, amongst others. See [6] and [5] for a detailed development 
of the theory and [10] for their history. 

One of the fascinating features of Padé approximants is the complexity of their 
convergence theory. The convergence properties vary greatly, depending on how 
one traverses the table. When the denominator degree is kept fixed as n and the 
underlying function f is analytic in a ball center 0, except for poles of total 
multiplicity 7, the “column” sequence {[m/n]}?-_, converges uniformly in compact 
subsets omitting these poles. This is de Montessus de Ballore’s theorem [6], which 
has been extended and explored in multiple settings. 
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In this paper, we focus more on the “diagonal” sequence {[n/n]}P°,. 
Uniform convergence of diagonal sequences of Padé approximants has 
been established, for example, for Polya frequency series [3] and series of 
Stieltjes/Markov/Hamburger [5]. The former have the form 


foe) 


l+a;z 
SF (2) = aoe” J ; 
ul 1— Bjz 


where dp > 0, y > 0, alla;, 8; = 0, and 
» (a; + Bj) <0. 
J 
The latter have the form 


du(t) a; fj 
f@=f ioe ef an. 


—0o 


and j£ is a positive measure supported on the real line, with all finite power 
moments f t/ dy (t). When jz has non-compact support, the corresponding power 
series has zero radius of convergence. Nevertheless, the diagonal Padé approximants 
{[n/n]}C2 , still converge off the real line to f, at least when yp is a determinate 
measure. The latter means that jz is the only positive measure having moments 
ft/du(t). If w is supported on [0,00) (the so-called Stieltjes case) and is 
determinate, the diagonal sequence converges uniformly in compact subsets of 
C\(—co, 0]. It is Stieltjes series that often arise in physical applications. 

Various modifications of Stieltjes series have also been successfully 
investigated—for example, when py’ has a sign change or when a rational 
function is added to the Stieltjes function or multiplies it. See, for example, 
[1, 15, 16,28, 41, 43, 50, 53]. 

Convergence has also been established for classes of special functions such 
as hypergeometric functions [5,6] and q-series, even in the singular case when 
lq| = 1 [17]. For functions with “smooth” coefficients, one expects that their 
Padé approximants should behave well. For rapidly decaying smooth Taylor series 
coefficients, this has been established in [31]: if a; 4 0 for j is large enough, and 

fim ag. 
joo as 
J 
where |g| < 1, then the full diagonal sequence {[n/n]}°2, converges locally 
uniformly in compact subsets of the plane. 

In stark contrast to the positive results above, there are entire functions f for 

which 


lim sup |[7/n] (z)| = 00 
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for all z € C\{O}, as established by Hans Wallin [55]. Wallin’s function is a 
somewhat extreme example of the phenomenon of spurious poles: approximants 
can have poles which in no way are related to those of the underlying function. This 
phenomenon was observed in the early days of Padé approximation, in a simpler 
form, by Dumas [21]. 

Physicists such as George Baker in the 1960s endeavored to surmount the 
problem of spurious poles. They noted that these typically affect convergence 
only in a small neighborhood and there were usually very few of these “bad” 
approximants. Thus, one might compute [n/n], n = 1,2,3,...,50, and find a 
definite convergence trend in 45 of the approximants, with 5 of the 50 approximants 
displaying pathological behavior. Moreover, the 5 bad approximants could be dis- 
tributed anywhere in the 50 and need not be the first few. Nevertheless, after omitting 
the “bad” approximants, one obtained a clear convergence trend. This seemed to be 
a characteristic of the Padé method and led to a famous conjecture [4]. 


Baker—Gammel-Wills Conjecture (1961). Let f be meromorphic in the unit ball 
and analytic at 0. There is an infinite subsequence {[n/n]},,¢3 of the diagonal 
sequence {[n/n]}P°, that converges uniformly in all compact subsets of the unit 
ball omitting poles of f. 

Thus, there is an infinite sequence of “good” approximants. In the first form of 
the conjecture, f was required to have a nonpolar singularity on the unit circle, but 
this was subsequently relaxed (cf. [6, p. 188 ff.]). In other forms of the conjecture, f 
is assumed to be analytic in the unit ball. There is also apparently a cruder form of 
the conjecture due to Padé himself, dating back to the 1900s; the author must thank 
J. Gilewicz for this historical information. 


2 Reflections 


A decade after the Baker-Gammel—Wills conjecture, John Nuttall realized that 
convergence in measure is a perhaps more appropriate mode of convergence than 
uniform convergence. In a short 1970 paper [40], he established the celebrated 


Nuttall’s Theorem. Let f be meromorphic in C and analytic at 0. Then the 
diagonal sequence {{n/n]}°2., converges in meas (planar Lebesgue measure) in 
compact subsets of the plane. That is, givenr,€ > 0, 


meas{z lz] <r and | f —[n/n]|(z) = e —> O0asn > oo. 


One consequence is that a subsequence converges a.e. In his 1974 paper [55] 
containing his counterexample, Wallin also gave conditions on the size of the power 
series coefficients for convergence a.e. of the full diagonal sequence. Nuttall’s 
theorem was soon extended by Pommerenke, using the concept of cap (logarithmic 
capacity). For a compact set K, we define 
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cap (K) = lim (inf {|| P\lp..(K) : P amonic polynomial of degree ny)" ; 
noo 
and we extend this to arbitrary sets EF as inner capacity 
cap (E) = sup {cap(K): K C E, K compact}. 


The capacity of a ball is its radius, and the capacity of a line segment is a quarter 

of its length. It is a “thinner” set function than planar measure. In fact any set 

of capacity 0 has Hausdorff dimension 0, and the usual Cantor set has positive 

logarithmic capacity. The exact value of this for the Cantor set is a well-known, 

and difficult, problem. Those requiring more background can consult [25, 45, 46]. 
Pommerenke [42] proved: 


Pommerenke’s Theorem. Let f be analytic in C\E and analytic at 0, where 
cap (E) = 0. Then, givenr,e > 0 


cap {z: |z| <r and | f —[n/n]| (z) = e"} ~ Oasn > ~w. 


Since any countable set has capacity 0, Pommerenke’s theorem implies Nuttall’s. 
The two are often combined and called the Nuttall-Pommerenke theorem. 

While E above may be uncountable, it cannot include branch points. The latter 
require far deeper techniques, developed primarily by Herbert Stahl in a rigorous 
form, building on earlier ideas from Nuttall. Stahl showed that one can cut the plane 
joining the branch points in a certain way, yielding a set of minimal capacity, outside 
which the Padé approximants converge in capacity. This celebrated and deep theory 
is expounded in [47—50, 52]. Stahl’s work gave some hope that BGW might be true 
for algebraic functions, and indeed, he formulated several conjectures [51], one of 
which is [51, p. 291] 


Stahl’s Conjecture for Algebraic Functions. Let f be an algebraic function, so 
that for some m = 1, and polynomials Po, P\,..., Pm, not all 0, 


Pot Pi f + Pof? +--+ Paf™ =0. 


Assume also that f is meromorphic in the unit ball. Then there is a subsequence 
of {{n/n]}°2., that converges uniformly to f in compact subsets of the unit ball, 
omitting poles of f. 

Stahl formulated a more general conjecture, where the unit ball is replaced by 
the “convergence domain” or “extremal domain” for f. This is the largest domain 
inside which {[n/n]}°2., converges in capacity. Stahl’s conjecture was established 
for a large class of hyperelliptic functions by Suetin [53]. Some very impressive 
recent related work due to Aptekarev, Baratchart, and Yattselev appears in [2, 9] 
and due to Martinez—Finkelshtein, Rakhmanov, and Suetin appears in [39]. Deep 
Riemann-Hilbert techniques play a key role in these papers. 
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While the positive and negative results of the 1970s cast doubt on the truth of 
the Baker-Gammel-—Wills conjecture, a counterexample remained elusive. It is very 
difficult to show pathological behavior of a full sequence of Padé approximants. 
The author looked for a long time for a counterexample among the explicitly known 
Padé approximants to q-series, in the exceptional case where |g| = 1. Of course, 
q-series are usually considered for |g| < 1 or |g| > 1. 

In [38], E. B. Saff and the author investigated the Padé table and continued 
fraction for the partial theta function }°°_9 g//~))/*z/ when | q |= 1. Subsequently 
K.A. Driver and the author [17—20] undertook a detailed study of the Padé table and 
continued fraction for the more general Wynn’s series [57] 
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Here A, C, a, and y are suitably restricted parameters. All of these satisfy the Baker— 
Gammel-—Wills conjecture. 


Finally in 2001 [36], the author found a counterexample in the continued fraction 
of Rogers-Ramanujan. For g not a root of unity, let 


CO 


_ gi ; 
Gy (2) (= dX G@-pd-@-(—¢iy* 


denote the Rogers—Ramanujan function, and 


A, (z) = Gy (z) [Gg (qz) . 


Meromorphic Counterexample. Let q := exp (2mit) where t := oe ae Then 
H, is meromorphic in the unit ball and analytic at 0. There does not exist any 
subsequence of {[n/n]}°2_, that converges uniformly in all compact subsets of A := 
{z: |z| < 0.46} omitting poles of Hq. 

It did not take long for A. P. Buslaev to improve on this, by finding a function 
analytic in the unit ball, for which the Baker-Gammel—Wills conjecture and Stahl’s 
conjecture for algebraic functions both fail [11,12]. Buslaev was part of the Russian 
school of Padé approximation, led by A.A. Goncar. One of their important foci was 
inverse theory: given certain properties of a sequence of Padé approximants formed 
from a formal power series, what can we deduce about the analytic properties of 
the underlying function? For example, if a ball contains none of the poles of the 
approximants, does it follow that the underlying function is analytic there? Some 
references to their work are [14, 22-24, 43, 54]. 
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Buslaev’s Analytic Counterexample. Let 


—27 +67 +304 /e+ (81G-G4 jay +42 


f@= 22(9 + 92+ 9+ fz) 


’ 


where j = —} + AB, The branch of the ,/ is chosen so that Ff (0) = 0. Then for 
some R>1>r> 0, f is analytic in {z: |z| < R}, but for large enough n, |n/n| 
has a pole in |z| < r, and consequently no subsequence of {{n/n]}P2_, converges 
uniformly in all compact subsets of {z : |z| < 1}. 

Buslaev later showed [13] that for g a suitable root of unity, the Rogers— 
Ramanujan function above, is also a counterexample to both BGW and Stahl’s 
conjecture. Although this resolves the conjecture, it raises further questions. In both 
the above counterexamples, uniform convergence fails due to the persistence of 
spurious poles in a specific compact subset of the unit ball. Moreover, in both 
the above examples, given any point of analyticity of f in the unit ball, some 
subsequence converges in some neighborhood of the unit ball. In fact, just two 
subsequences are enough to provide uniform convergence throughout the unit ball, 
as pointed out by Baker in [7]. It is perhaps with this in mind that in 2005, George 
Baker modified his 1961 conjecture [8]: 


George Baker’s “Patchwork” Conjecture. Let f be analytic in the unit ball, 
except for at most finitely many poles, none at 0. Then there exist a finite number of 
subsequences of {{n/n]}°~, such that for any given point of analyticity z in the ball, 
at least one of these subsequences converges pointwise to f (2). 

It seems that if true in this form, the convergence would be uniform in some 
neighborhood of z. Baker also includes poles amongst the permissible z, with the 
understanding that the corresponding subsequence diverges to oo. 

An obvious question is why we restrict ourselves to uniform convergence of 
subsequences—perhaps convergence in some other mode is more appropriate. 
However, there is no possible analogue of the Nuttall-Pommerenke theorem for 
functions with finite radius of meromorphy. Indeed, the author and E.A. Rakhmanov 
[29, 44] independently showed that there are functions analytic in the unit ball for 
which the diagonal sequence {[n/n]}°° , does not converge in measure, let alone in 
capacity. But this does not exclude: 


Conjecture on Convergence in Capacity of a Subsequence. Let f be analytic 
or meromorphic in the unit ball and analytic at 0. There exists a subsequence of 
{[n/n]}}°2., andr > 0 such that the subsequence converges in measure or capacity 
to f in {z: |z| <r}. 

Notice that we are not even asking for convergence in capacity throughout the 
unit ball nor for the r to be independent of f. Weak results in this direction appear 
in [33,35,37]. In [51, p. 289], this was formulated in the stronger form where r = 1. 
Another obvious point is that all the counterexamples involve a function with finite 
radius of meromorphy. What about entire functions or functions meromorphic in the 
whole plane? 
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Baker—Gammel-Wills Conjecture for Functions Defined in the Plane. Let f 
be entire or meromorphic in C and analytic at 0. Then there exists r > 0 anda 
subsequence of {[n/n]}°2_, that converges uniformly to f in compact subsets of 
{zi |z]| <r}. 

This seems like an especially relevant addendum to the 1961 conjecture. 
A stronger form would be that some subsequence converges uniformly in compact 
subsets of the plane omitting poles of f. Of course if the r above is independent of 
J, the stronger form would follow. 

Another relevant direction is to restrict the growth of the entire function and try 
establish convergence. The best growth condition is due to the author [34] but is 
very weak: 


Theorem 2.1. Assume that the series coefficients {a,\ of f satisfy 


1/n? 


lim sup |a,,| <1; (2) 


noo 


Then there exists a subsequence of {{n/n]}°2, that converges uniformly in compact 
subsets of the plane to f. 


In fact, in that paper, the Maclaurin series coefficients were replaced by errors of 
rational approximation on a disk, center 0, of radius o > 0, 


Enn (oO) = inf {|| f _ Rt (elo) : R of type (n,n)} 


and the hypothesis was 


li 1/n? 
im sup Ey, (oc) <1, 


noo 


while f was allowed to be meromorphic rather than entire. It seems appropriate to 
suggest: 


Growth Conditions for the Truth of BGW. Find the slowest rate of decay of the 
coefficients of an entire function that guarantees truth of BGW, or at least find a 
more general condition than (1). 

In an earlier related paper [30], an even weaker result was used to show that the 
Baker-Gammel—Wills conjecture is usually true in the sense of category. That is, 
if we place the topology of locally uniform convergence on the space of all entire 
functions, the set of entire functions for which the conjecture is false is a countable 
union of nowhere dense sets (i.e., is of “first category”’). 

One can of course go beyond classical Padé approximants in looking for uniform 
convergence. For example, one can fix the poles of the approximants, leading to 
what are called Padé-type approximants. We shall not attempt to survey or reference 
this very extensive topic. While this avoids spurious poles, one sacrifices the degree 
of interpolation, and the optimal location of poles becomes an issue. 
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Another path is to interpolate at multiple points rather than 0, while still leaving 
the poles free. Here there can still be spurious poles, but one hopes that the freedom 
in choice of interpolation points ameliorates this. It can also help to ensure better 
approximation on noncircular regions [56]. It is a classical result of E. Levin 
[26, 27] that the best Lz rational approximant of type (n,7) (i.e., with numerator, 
denominator degree < n) interpolates the approximated function /f in at least 
2n + 1 points. As a consequence, for functions analytic in the closed unit ball, 
there is always a full sequence of diagonal multipoint approximants that converges 
uniformly in the closed ball to f. 

In the special case where one keeps previous interpolation points as one increases 
the numerator and denominator degree, multipoint Padé approximation is called 
Newton—Padé approximation. If one allows these interpolation points to depend 
on the approximated function, then for functions meromorphic in the plane, one 
can find a full diagonal sequence of Newton—Padé approximants that converge 
uniformly in compact subsets omitting poles [32]. 

While Padé approximation may not be such a hot topic as in the period 1970- 
2000, it is clear that there are significant and challenging problems that are still 
unresolved and worthy of the efforts of young researchers. 


Acknowledgements Research supported by NSF grant DMS1001182 and US-Israel BSF grant 
2008399. 


References 


1. Amiran, A., Wallin, H.: Padé-Type Approximants of Markov and Meromorphic Functions. 
J. Approx. Theory 88, 354-369 (1997) 

2. Aptekarev, A., Yattselev, M.: Padé Approximants for functions with branch points - strong 
asymptotics of Nuttall-Stahl polynomials, manuscript. 

3. Arms, R.J., Edrei, A.: The Padé tables and continued fractions generated by totally positive 
sequences, (in) mathematical essays. In: Shankar, H. (ed.) pp. 1-21. Ohio University Press, 
Athens, Ohio (1970) 

4. Baker, G.A., Gammel, J.L., Wills, J.G.: An investigation of the applicability of the Padé 
approximant method. J. Math. Anal. Appl. 2, 405-418 (1961) 

5. Baker, G.A., Graves-Morris, P.R.: Padé Approximants. Encyclopaedia of Mathematics and its 
Applications, vol. 59, 2nd edn., Cambridge University Press, Cambridge (1996) 

6. Baker, G.A.: Essentials of Padé Approximants, Academic Press, New York (1975) 

7. Baker, G.A. Jr.: Some structural properties of two counter-examples to the Baker-Gammel- 
Wills conjecture. J. Comput. Appl. Math. 161, 371-391 (2003) 

8. Baker, G.A. Jr.: Counter-examples to the Baker-Gammel-Wills conjecture and patchwork 
convergence. J. Comput. Appl. Math. 179(1—2), 1-14 (2005) 

9. Baratchart, L., Yattselev, M.: Asymptotics of Padé approximants to a certain class of elliptic— 
type functions (to appear in J. Anal. Math.) 

10. Brezinski, C.: A History of Continued Fractions and Padé Approximants, Springer, Berlin 
(1991) 

11. Buslaev, V.I.: Simple counterexample to the Baker-Gammel-Wills conjecture. East J. Approx- 
imations 4, 515-517 (2001) 


570 D.S. Lubinsky 


12. Buslaev, V.I.: The Baker-Gammel-Wills conjecture in the theory of Padé approximants. Math. 
USSR. Sbornik 193, 811-823 (2002) 

13. Buslaev, V.I.: Convergence of the Rogers-Ramanujan continued fraction. Math. USSR. Sbornik 
194 833-856 (2003) 

14. Buslaev, V.I., Goncar, A.A., Suetin, S.P.: On Convergence of subsequences of the mth row of 
a Padé table. Math. USSR Sbornik 48, 535-540 (1984) 

15. Derevyagin, M., Derkach, V.: On the convergence of Padé approximants of generalized 
Nevanlinna functions. Trans. Moscow. Math. Soc. 68, 119-162 (2007) 

16. Derevyagin, M., Derkach, V.: Convergence of diagonal Padé approximants for a class of 
definitizable functions, (in) Recent Advances in Operator Theory in Hilbert and Krein spaces. 
Operator Theory: Adv. Appl. 198 97-124 (2010) 

17. Driver, K.A.: Convergence of Padé Approximants for some g-Hypergeometric Series (Wynn’s 
Power Series I, I, III), Thesis, University of the Witwatersrand (1991) 

18. Driver, K.A., Lubinsky, D.S.: Convergence of Padé Approximants for Wynn’s Power Series 
II, Colloquia Mathematica Societatis Janos Bolyai, vol. 58, pp. 221-239. Janos Bolyai Math 
Society (1990) 

19. Driver, K.A., Lubinsky, D.S.: Convergence of Padé Approximants for a g-Hypergeometric 
Series (Wynn’s Power Series I). Aequationes Mathematicae 42, 85-106 (1991) 

20. Driver, K.A., Lubinsky, D.S.: Convergence of Padé Approximants for Wynn’s Power Series 
Ill. Aequationes Mathematicae 45, 1-23 (1993) 

21. Dumas, S.: Sur le développement des fonctions elliptiques en fractions continues, Ph.D. Thesis, 
Zurich (1908) 

22. Goncar, A.A.: On Uniform Convergence of Diagonal Padé Approximants. Math. USSR 
Sbornik 46, 539-559 (1983) 

23. Goncar, A.A., Lungu, K.N.: Poles of Diagonal Padé Approximants and the Analytic Continu- 
ation of Functions. 39, 255-266 (1981) 

24. Goncar, A.A., Rakhmanov, E.A., Suetin, S.P.: On the Convergence of Pade Approximations of 
Orthogonal Expansions. Proc. Steklov Inst. Math. 2, 149-159 (1993) 

25. Landkof, N.S.: Foundations of Modern Potential Theory, Springer, Berlin (1972) 

26. Levin, E.: The distribution of poles of rational functions of best approximation and related 
questions. Math. USSR Sbornik 9, 267-274 (1969) 

27. Levin, E.: The distribution of the poles of the best approximating rational functions and the 
analytical properties of the approximated function. Israel J. Math. 24, 139-144 (1976) 

28. Lopez Lagomasino, G.: Convergence of Padé approximants of Stieltjes type meromorphic 
functions and comparative asymptotics for orthogonal polynomials. Math. USSR Sbornik 64, 
207-227 (1989) 

29. Lubinsky, D.S.: Diagonal Padé Approximants and Capacity. J. Math. Anal. Applns. 78, 58-67 
(1980) 

30. Lubinsky, D.S.: Padé Tables of a Class of Entire Functions. Proc. Amer. Math. Soc. 94, 
399-405 (1985) 

31. Lubinsky, D.S.: Padé tables of Entire Functions of very Slow and Smooth Growth II. Constr. 
Approx. 4, 321-339 (1988) 

32. Lubinsky, D.S.: On uniform convergence of rational, Newton-Padé interpolants of type (n, 1) 
with free poles as n —> oo. Numer. Math. 55, 247-264 (1989) 

33. Lubinsky, D.S.: Convergence of Diagonal Padé Approximants for Functions Analytic near 0. 
Trans. Amer. Math. Soc. 723, 3149-3157 (1995) 

34. Lubinsky, D.S.: On the diagonal Padé approximants of meromorphic functions. Indagationes 
Mathematicae 7, 97-110 (1996) 

35. Lubinsky, D.S.: Diagonal Padé Sequences for functions meromorphic in the unit ball approx- 
imate well near 0, in trends in approximation theory. In: Kopotun, K., Lyche, T., Neamtu, 
M. (eds.) pp. 297-305. Vanderbilt University Press, Nashville (2001) 

36. Lubinsky, D.S.: Rogers -Ramanujan and the Baker-Gammel-Wills (Padé) Conjecture. Ann. 
Math. 157, 847-889 (2003) 


Padé Approximants 571 


Ss 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 
47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


5ST: 


Lubinsky, D.S.: Weighted maximum over minimum modulus of polynomials, applied to Ray 
Sequences of Padé Approximants. Constr. Approx. 18, 285-308 (2002) 

Lubinsky, D.S., Saff, E.B.: Convergence of Padé approximants of partial theta functions and 
the Rogers-Szeg6 polynomials. Constr. Approx. 3, 331-361 (1987) 

Martinez-Finkelshtein, A., Rakhmanovy, E.A., Suetin, S.P.: Heine, Hilbert, Padé, Riemann, and 
Stieltjes: John Nuttall’s work 25 years later. Contemporary Math. 578, 165-193 (2012) 
Nuttall, J.: The convergence of Padé Approximants of Meromorphic Functions. J. Math. Anal. 
Applns. 31, 147-153 (1970) 

Nuttall, J., Singh, S.R.: Orthogonal Polynomials and Padé Approximants associated with a 
system of arcs. Constr. Approx. 2, 59-77 (1986) 

Pommerenke, Ch.: Padé Approximants and Convergence in Capacity. J. Math. Anal. Applns. 
41, 775-780 (1973) 

Rakhmanov, E.A.: Convergence of diagonal Padé approximants. Math. USSR Sbornik 33, 
243-260 (1977) 

Rakhmanov, E.A.: On the Convergence of Padé Approximants in Classes of Holomorphic 
Functions. Math. USSR Sbornik 40, 149-155 (1981) 

Ransford, T.: Potential Theory in the Complex Plane, Cambridge University Press, Cambridge 
(1995) 

Saff, E.B., Totik, V.: Logarithmic Potential with External Fields, Springer, Berlin (1997) 
Stahl, H.: Extremal domains associated with an analytic function. I, II. Complex Variables 
Theory Appl. 4, 311-324, 325-338 (1985) 

Stahl, H.: The structure of extremal domains associated with an analytic function. Complex 
Variables Theory Appl. 4(4), 339-354 (1985) 

Stahl, H.: General convergence results for Padé approximants, (in) Approximation theory VI. 
In: Chui, C.K., Schumaker, L.L., Ward, J.D. (eds.) pp. 605-634. Academic Press, San Diego 
(1989) 

Stahl, H.: Diagonal Padé Approximants to hyperelliptic functions. Ann. Fac. Sci. Toulouse, 
Special Issue, 6, 121-193 (1996) 

Stahl, H.: Conjectures around the Baker-Gammel-Wills conjecture: research problems 97-2. 
Constr. Approx. 13, 287-292 (1997) 

Stahl, H.: The convergence of Padé approximants to functions with branch points. J. Approx. 
Theory 91, 139-204 (1997) 

Suetin, S.P.: On the uniform convergence of diagonal Padé approximants for hyperelliptic 
functions. Math. Sbornik 191, 81-114 (2000) 

Suetin, S.P.: Padé Approximants and the effective analytic continuation of a power series. 
Russian Math. Surveys 57, 43-141 (2002) 

Wallin, H.: The convergence of Padé approximants and the size of the power series coefficients. 
Applicable Anal. 4, 235-251 (1974) 

Wallin, H.: Potential theory and approximation of analytic functions by rational interpolation. 
In: Proceedings of Colloquium on Complex Analysis, Joensuu, Finland, 1978, Springer 
Lecture Notes in Mathematics, Vol. 747, pp. 434-450. Springer, Berlin (1979) 

Wynn, P.: A General system of orthogonal polynomials. Quart. J. Math. Oxford Ser. 18, 81-96 
(1967) 


Optimal Quadrature Formulas 
and Interpolation Splines Minimizing 
the Semi-Norm in the Hilbert Space K2(P2) 


Abdullo R. Hayotov, Gradimir V. Milovanovi¢, and Kholmat M. Shadimetov 


Dedicated to Professor Hari M. Srivastava 


Abstract In this paper we construct the optimal quadrature formulas in the sense 
of Sard, as well as interpolation splines minimizing the semi-norm in the space 
K>(P2), where K>(P2) is a space of functions g which g’ is absolutely continuous 
and gy” belongs to L2(0, 1) and i (p" (x) + w7(x))*dx < oo. Optimal quadrature 
formulas and corresponding interpolation splines of such type are obtained by 
using S.L. Sobolev method. Furthermore, order of convergence of such optimal 
quadrature formulas is investigated, and their asymptotic optimality in the Sobolev 
space i (0, 1) is proved. These quadrature formulas and interpolation splines are 
exact for the trigonometric functions sin@x and cos @ x. Finally, a few numerical 
examples are included. 
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1 Introduction 


Quadrature formulas and interpolation splines provide basic and important tools 
for the numerical solution of integral and differential equations, as well as for 
approximation of functions in some spaces. 

This survey paper is devoted to construction of optimal quadrature formulas and 
interpolation splines in the space K2(P2), which is the Hilbert space 


Ky(P2) := \v : [0,1] -R | g’ is absolutely continuous and y” € L3(0, ph, 


and equipped with the norm 


1 d 2 1/2 
lg | K2(P2) || = if (?: (=) o)) af : (1) 


where 
d a : d 
P» (=) = re +w’, w>O0, and / (?: (=) )) dx <0. 
The equality (1) is semi-norm and ||g|| = 0 if and only if g(x) = c, sin@x + 
C2 COS WX. 


It should be noted that for a linear differential operator of order m, L := 
P,,(d/dx), Ahlberg, Nilson, and Walsh in the book [1, Chap. 6] investigated the 
Hilbert spaces in the context of generalized splines. Namely, with the inner product 


1 
(oy) = } L(x) + L(x)dx, 


K,(P) is a Hilbert space if we identify functions that differ by a solution of 
Lg = 0. Also, such type of spaces of periodic functions and optimal quadrature 
formulae were discussed in [10]. 

The paper is organized as follows. In Sect. 2 we investigate optimal quadrature 
formulas in the sense of Sard in K>(P) space. In Sect. 2.1 we give the problem of 
construction of optimal quadrature formulas. In Sect. 2.2 we determine the extremal 
function which corresponds to the error functional £(x) and give a representation 
of the norm of the error functional. Section 2.3 is devoted to a minimization of 
||€||° with respect to the coefficients C,. We obtain a system of linear equations for 
the coefficients of the optimal quadrature formula in the sense of Sard in the space 
K»(P2). Moreover, the existence and uniqueness of the corresponding solution is 
proved. Explicit formulas for coefficients of the optimal quadrature formula of 
the form (2) are presented in Sect. 2.4. In Sect. 2.5 we give the norm of the 
error functional (3) of the optimal quadrature formula (2). Furthermore, we give 
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an asymptotic analysis of this norm. Section 3 is devoted to interpolation splines 
minimizing the semi-norm (1) in the space K>(P2), including an algorithm for 
constructing such kind of splines, as well as some numerical examples. 


2 Optimal Quadrature Formulas in the Sense of Sard 


2.1 The Problem of Construction of Optimal Quadrature 
Formulas 


We consider the following quadrature formula: 


1 N 
[ g(x)dx =P) Cog(xv), (2) 


v=0 


with an error functional given by 


N 
&(x) = x.y(x) — >) C,8(x — x), (3) 


v=0 


where C, and x, (€ [0,1]) are coefficients and nodes of the formula (2), 
respectively; 7jo,1)(x) is the characteristic function of the interval [0, 1]; and 6(x) 
is Dirac’s delta-function. We suppose that the functions g(x) belong to the Hilbert 
space K>(P2). 

The corresponding error of the quadrature formula (2) can be expressed in the 
form 


1 N 
Rv) = f oode~ Owe.) =e) = f eoreorax 
v=0 


and it is a linear functional in the conjugate space K}(P2) to the space K>(P2). 
By the Cauchy-Schwarz inequality 


\(€,9)| < llo |K2(Po)| - 2 | Kz (Po) I 
the error (4) can be estimated by the norm of the error functional (3), i.e., 


IC |K>(P2)l] = sup |(£, g)|. 
lg |Ko(P2)||=1 
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In this way, the error estimate of the quadrature formula (2) on the space K2(P2) 
can be reduced to finding a norm of the error functional €(x) in the conjugate 
space K>(P2). 

Obviously, this norm of the error functional (x) depends on the coefficients 
C, and the nodes x,, v = 0,1,...,N. The problem of finding the minimal norm 
of the error functional £(x) with respect to coefficients C, and nodes x, is called 
as Nikol’skii’s problem, and the obtained formula is called optimal quadrature 
formula in the sense of Nikol’skii. This problem is first considered by Nikol’skii 
[36] and continued by many authors (see, e.g., [6, 7,9, 10,37, 61] and references 
therein). A minimization of the norm of the error functional £(x) with respect only 
to coefficients C,, when nodes are fixed, is called as Sard’s problem. The obtained 
formula is called the optimal quadrature formula in the sense of Sard. This problem 
was first investigated by Sard [39]. 

There are several methods of construction of optimal quadrature formulas in the 
sense of Sard (see, e.g., [6,53]). In the space EPG, b), based on these methods, 
Sard’s problem was investigated by many authors (see, e.g., [4,6,9, 11, 12,20,30,31, 
33,35,41-43,45,46,48,50,52—54,59,60] and references therein). Here, La, b) is 
the Sobolev space of functions, with a square integrable m-th generalized derivative. 

It should be noted that a construction of optimal quadrature formulas in the sense 
of Sard, which are exact for solutions of linear differential equations, was given 
in [20, 31], using the Peano kernel method, including several examples for some 
number of nodes. 

Optimal quadrature formulas in the sense of Sard were constructed in [47] 
for m = 1,2 and in [51] for any m e€ N, using Sobolev method in the space 


wen (0, 1), with the norm defined by 


1 1/2 
Jom” POD] = tf (G(x) + gO" (@))’ dx 


In this section we give the solution of Sard’s problem in the space K2(P2), using 
Sobolev method for an arbitrary number of nodes N + 1. Namely, we find the 


coefficients C,, (and the error functional t) such that 
| 21K3(P>)|| = int] C1K3(P). (5) 


Thus, in order to construct an optimal quadrature formula in the sense of Sard in 
K(P2), we need to solve the following two problems: 


Problem 1. Calculate the norm of the error functional ¢(x) for the given quadrature 
formula (2). 


Problem 2. Find such values of the coefficients C, such that the equality (5) be 
satisfied with fixed nodes x,,. 
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2.2. The Extremal Function and Representation of the Norm 
of the Error Functional 


To solve Problem 1, i.e., to calculate the norm of the error functional (3) in the 
space K3(P2), we use a concept of the extremal function for a given functional. 
The function w(x) is called the extremal for the functional £(x) (cf. [52]) if the 
following equality is fulfilled: 


(€, We) = ||| Kz (Pa) ll - re |K2(Po)I. 


Since K>(P2) is a Hilbert space, the extremal function w(x) in this space can be 
found using the Riesz theorem about general form of a linear continuous functional 
on Hilbert spaces. Then, for the functional £(x) and for any g € K>(P2), there exists 
such a function We € K2(P2), for which the following equality 


(C.9) = (we. 9) (6) 


holds, where 


1 
(9) = i (Wi x) + ove) (9) + w(x) dx (7) 


is an inner product defined on the space K2(P2). 
Following [25], we investigate the ‘Solution of the equation (6). 


Let first g € Co) (0, 1), where C (c°)(Q, 1) is a space of infinity-differentiable 
and finite functions in the interval (0, 1). Then from (7), an integration by parts gives 


1 
We.0) = [We + 20*W/ 0) +o Wel) eCdde. (8) 

According to (6) and (8) we conclude that 
WL? (x) + 207 Uf (x) + oYo(x) = EC). (9) 


Thus, when g ¢€ C (°)(0, 1) the extremal function we(x) is a solution of the 
equation (9). But, we have to find the solution of (6) when g € K2(P2). 


Since the space C0, 1) is dense in K>(P2), then functions from K>(P2) 
can be uniformly approximated as closely as desired by functions from the space 


C(O, 1). For g € K»o(P2) we consider the inner product (y,g). Now, an 
integration by parts gives 


(We. 9) = (WiC) + 0? ve(x)) 9) | — (WiC) + HHO) 90) | 


1 
# i (WC) + 202 (x) + o Wea) o(0)dx. 
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Hence, taking into account arbitrariness g(x) and uniqueness of the function W(x) 
(up to functions sin wx and cos wx), keeping in mind (9), it must fulfill the following 
equation: 


(x) + 207i (x) + 0 Welx) = EX), (10) 

with boundary conditions 
( (0) + @°We(0) = 0, w() + @ We(1) = 0, (11) 
(0) + @Wi(0) = 0, Wf" (A) + Wj (1) = 0. (12) 


Thus, we conclude that the extremal function W(x) is a solution of the boundary 
value problem (10)-(12). 
Taking the convolution of two functions f and g, i-e., 


(f+OO = if fe—y)eQ)dy = 1 foe(x—y)dy, (13) 


we can prove the following result: 


Theorem 2.1. The solution of the boundary value problem (10)-(12) is the 
extremal function We(x) of the error functional £(x) and it has the following 
form: 


We(x) = (G * £)(x) + d; sinwx + d)cos@x, 
where d, and d are arbitrary real numbers and 


sgn (x) 
4m 


G(x) = 


(sinwx — @X COS @x) (14) 


is the solution of the equation 
(4) 2.0 4 = 
Wy (x) + 2@° We (x) + w* We(x) = 6(x). 


Proof. The general solution of a nonhomogeneous differential equation can be 
represented as a sum of its particular solution and the general solution of the 
corresponding homogeneous equation. In our case, the general solution of the 
homogeneous equation for (10) is given by 


wi (x) = d,sinwx + do. coswx + d3x sinwx + d4x cosax, 


where di, k = 1,2,3,4 are arbitrary constants. It is not difficult to verify that a 
particular solution of the equation (10) can be expressed as a convolution of the 
functions £(x) and G(x) defined by (13). The function G(x) is the fundamental 
solution of the equation (10), and it is determined by (14). 
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It should be noted that the following rule for finding a fundamental solution of a 
linear differential operator 


e d a” s aq”! Fs ns 
m = see an, 
dx dx” 41 am 


where a; are real numbers, is given in [57, pp. 88-89]. This rule needs to replace 4 


by p, and then instead of the operator P,, (4), we get the polynomial P,,(p). Then 
we expand the expression 1/ P,,(p) into the partial fractions, i.e., 


z@ ~L1e-» = Dilesie— a) Pep ees ey p= As) | 
and to every partial fraction (p — A)~*, we correspond the expression ae et 


Using this rule, we find the function G(x) which is the fundamental solution of 
dé a? 
the operator —— + 2w?—~ + w* and it has the form (14). 
dx4 dx? 
Thus, we have the following general solution of the equation (10): 


We(x) = (€ * G)(x) +d) sinwx + dy, coswx + d3x sinwx + d4x coswx. (15) 


In order that the function we(x) be unique in the space K2(P2) (up to the 
functions sinwx and cos wx), it has to satisfy the conditions (11) and (12), where 
derivatives are taken in a generalized sense. In computations we need first three 
derivatives of the function G(x): 


G'(x) = a x sinwx, 
G" (x) = = (sinwx + wx coswx), 
w 
G(x) = =e cos Wx — Wx sinwx), 


where we used the following formulas from the theory of generalized functions [57]: 


(sgn x)’ = 28(x),  5(x) f(x) = 8(x) £0). 


Further, using the well-known formula 


SUF # 8)(0) =F" # 9) = OF # 8000. 
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we get 
Wi(x) = (€ * G’)(x) + (d3 — dow) sinwx + (ds + diw) cos wx 
— dywx sinwx + d3@x cosa@x, 
i (x) = (0 * G”)(x) — (2daw + dw’) sinwx + (2d3@ — dow’) cos wx 
— dyw*x sinwax — d4w?x cos wx, 
Wi! (x) = (€ * G”)(x) — 3d30? — dow") sin wx — (3d4w? + diw*) cos ax 


+ dyw*x sinwax — d3w*x cos wx. 


Now, using these expressions and (15), as well as expressions for G(x), 
k = 0, 1,2, 3, the boundary conditions (11) and (12) reduce to 


(€(y), sinwy) +4d307 = 0, 
sinw - (€(y), coswy) —cosa - (€(y), sinwy) +4437 cos o—4d4u" sinw = 0, 
(L(y), cosmy) +4d4m* = 0, 
cosa : (€(y), coswy) + sina - (€(y), sinwy) — 4d307 sinw—4d4w* cosw = 0. 
Hence, we have d3 = 0, d4 = 0, and therefore 

(€(y),sinwy) =0, (L(y), coswy) = 0. (16) 


Substituting these values into (15) we get the assertion of this statement. Oo 


The equalities (16) provide that our quadrature formula is exact for functions 
sin wx and cos wx. The case w = | has been recently considered in [25]. 

Now, using Theorem 2.1, we immediately obtain a representation of the norm of 
the error functional 


N N 
eKZ(P2)IP =@, ve) = DD IC, GO — xy) 


v=0 y=0 


N 1 
-2506 f G(x—x)ax + | 
v=0 


In the sequel we deal with Problem 2. 


1 


1 
/ G(x —y)dxdy. (17) 
0 
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2.3. Existence and Uniqueness of Optimal Coefficients 


Let the nodes x, of the quadrature formula (2) be fixed. The error functional (3) 
satisfies the conditions (16). Norm of the error functional £(x) is a multidimensional 
function of the coefficients C, (v = 0,1,..., N). For finding its minimum under the 
conditions (16), we apply the Lagrange method. Namely, we consider the function 


W(Co, Ci,..., Cn, di, dz) = lel? — 2d; (€(x), sin wx) — 2d> (E(x), cos wx) 


and its partial derivatives equating to zero, so that we obtain the following system 
of linear equations: 


N 
> Cy G(x, — xy) + dy sinwx, + dycosax, = f(x), v=0,1,...,N, (18) 
y=0 


. 1—cos@ —cos@ sin Ww 
> Cy sinaxy = >; C, cos@x, = a (19) 
where G(x) is determined by (14) and 
1 
fw) = [Go — x ax, 
0 


The system (18) and (19) has the unique solution and it gives the minimum to 
||2||° under the conditions (19). 

The uniqueness of the solution of the system (18) and (19) is proved following 
[54, Chap. I]. For completeness we give it here. 

First, we put C = (Co, Cj,...,Cny) and d = (dj, d2) for the solution of the 
system of equations (18) and (19), which represents a stationary point of the function 
W (C,d). 

Setting C, = C, + Cy, v = 0,1,...,.N, (17) and the system (18) and (19) 
become 


N 
2° = pe Bien) -2€, +n fo G(x — x,)dx 


v=0 y=0 v=0 


N N 1 pl 
+ °° (2E,Cy + CrCry) Gy — xy) + / i G(x — y)dxdy (20) 
v=0 y=0 


582 A.R. Hayotov et al. 


and 


N 
> Cy Gy —Xy) +d, sinwx, + dycoswx, = F(x), v=0,1,...,N, (21) 
y=0 


N N 
= Cy sin@x, = 0, oD Cy cos@x, = 0, (22) 
y=0 y=0 
respectively, where 


N 
F(xy) = f(%y) — >» Ciy G(x, — xy) 


y=0 


and C\,, y = 0,1,..., N are particular solutions of the system (19). 

Hence, we directly get that the minimization of (17) under the conditions (16) 
by C, is equivalent to the minimization of the expression (20) by C, under the 
conditions (22). Therefore, it is sufficient to prove that the system (21) and (22) 
has the unique solution with respect to C = (Co,C,...,C y) and d = (dj, dz), 
and this solution gives the conditional minimum for ||¢||?. From the theory of the 
conditional extremum, we need the positivity of the quadratic form 


= ew _ _ 
O= dL dea, oO on 
v=0y 
on the set of vectors C = (Co, Ci,..., Cy), under the condition 
SC =0, (24) 


where S is the matrix of the system of equations (22), 


sin@Xxo SINWX, --- sin@xy 
COSWMX9 COSWX, +++ COSWXN 


Now, we show that in this case the condition is satisfied. 


Theorem 2.2. For any nonzero vector C € R‘*|, lying in the subspace SC = 0, 
the function ®(C) is strictly positive. 


Proof. Using the definition of the function W(C, d) and the previous equations, (23) 
reduces to 


N N 
® (C) =2)- > G@,-2,)C,C,. (25) 


v=0 y=0 
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Consider now a linear combination of shifted delta functions 


N 
Se(x) = V2) °C, 8(x — x). (26) 


v=0 


By virtue of the condition (24), this functional belongs to the space K3(P2). 
So, it has an extremal function u(x) € K>(P2), which is a solution of the equation 


a4 a? 
(gar + 20% + ot) wel) = Seto — 


As ug(x) we can take a linear combination of shifts of the fundamental solution 


G(x): 


N 
ug(x) = V25 °C, G(x _ Xv), 


v=0 


and we can see that 
5 a 7 
Jue K2(P2) |? = (8c. ue) = 22 DEVE, G(x, - x,) = 0 (€). 
v=0 y=0 


Thus, it is clear that for a nonzero C the function (c) is strictly positive and 
Theorem 2.2 is proved. oO 


If the nodes xo, x1, ..., xy are selected such that the matrix S has the right 
inverse, then the system of equations (21) and (22) has the unique solution, as well 
as the system of equations (18) and (19). 


Theorem 2.3. [f the matrix S has the right inverse matrix, then the main matrix Q 


of the system of equations (21) and (22) is nonsingular. 


Proof. We denote by M the matrix of the quadratic form 5® (Cc). given in (25). 
It is enough to consider the homogeneous system of linear equations 


c M S*\(C 
= =0 28 
=e 0)\a) ee 
and prove that it has only the trivial solution. 


Let C, d be a solution of (28). Consider the function 5¢(x), defined before by 
(26). As an extremal function for d¢(x), we take the following function: 


N 
ug(x) = V25 °C, Gx — xy) +d, sinwx + d)coswx. 


v=0 
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This is possible because ug belongs to the space K(P>) and it is a solution of the 
equation (27). The first NV + 1 equations of the system (28) mean that ue(x) takes 
the value zero at all nodes x,, v = 0,1,..., N. Then, for the norm of the functional 
dq(x) in KF (P2), we have 


N 
sel KPa)" = (Be. ue) = ved ue(xy) = 0, 


which is possible only when C = 0. According to this fact, from the first N + 1 
equations of the system (28), we obtain S*d = 0. Since the matrix S is a right 
inverse (by the hypotheses of this theorem), we conclude that S* has the left inverse 
matrix, and therefore d = 0, i.e., d} = dz = 0, which completes the proof. oO 


According to (17) and Theorems 2.2 and 2.3, it follows that at fixed values of 
the nodes x,, v = 0,1,..., N, the norm of the error functional €(x) has the unique 
minimum for some concrete values of C, = Cy v =0,1,..., N. As we mentioned 
in the first section, the quadrature formula with such coefficients an is called the 
optimal quadrature formula in the sense of Sard, and Cy. v =0,1,..., N, are the 


fe} 
optimal coefficients. In the sequel, for convenience, the optimal coefficients C,, will 
be denoted only as C,. 


2.4 Coefficients of Optimal Quadrature Formula 


In this subsection we solve the system (18) and (19) and find an explicit formula 
for the coefficients C,,. We use a similar method offered by Sobolev [53,54] for 
finding optimal coefficients in the space Le (0, 1). Here, we mainly use a concept 
of functions of a discrete argument and the corresponding operations (see [52] 
and [54]). For completeness we give some of the definitions. 

Let nodes x, be equally spaced, i.e., x» = vh, h = 1/N. Assume that g(x) and 
w(x) are real-valued functions defined on the real line R. 


Definition 2.1. The function g(hv) is a function of discrete argument if it is given 
on some set of integer values of v. 


Definition 2.2. The inner product of two discrete functions g(hv) and y(hv) is 
given by 


CO 


[e.vWl= >> glhv)- y(hv), 


v=—oo 


if the series on the right- hand side converges absolutely. 
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Definition 2.3. The convolution of two functions g(hv) and y(hv) is the inner 
product 


CO 


(hv) * y(hv) = [g(hy). Wav —hy)| = > o(hy)- wlhv = hy). 


y=—00 


Suppose that C, = 0, when v < 0 and v > N. Using these definitions, the 
system (18) and (19) can be rewritten in the convolution form 


G(hv) * Cy + d; sin(hwv) + d)cos(hwv) = f(hv), v=0,1,...,N, (29) 


N N : 
_ 
+ C, sin(hwv) = ——. a C, cos(hav) = saat (30) 
v=0 v=0 m 
where 
1 
f(hv) = zal4 — (2+ 2cosw + wsinw) cos(hwv) 

4a 

— (2sinw — wcosq@) sin(hwv) + sinw(hwv) cos(hwv) 

— (1+ cosw)(hov) sin(hov) |. (31) 


Now, we consider the following problem: 


Problem 3. Fora given f (hv) find a discrete function C, and unknown coefficients 
d,, do, which satisfy the system (29) and (30). 


Further, instead of C,, we introduce the functions v(Av) and u(hv) by 
v(hv) = G(hv) * C, and u(hv) = v(hv) + d; sin(h@v) + do cos(hwv). 


In this statement it is necessary to express C,, by the function u(iv). For this we 
have to construct such an operator D(hv), which satisfies the equation 


D(hv) * G(hv) = 6(Ay), (32) 
where 6(hv) is equal to 0 when v ¥ 0 and is equal to 1 when v = 0, i.e., 6(Av) isa 


discrete delta function. 
In connection with this, a discrete analogue D(hv) of the differential operator 


(33) 


which satisfies (32), was constructed in [24], and some properties were investigated. 
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Following [24] we have: 


Theorem 2.4. The discrete analogue of the differential operator (33) satisfying the 
equation (32) has the form 


Ayal, |v] = 2, 


D(hv) = pi i+Ai, [vl =1, (34) 
Aj 
—, v=0, 
C+ ah v 


where p = 2° /(sinhw — ho cosha), 


2 (2hw)* sin* (ha) A? _ 2hw cos(2hw) — sin(2ha) 
os (AZ — 1)(sinha — hw coshw)?’ sinhw — hw coshw 


» (35) 


and 


ee 2hw — sin(2h@) — 2 sin(hw) Vh2w2 — sin?(ha) (36) 
= 2(hw cos(hw) — sin(ha)) 


is a zero of the polynomial 


2ho — sin(2hw) 
sinhw —hw coshw 


Q0.(A) =A? + eae (37) 


and |A,| < 1, h is a small parameter, w > 0, |ha@| < 1. 


Theorem 2.5. The discrete analogue D(hv) of the differential operator (33) 
satisfies the following equalities: 


1) D(hv) * sin(hwv) = 0, 

2) D(hv) * cos(hav) = 0, 

3) D(hv) * (hav) sin(hav) = 0, 
4) D(hv) * (hwv) cos(hav) = 0, 
5) D(hv) * G(hv) = b(hv). 


Here G(hv) is the function of discrete argument, corresponding to the function 
G(x) defined by (14), and 6(hv) is the discrete delta function. 


Then, taking into account (32) and Theorems 2.4 and 2.5, for optimal coeffi- 
cients, we have 


Cy = D(hv) « u(hv). (38) 


Thus, if we find the function u(Av), then the optimal coefficients can be obtained 
from (38). In order to calculate the convolution (38) we need a representation of the 
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function u(hv) for all integer values of v. According to (29) we get that u(hv) = 
(hv) when hv eé [0, 1]. Now, we need a representation of the function u(hv) when 
v<Oandv> WN. 

Since C, = 0 for hv ¢ [0, 1], then C, = D(hv) * u(hv) = 0, hv ¢ [0, 1]. Now, 
we calculate the convolution v(hv) = G(hv) * C, when hv ¢ (0, 1]. 

Let v < 0, then, taking into account equalities (14) and (30), we have 


v(hv) = Gihv)*C, = > C, G(hv —hy) 


y=—00 


Ns alu —hy) 
=e i p —__— (sin(hwv—hwy)—(hav—hoy) cos(hwv—hoy)) 


=— os  (inGhow) —hov cos(hwv)) ——— 
43 o 


—(cos(hav) + hav eye 


N N 
+ cos(hwv) > C, hay cos(hwy) + sin(hov) > C, hoy sin(hoy) | 


y=0 y=0 


Denoting 


N N 
1 1 
b= re dX Cy hoy sin(fhwy) and b) = qo} os C, hay cos(hwy), 


y=0 


we get forv < 0 
1 . 
v(hv) = ——| (sin(h@v) — hav cos(hwv)) ——— — (cos(hwv) 
43 a) 


_ 
+hov nie = + 4@°b; sin(hav) + 4a%b, cox(ho) | 
o 


and for v > N 
1 nw 
v(hv) = 03 Sin(how) —howv sotto” — (cos(hwv) 
o 


1- 
t+hov hime + 4@°b; sin(hwv) + 4a°by cos(ho)]. 
@ 


588 A.R. Hayotov et al. 
Now, setting 
di =d\-b,, dy =d,-b, di =d,+b,, dS =a+h 


we formulate the following problem: 


Problem 4. Find the solution of the equation 


D(hv) x u(hv) = 0, Av € [0,1] (39) 
in the form 
ue [sin(hwv) —hov cos(hwv) | + 105 Tcos(hwv) 
+haov sin(hwv) | + dy sin(hav) + dy cos(hov), v <0, 
u(hv) = 4 f(hv), 0<v<N, 


2? [sin(hov) —hov cos(hov) | - er lcos(hwv) 


thov sin(hov) | + dj sin(h@v) + d3 cos(hwv), v > N, 
(40) 


where d,, d;, d;* : dx are unknown coefficients. 


It is clear that 


1 


1 1 1 
d= 5 (di tdy), bi = 5 (ddr), d= 5 (df +dz), bo = 5 (df—dz). 


N] 


These unknowns d;, d;, a : i can be found from the equation (39), using 
the function D(hv). Then, the explicit form of the function u(hv) and optimal 
coefficients C,, can be obtained. Thus, in this way Problem 4, as well as Problem 3, 
can be solved. 

However, instead of this, using D(hv) and u(hv) and taking into account (38), 
we find here expressions for the optimal coefficients C,, v = 1,..., N — 1. For this 
purpose we introduce the following notations: 


. | 
A 
m= Yo Pai] — BE in(hwy) + hoy costhay))~ f-hy) 


1- 
+ = (cos(hovy) + hoy sin(hwy))—d; sin(hwy) + dy costo). 
0) 


[oe) 


n=)- a ale (sin(N +y)ho)—(N +y)ho cos((N +y)hw))—f((N +y)h) 


y=l 
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— EO (eos((N + y)ho)+(N + y)hosin((N + y)ho)) 


+ dt sin((N + y)h@)[lmm] + d;* cos((N + yo), 


The series in the previous expressions are convergent because |A;| < 1. 
Theorem 2.6. The coefficients of optimal quadrature formulas in the sense of Sard 
of the form (2) in the space K>(P2) have the following representation: 

4(1 —coshw) 


AY ew, =1,...,N—1, 41 
eee ry ae ee ° oa 


v= 


where m and n are defined above and A, is given in Theorem 2.4. 
Proof. Let v € {1,..., N — 1}. Then from (38), using (34) and (40), we have 


co 


D(hv) *u(hv) = Y\ D(hv —hy)u(hy) 


y=—00 


Cy 


-1 N [eve) 


> D(hy-hy)u(hy) + ¥~ D(hv—hy)u(hy) + Y> D(hv—-hy)u(hy) 


y=—00 y=0 y=N+1 


II 


sin @ 


= D(hv) * f(hv) + ‘ Sear | - 7 (sin(-hwy) + hoy cos(hwy)) 


y=1 


1— 
+ 7 — (cos(hovy) + hoy sin(hwy))— dy sin(hoy) 


+ dy cos(hwy) — f-my| 


rf ‘ ea ics. (sin(N+y)hw)—(N+y)ha cos(N + y)ha)) 
er 


= Ne (cost +y)hw)+(N + y)ho sin((N + y)ho)) 


+ dj sin((N + y)ha) + dz cos((N + y)ha) — f((N + nn). 


Hence, taking into account the previous notations, we get 


C, = Dthv) * flhv) + mdi + male, (42) 
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Now, using Theorems 2.4 and 2.5 and equality (31), we calculate the convolution 


D(hv) *« f(hv), 


(oe) 


1 1 
D(hv) « f(hv) = D(hv) * a= > Dihy) 


y=—00 


II 


i D(0) + 2D(h) +2 )° D(hy) 


y=2 
4(1 —coshw) 
~ o-(ho+sinho)’ 


Substituting this convolution into (42) we obtain (41). oO 


According to Theorem 2.6, it is clear that in order to obtain the exact expressions 
of the optimal coefficients C,, we need only m and n. They can be found from an 
identity with respect to (hv), which can be obtained by substituting the equality 
(41) into (29). Namely, equating the corresponding coefficients on the left- and the 
right-hand sides of the equation (29), we find m and n. The coefficients Co and Cy 
follow directly from (30). Now we can formulate and prove the following result: 


Theorem 2.7. The coefficients of the optimal quadrature formulas in the sense of 
Sard of the form (2) in the space K2(P2) are 


2sinho — (hw + sinha) coshw (hw — sinhw)(A, + AN) 
(hw + sinhw)q sinhw (how + sinh) sinho(1 + Av)’ 
v=0,N, 
CG) = 
4(1 —cosho) 2h(hw — sinhw) sinhw(Ay + Ay”) 


o(ha+sinhw) (hw +sinhw)(hwcosho — sinhw)(1 + AN)’ 
v=1,...,N—-1, 


where i, is given in Theorem 2.4 and |A,| < 1. 


Proof. First from equations (30) we have 


sin@  cos@(1 —cos@) 


N-l N-1 
cos @ 
= a C, cos(hwy) + ae 2 C, sin(hwy), 


0= : 
o o sinw 
y=l 
N-1 
1—cosw 1 . 
Cy = ar ) C, sin(hwy). 
o sinw sin @ 


y=l 
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Hence, using (41), after some simplifications we get 


(hw — sinhw)(1 — cosw) + 2sinw - (1 —cosho) 


w sinw- (hw + sinha) 


Co = 


Ai(sinw coshw —cos@ sinhw) + dae sinhw — At sinw 
(Aj + 1— 2A, cosha) sinw 


AN* (sinw coshw — sinha cosw) + A; sinha — AN sinw 


(Aj + 1— 2A, cosha) sinw 


(hw — sinhw)(1 — cosw) + 2sinw- (1 —cosha) 
w sinw - (hw + sinhw) 


Cy 


II 


ANT (sin coshw — sinhw cosw) + A; sinhw — AY sinw 
(Aj + 1— 2A, cosh) sinw 


Ai(sinw coshw — cos sinhw) + Af’t! sinhw — AF sinw 
(Aj + 1—2A, cosha) sinw 


Further, we consider the convolution G(Av) * C,, in equation (29), i.e., 


N 
G(hv) * C, = 9° C,G(hv — hy) 


- sc, sign(hv — hy) 


Ao} [sin(hwv — hoy) 


—(hov — hay) cos(hoav — hwy)| 
= S| — S), 


where 


1 v 
S,= 03 > C, [sin(hav — hay) — (hav — hwy) cos(hav — hwy)] 
=0 


and 


I N 


ae 


y=0 


C, [sin(hav — hwy) — (hav — hwy) cos(hav — hwy). 


591 


(43) 
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Using (41) we obtain 


S,= Co[sin(hwv) — hwv cos(hav)} 


1 
203 
v-l 


1 _ a 
+ x03 Yk +m," + ‘a ”)[sin(hwy) — hwy cos(hwy)], 
y=0 


where k = 4(1 —coshw)/(w(hw + sinhw)). After some calculations and simpli- 
fications, S; can be reduced to the following form: 


(hw — sinhw)(1 — cosw) 


1 
S; = —]|1—cos(h 
: ofl i »)| 7 24 sinw (hw + sinha) 


m ( (A; cosw — AN*?) sinha (A; —A3) ho sinhw ) 
2w3 \sinw (Ai +1—2A;coshw) (At +.1— 2A; cosh)? 


n gon cosw — A) sinhw aur — Who sinh . 
3\ 2 5 sin(hwv) 
2° \sinw (Aj + 1 — 2A, cosh) (Ay + 1— 2A; coshw)? 


| sinh Ai(m + nd) sinha 


h in(/ 
wo (ho +sinhw)  203(At + 1 — 2A; cos mal oy 


(hw —sinhw)(cosw—1) Ay [(m + nAN) cosm — (n + mA) sinha 
wo (hw + sinhw) Ai + 1-2; coshw 


hovcos(hav) 


2w3 sinw 


where we used the fact that A; is a zero of the polynomial Q(A) defined by (37). 
Now, keeping in mind (30), for Sz we get the following expression: 


1 [si l= i 
So = | sin(hwv) — eeniniaiiahee cos(h@v) — = (hwv) cos(hov) 
43 @ 
N 


A eOe (hv) sin(hwv) + cos(hav) > Cy (hwy) cos(hwy) 


y=l 


N 
+ sin(hwv) os Cy (hoy) sin(hoy) | 


y=1 
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Now, substituting (43) into equation (29), we get the following identity with 
respect to (Av): 


S; — Sp + d; sin(hwv) + dp cos(hav) = f(hv), (44) 


where f(hv) is defined by (31). 

Unknowns in (44) are m, n, d;, and dj. Equating the corresponding coefficients 
of (hwv)sin(h@v) and (hwv)cos(hwv) of both sides of the identity (44), for 
unknowns m and n, we get the following system of linear equations: 


2h sinhw (hw — sinhw) 


Wa ; 
ora (how + sinhw)(hw cos hw — sinhw) 


2h sinha (hw — sinha) 
(hw + sinhw)(hw coshw — sinha)’ 


ANm-+n — 


from which 


2h sinhw (hw — sinhw) 
n= . 
(hw + sinhw)(ho cosh — sinhw)(1 + AW) 


m= (45) 


The coefficients d; and dz can be found also from (44) by equating the 
corresponding coefficients of sin(hwv) and cos(hwv). In this way the assertion of 
Theorem 2.7 is proved. Oo 


Proving Theorem 2.7 we have just solved Problem 3, which is equivalent to 
Problem 2. Thus, Problem 2 is solved, i.e., the coefficients of the optimal quadrature 
formula (2) in the sense of Sard in the space K2(P2) for equally spaced nodes are 
found. 


Remark 2.1, Theorem 2.7 for N = 2, w = 1 gives the result of the example (h) in 
[31] when [a, b] = [0, 1]. 


2.5 The Norm of the Error Functional of the Optimal 
Quadrature Formula 


In this subsection we calculate the square of the norm of the error functional (3) for 
the optimal quadrature formula (2). Furthermore, we give an asymptotic analysis of 
this norm. 


Theorem 2.8. For the error functional (3) of the optimal quadrature formula (2) 
on the space K>(P3), the following equality 
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3H-—sinw hsinw—sinhw  4(1—coshw)(h—-1) 


° 2 
| 2 IF = VW) w*(ho + sinha) w (hoa + sinhw)h 


4sinhw — 2(hw + sinhw) coshw 


w°(hw + sinha) sinha 


m [(1—At)U—A)(ho cos ho — sinha) 

204 (Aj + 1— 2A; cosh) sinha 

ait AN*!)(sin@ + @) sinh + 4(A? + 2%) _ 4Qi- AN) 
Ai + 1-2A1 cosho 1-A, , 


holds, where i, is given in Theorem 2.4, |A,| < 1, and m is defined by (45). 


Proof. In the equal spaced case of the nodes, using (14), we can rewrite the 
expression (17) in the following form: 


N N N 
\el? = Dre. Yc, GeHv — hy) ~ few] - ref) 


v=0 y=0 v=0 


1 3 
+— |2+cosw——sina|, 
204 o 


where f (hv) is defined by (31). 


Hence, taking into account equality (29), we get 


N 
2\|? = Ss C, (—d, sin(h@v) — dz cos(hav)) 


v=0 


a 1 3 
~\°C, ftv) +5 2+ cosw——sinw|. 
204 o 


v=0 


Using equalities (30) and (31), after some simplifications, we obtain 


>  a\(cosw—1)— dy sinw 1 2 . - 
el = err 4) C, + sinw y Cy (hav) cos(hav) 
o o 
v=0 v=0 


N 
1 2 
— (1+ cos@) YS C(hov) sin( ho) a E + cosw — — sin ‘ 
= 4o o 


(46) 


Now, from (44), equating the corresponding coefficients of sin(hwv) and cos(hwv), 
for d, and d>, we find the following expressions: 


Optimal Quadrature Formulas and Interpolation Splines 595 


@ COS @ — SsiNw 


N 
1 : 
d= Aot + Ao} 2, Ey(hooy) sin(hwy) 


h(hw — sinha) (Ai — 1)(AN — 1) 
2w3 (hw + sinhw)(1 + AN)(A4 + 1 — 2A; cosho)’ 


: N 
1—cosw—@sinw 1 
dy = a3 2 ian) cone) 


4a‘ 


Substituting these expressions in (46) we get 


ell? = 3H — sinw h(1 —cos@)(hw — sinha)(A7 — 1)(AN — 1) 
= 2w> 2o* (hw + sinhw)(1 + WY? =O) Gosme) 
cosw ~ sinw w 1 

+ Dont > C, (hwy) sin(hoy)— Gal Cy (hoy) cos(hoy)— 3 C. 
y=l = = 


Finally, using the expression for optimal coefficients C, from Theorem 2.7, after 
some calculations and simplifications, we get the assertion of Theorem 2.8. oO 


Theorem 2.9. The norm of the error functional (3) for the optimal quadrature 
formula (2) has the form 


° Z 1 
Il £|Kx(P2)I? = — 


= Gl +O(h?) as N>o. (47) 


Proof. Since 


4 2hw — sin(2hw) — 2 sinha Vh202 — sin? ha 
1 — 


= (V3 —2) + O(h’) 


2(h@ coshw — sinhw) 


and |ha| < 1,@ > 0, then |A;| < 1 andA'’ > Oas N — oo. Thus, when N > oo 


° 
the expansion of the expression for || @ ||? (from Theorem 2.8) in a power series in 
h gives the assertion of Theorem 2.9. oO 


The next theorem gives an asymptotic optimality for our optimal quadrature 
formula. 


Theorem 2.10. Optimal quadrature formula of the form (2) with the error 
functional (3) in the space K2(P2) is asymptotic optimal in the Sobolev space 
Ly, 1), 2a 


fim LE IKS PIP 
| 21L2*, DIP 


N->oo 


=1. (48) 
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Proof. Using Corollary 5.2 from [48] (for m = 2 and yo = 0), for square of 
the norm of the error functional (3) for the optimal quadrature formula (2) on the 
Sobolev space Le (0, 1), we get the following expression: 


hd 4 qhti ie (g 3 I 
74 Aigt = —_h' + O(n), 
» Gage FO = 79" + O®) 


aioe 2_ lis 
HELE" O.DP = sph ~ T54 D 
(49) 
where d is known, g = V3 —2, A’ y* is the finite difference of order i of y*, and 
A‘ 04 = A'y*|)=0. 
Using (47) and (49) we obtain (48) and proof is finished. oO 


As we said in Sect. 2.1, the error (4) of the optimal quadrature formula of the 
form (2) in the space K2(P2) can be estimated by the Cauchy-Schwarz inequality 


[Rv (@)| < lo|K2(P2)I| «|| 2 |KZ(P)II- 


Hence, taking into account Theorem 2.9, we get 


V5 


IRv(@)| < le| K2(P2)I| (0 + ous) 


from which we conclude that the order of the convergence of our optimal quadrature 
formula is O(h”). 


3 Interpolation Splines Minimizing the Semi-Norm 


3.1 Statement of the Problem 


In order to find an approximate representation of a function g by elements of a 
certain finite dimensional space, it is possible to use values of this function at some 
points xg, B = 0,1,..., N. The corresponding problem is called the interpolation 
problem, and the points xg are interpolation nodes. 

Polynomial and spline interpolations are very wide subjects in approximation 
theory (cf. DeVore and Lorentz [15], Mastroianni and Milovanovié [34]). The theory 
of splines as a relatively new area has undergone a rapid progress. Many books are 
devoted to the theory of splines, for example, Ahlberg et al [1], Arcangeli et al 
[2], Attea [3], Berlinet and Thomas-Agnan [5], Bojanov et al [8], de Boor [14], 
Eubank [17], Green and Silverman [22], Ignatov and Pevniy [28], Korneichuk et al 
[29], Laurent [32], Ntirnberger [38], Schumaker [44], Stechkin and Subbotin [55], 
Vasilenko [56], and Wahba [58]. 
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If the exact values g(xg) of an unknown function g(x) are known, it is usual to 
approximate g by minimizing 


b 
/ (g” (x))°dx (50) 


on the set of interpolating functions (i.e., g(xg) = v(xg), B = 0,1,..., N) of the 
Sobolev space L™ (a, b). It turns out that the solution is the natural polynomial 
spline of degree 2m — 1 with knots xo, x1,...,xy. It is called the interpolating 
D"-spline for the points (xg, y(xg)). In the nonperiodic case this problem was first 
investigated by Holladay [27] form = 2, and the result of Holladay was generalized 


by de Boor [13] for any m. In the Sobolev space pe of periodic functions, the 
minimization problem of integrals of type (50) was investigated by Schoenberg [40], 
Golomb [21], Freeden [18, 19], and others. 

In the Hilbert space K2(P2), defined in Sect. 1 with the semi-norm (1), we 
consider the following interpolation problem: 


Problem 5. Find the function S(x) € K2(P2) which gives minimum to the semi- 
norm (/) and satisfies the interpolation condition 


S(xp) = o(xg), B=0,1,...,N, 


for any p € K2(P2), where xg € [0, 1] are the nodes of interpolation. 


From [56, p. 45—47] it follows that the solution S(x) of Problem 5 exists uniquely 
for N > ao. 

We give a definition of the interpolation spline function in the space K>(P>) 
following [32, Chap. 4, pp. 217-219]. 

Let A: 0 = x9 < x1 < +--+ < xy = 1 bea mesh on the interval [0, 1]. Then 
the interpolation spline function with respect to A is a function S(x) € K2(P2) and 
satisfies the following conditions: 


(i) S(x) is a linear combination of functions sinwx, coswx, x sinwx, and 
X cos @x on each open mesh interval (xg, xg+1), 8B =0,1,...,N —1; 
(ii) S(x) is a linear combination of functions sin@x and cos@x on intervals 
(—oo, 0) and (1, oo); 
Gi) Sz) = S™ (xz), a = 0,1,2, 8 =0,1,...,.N; 
(iv) S(xg) = g(xg), B =0,1,...,N, for any g € K2(P2). 


We consider the fundamental solution G(x) defined by (14) of the differential 
operator 


598 A.R. Hayotov et al. 


It is clear that the third derivative of the function 
sgn (x — xy) 
4@3 
has a discontinuity equal to | at the point x,, and the first and the second derivatives 


of G(x — x,) are continuous. Suppose a function p,(x) coincides with the spline 
S(x) on the interval (x, x,41), Le., 


G(x -x,) = [sin(wx — WXy) — W(X — Xy) cos(w@x — wxy)| 


Dy(X) := Py-1(X) + CyG(x — xy), x € (Xy, Xy 41), 
where C), is the jump of the function S’”” (x) at x,: 
Cy = @)) _ Ss" (x7), 


then the spline S(x) can be written in the following form: 


N 
S(x) = )5C,G(x — xy) + pi), (51) 


y=0 


where p—1(x) = di sinwx + do cos wx, with real constants d; and do. 
Furthermore, the function S(x) satisfies the condition (ii) if the function 


N 
a Cy [sin(wx — WXy) — O(X — x,) cos(@x — wxy)| 
y=0 


1 
403 


is a linear combination of the functions sin@x and coswx. Hence, we get the 
following conditions for Cy: 


N N 
> C, sin(wx,) = 0, C, cos(wx,) = 0. 


y=0 y=0 


Taking into account the last two equations and the interpolation condition (iv) for 
the coefficients C,, y = 0,1,2,...,N, di, and d in (51), we obtain the following 
system of N + 3 linear equations: 


N 

> C,G(xg — Xy) + d; sin(wxg) + dz cos(wxp) = o(xXp), 

y=0 

B=0,1,...,N, (52) 

N 
Y > Cy sin(wx,) = 0, (53) 
y=0 
N 
a C, cos(@xy) = 0, (54) 
y=0 


where g € K2(P2). 
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Note that the analytic representation (51) of the interpolation spline S(x) and the 
system of equations (52)—(54) for the coefficients can be also obtained from [56, pp. 
45-47, Theorem 2.2]. 

It should be noted that systems for the coefficients of D’”-splines similar to the 
system (52)—(54) were investigated, for example, in [2, 16,28, 32, 56]. 

In [49], using S.L. Sobolev method, it was constructed the interpolation splines 
minimizing the semi-norm in the space or (0, 1), where we (0, 1) is the 
space of functions g, which g’"—!) is absolutely continuous and g"”) belongs to 
L2(0, 1) and 


1 
/ (yx) +. 9" (x))?dx < 00. 
0 


Our main aim here is to solve Problem 5, i.e., to solve the system of equa- 
tions (52)-(54) for equally spaced nodes xg = hB, B = 0,1,...,.N,h = 1/N, 
N => o@ > 0 and to find analytic formulas for the spline coefficients C,, y = 
0,1,...,N, di, do. 


3.2. Algorithm for Computing Coefficients of Interpolation 
Splines 


In this subsection we give an algorithm for solving the system of equations 
(52)-(54), when the nodes xg are equally spaced. Here we use similar method 
proposed by Sobolev [53,54] for finding the coefficients of optimal quadrature 
formulas in the space i Also we use the concept of discrete argument functions 
and operations on them (see Sect. 2.4). 

Suppose that Cg = 0, when f < 0 and 6 > N. Using Definition 2.3, we write 


(52)-(54) as follows: 


G(hB) * Cg + d; sin(hwB) + dz cos(hwB) = g(hB), B=0,1,...,N, (55) 


N 
Y > Cp sin(hoB) = 0, (56) 
p=0 

N 
Cp cos(haB) = 0, (57) 
p=0 


where G(hB) is the function of discrete argument corresponding to the function G 
given in (14). 
Thus, we have the following problem: 


Problem 6. Find the coefficients Cg, 8 = 0,1,..., N and the constants d; and do, 
which satisfy the system of equations (55)-(57). 
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Further we investigate Problem 6 which is equivalent to Problem 5. Namely, 
instead of Cg, we introduce the following functions: 


u(hB) = G(hB) * Cz, (58) 
u(hB) = v (hB) + d; sin(h@B) + d, cos(hwB). (59) 


In such a statement it is necessary to express the coefficients Cg by the function 
u(hB). For this we use the operator D(hB) which is given in Theorem 2.4. 

Then, taking into account (59) and Theorems 2.4 and 2.5, for the coefficients Cg 
of the spline S(x), we have 


Cp = D(hB) * u(hB). (60) 


Thus, if we find the function u(hf), then the coefficients Cg can be obtained from 
equality (60). In order to calculate the convolution (60), we need a representation 
of the function u(hf) for all integer values of 8. From equality (55) we get that 
u(hB) = g(hB) when hB é [0,1]. Now, we need a representation of the function 
u(hB) when 6 <Oand fp > N. 

Since Cg = 0 when hf ¢ [0, 1], then Cg = D(hB) * u(hB) = 0, hB ¢ [0, 1]. 
Now, we calculate the convolution v(hB) = G(hB) * Cg when B < Oand B > N. 

Supposing 6 < 0 and taking into account equalities (58), (56), (57), we have 


v(hB) = }) C, G(hB-hy) 


y=—00 


_ 3 es sent) hy) ——_——|sin(hob—hwy)—(hwp—hoy) cos(hop—hwy) | 


y=0 
1 N 
— Tp LC , {sin(heB) cos(hwy) — cos(haB) sin(hay) 


Per cos(hwy) + sin(hwB) sin(hwy)| 


+ (hwy)[cos(hop) cos(hwy) + sin(hwB) sin(hwy)] 


2 — 3 C (hwy) cos(hoy) — nie?) : Cy (hey) sin(hey). 
a y=0 
Denoting 
i< Ly 
b, = aa 2 Crthoy) sinfhwy) and b) = To? 2S en cos(hwy), 
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we get for B <0 
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v(hB) = —b, sin(ha@p) — bz cos(hwf) 


and for 6 > N 


v(hB) = b; sin(h@B) + b2 cos(hwB). 


Now, setting 


dy =d,—-h, dy =d)—-bn, dt =d +h, dt =at+h 


we can formulate the following problem: 


Problem 7. Find the solution of the equation 


D(hB) * u(hpB) =0, Af ¢ [0,1] (61) 
in the form 
d, sin(hwB) + dz cos(hwp), B <0, 
u(hB) = 4 y(hB), O<B<N, (62) 
d;* sin(hap) + dy cos(hwB), B = N, 
with coefficients d;, d;, ai dy 
It is clear that 
de ya = ae = 
a=5(4, +d>), = 5 (di +d;), (63) 
eyes = Lg = 
b= 5 (4, —d;), by = 5 (da —d;) 


These unknowns d;, d;, aa d; can be found from (61), using the function 
D(hB). Explicit forms of the function u(hB) and coefficients Cg, d, d, can be 
found. Thus, Problem 7 and respectively Problems 6 and 5 can be solved. 

In the next subsection we realize this algorithm for computing the coefficients 


Cs, B =0,1,.. 


., N, d,, and d of the interpolation spline (51). 
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3.3. Computation of Coefficients of the Interpolation Spline 


In this subsection using the procedure from the previous subsection, we obtain 
explicit formulae for coefficients of the interpolation spline (51) which is the 
solution of Problem 5. 

It should be noted that the interpolation spline (51), which is the solution of 
Problem 5, is exact for the functions sinwx and cos@x. 


Theorem 3.1. Coefficients of the interpolation spline (51) which minimizes the 
semi-norm (1) with equally spaced nodes in the space K2(P2) have the following 
forms: 


Co = Cpe(0) + ple(h) — dy sin(hw) + dz cos(ha)] 


es 
at De g(hy) + M, +Aay Ni 


Cg = Cpy(hB) + ple(h(B — 1)) + e(A(B + 1))] 


N 
A = = 
+ SF | ar othy) + af + ay? |, B= 1,2,...N=1, 


i {50 
Cv = Cpg(1) + plgp(AN — 1)) + d;* sin(o + ha) + dz cos(w + ha)| 


Aip 


a sate “o(hy) + AN Mi +™1], 
1 


y=0 
D cash _ ioees = 
= 5h +d,), dy = 3h +d,), 


where p, Ay, C, and i, are defined by (35), (36), 


we Ai [dz (cos(hw) — A) — dy sin(ho)] (64) 
: Ai + 1— 2A cos(ha) , 


A, [ds (cos(@ + hw) — A, cosw) + dj* (sin(@ + hw) — A; sinw)| 


N; = 
; Ai + 1 2A; cos(ha) 


, (65) 


and d;*, d;, d3', dy are defined by (66) and (72). 


Proof. First, we find the expressions for dy and d;'. From (62), when 8 = 0 and 
B = N, we get 


dy = (0), a = 


1 
ace d,* tanw. (66) 
COS W@ 
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We have now two unknowns d; and d ac and they can be found from (61) when 
B=-landpB=N +1. 
Taking into account (62) and Definition 2.3, from (61), we obtain 


—l N 


> D(hB —hy)[d, sin(hwy) + dy cos(hwy)] + 2 D(hB —hy)g(hy) 


y=—-0o y=0 


+ > D(hp — hy){d; sin(hwy) + ay cos(hwy)] = 0, 


y=N+1 
where 8 < Oand 6B > JN. 
Hence, for 8 = —1 and B = N + 1, we get the following system of equations 


ch cee Aaa, Sah Pe 


—d> )° D(hy —h)sin(hoy) + dy Y* D(hy —h) cos(hoy) 


y=l y=l 


+d Dy D(h(N+y)+h) sin(o+hoy)4 a” si D(h(N+y)+h) cos(othoy) 


y=l y=l 


N 
=— )5 Dihy+hyg(hy), (67) 


y=0 


—d- S° D(h(N + y) +h)sin(hoy) + dy Y* DAN + y) +h) cos(hoy) 


y=l y=l 


+d;* \* D(hy —h) sin + hoy) + d3* Y* D(hy = h) cos(w + hwy) 
y=1 y=1 
N 
=-— 0 DAN + 1) —hy)g(hy). (68) 


y=0 


Since |A;| < 1, the series in the system of equations (67)—(68) are convergent. 
Using (66) and taking into account (34), after some calculations and simplifica- 
tions, from this system we obtain 


Byd, + Bod =T, Byd, + Bnd; = Th, 
where 
a sin(ha) 
cos @ 
A, sin(h@) 
cos w 


By = Ay sin(haw), By = 
(69) 


By = ie sin(hw), Ba = 
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_ 2hwd, sin?(ha) 
~ hw cos(hw) — sin(ha) 


1 


N 
dANelhy) 
y=0 


+[A, cos(hw) — 1]g(0) + AN*'Teos(ha) —A, —tanwsin(hw)|g(1), (70) 


_ 2hwr, sin? (hw) 
~ hw cos(hw) — sin(ha) 


N 
2 Dar “othy) 
y=0 
+ AN* [cos(ha) — A,|e(0) + [A; cos(hw) — 1 — A; tan sin(hw)|g(1). 
(71) 


Hence, we get 


an T, Bxy — Tr By2 es T,By, — T, Bay (72) 
"By By — ByBu? | By, Boy — By Bo’ 
where By, Biz, Bz, Bor, T;, and T> are defined by (69)-(71). 
Combining (63), (66), and (72), we obtain d, and dz which are given in the 
statement of Theorem 3.1. 
Now, we calculate the coefficients Cg, B =0,1,..., N. Taking into account (62) 
from (60) for Cg, we have 


Cg = D(hB) * u(hB) 
= > D(hB -hy)u(hy) 
y=—00 
fore) N 
= )¢ Dihp + hy)[-d7 sin(hwy) + dy cos(hwy)] + )) D(hB — hy)g(hy) 
y=1 y=0 


+ 2D D(A(N + y) —hB)[d;* sin(w + hwy) + dz cos(w + hwy)), 


y=l 


from which, using (34) and taking into account notations (64), (65), when 8 = 
0,1,...,N, for Cg we get expressions from the statement of Theorem 3.1. 


Remark 3.1. The case m = 1 is considered in [26]. 
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N=10 
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Fig. 1 Graphs of absolute errors | f,(x) — Sy (fi; x)| for N = 5 and N = 10 


3.4 Numerical Results 


In this subsection, in numerical examples, we compare the interpolation spline (51) 
with the natural cubic spline (D?-spline). 

It is known that (cf. [2, 13, 16,27, 28, 32, 56]) the natural cubic spline minimizes 
the integral 1, (y"(x))*dx in the Sobolev space (ie (0,1) of functions with a 
square integrable 2™ generalized derivative. For convenience we denote the natural 
cubic spline as Scubic(x). In numerical examples we use the standard function 
“spline (X,Y,x,cubic)” of the MAPLE package for the natural cubic spline. 

Here first we consider the case w = 1 and give some numerical results which 
have been presented also in [26]. 

We apply the interpolation spline (51) and the natural cubic spline to approxima- 
tion of the functions 


313x* — 6900x? + 15120 
13x4 + 660x? + 15120 © 


fix) =e", fo(x) =tanx, f3(x) = 


Using Theorem 3.1 and the standard Maple function “spline (X,Y,x,cubic),” 
with N = 5 and N = 10, we get the corresponding interpolation splines denoted 
by Sw(fx:x), k = 1,2,3 for the interpolation spline (51) and Scubicy (fx; x), 
k = 1,2, 3, for the natural cubic spline. 

The corresponding absolute errors | f(x) — Sw(feix)| and |f-(x) - 
Scubicn (fx; x)| on [0, 1], for & = 1, 2, and 3, are displayed in Figs. | and 2, 3 and 
4, and 5 and 6, respectively. 

As we can see the smallest errors in these cases appear in Fig. 5 because /3(x) is 
a rational approximation for the function cos x (cf. [23, p. 66]) and the interpolation 
spline (51) is exact for the trigonometric functions sin x and cos x. 

In order to test the optimal quadrature formula in the sense of Sard in the space 
K2(P2) (see [25]) 
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N=10 
0.005; 0.00127 
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0.0004- 
00) 0.0002, 
0 0 
0 02 04 06 08 1 0 0.2 04 06 08 1 
x x 


Fig. 2. Graphs of absolute errors | {| (x) — Scubicy (fi; x)| for N = 5 and N = 10 
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0.004 4 
0.003 4 
0.002 4 
0.001 4 


0 
0 02 04 06 08 1 0 02 04 06 08 1 
x x 


Fig. 3 Graphs of absolute errors | f(x) — Sy (fo; x)| for N = 5 and N = 10 


N=5 N=10 

0.018 4 0.005 5 
0.014 | 0.004 | 
0.006 | 0.002 | 

| 0.001 5 

0 0 
0 02 04 06 08 1 0 02 04 06 08 1 
x x 


Fig. 4 Graphs of absolute errors | f(x) — Scubicy (fo; x)| for N = 5 and N = 10 


Optimal Quadrature Formulas and Interpolation Splines 607 


N=5 N=10 
8. -8 
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-8 1 
4.x10 | -8 
x 1x10 | 
3.x 10 | 1 
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2x10 1 6.x 10 
1x10) 9] 
es 2x10 4 
0 0 
0 02 04 0.6 08 1 0 02 04 06 0.8 1 
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Fig. 5 Graphs of absolute errors | /3(x) — Sy (f3; x)| for N = 5 and N = 10 
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0 02 04 06 08 1 0 02 04 06 08 1 
x x 


Fig. 6 Graphs of absolute errors | f3(x) — Scubicy (fs; x)| for N = 5 and N = 10 


1 N 
He) = | oGyax =D Cools) = Ono) (73) 


v=0 


we use the same functions f(x), k = 1,2, 3. 
The weight coefficients in (73) are 


2sinh — (h + sinh) cosh h—sinh _ 
Cy = Cy = A+ ay 
? a (h + sinh) sinh (h + sinh) sinh(1 ram! a) 
and 
b= 4(1 — cosh) 2h(h — sinh) sinh a’ +4N-), 


h+sinh (h + sinh)(hcosh — sinh)(1 + A) 


forv = 1,...,N —1, where A, is given as in (36), with w = 1 and |A,| < 1. 
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0.08 4 0.0008 + 
0.06 4 0.0006 4 
0.04 4 0.0004 4 
0.02 + 0.0002 
0 0 
0 02 04 06 08 1 0 02 04 06 08 1 
x x 


Fig. 7 Graphs of absolute errors |Sjo({,3 x) — Scubicio(fi; x)| for @ = 10 andw = 1 
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Fig. 8 Graphs of absolute errors |Sio( fi; x) — Scubicio(fi; x)| for a = 0.1 and m = 0.01 


In [25] we have obtained the approximate numerical values 


N 
On(fe) = OA) 


v=0 


for the corresponding integrals /(f;), k = 1,2,3, taking N = 10, 100, and 1000. 
These approximate values we can also obtain if we integrate the corresponding 
interpolation splines Sy (fx; x) over [0, 1], i.e., On (fe) = (Swf X))- 

We consider now the values of the difference | Sy (fi; x)—Scubicy (fi; x)| (with 
N + 1 = 11 nodes) in cases when w = 10, 1, 0.1, and 0.01. 

Graphs in Figs. 7 and 8 show that Sy (f1; x) tends to Scubicy (fi; x) as @ > 0. 
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Numerical Integration of Highly Oscillating 
Functions 


Gradimir V. Milovanovi¢ and Marija P. Stanié 


Dedicated to Professor Hari M. Srivastava 


Abstract Some specific nonstandard methods for numerical integration of highly 
oscillating functions, mainly based on some contour integration methods and 
applications of some kinds of Gaussian quadratures, including complex oscilla- 
tory weights, are presented in this survey. In particular, Filon-type quadratures 
for weighted Fourier integrals, exponential-fitting quadrature rules, Gaussian-type 
quadratures with respect to some complex oscillatory weights, methods for irregular 
oscillators, as well as two methods for integrals involving highly oscillating Bessel 
functions are considered. Some numerical examples are included. 


1 Introduction 


By a highly oscillating function, we mean one with a large number of local maxima 
and minima over some interval. The computation of integrals of highly oscillating 
functions is one of the most important issues in numerical analysis since such 
integrals abound in applications in many branches of mathematics as well as in 
other sciences, e.g., quantum physics, fluid mechanics, and electromagnetics. The 
principal examples of highly oscillating integrands occur in various transforms, 
e.g., Fourier transform and Fourier—Bessel transform. The standard methods of 
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numerical integration often require too much computation work and cannot be 
successfully applied. Because of that, for integrals of highly oscillating functions, 
there are a large number of special approaches, which are effective. In this paper 
we give a survey of some special quadrature methods for different types of highly 
oscillating integrands. 

The earliest formulas for numerical integration of highly oscillating functions 
were given by Filon [12] in 1928. Filon’s approach for the Fourier integral on the 
finite interval, 


b 
I[f;o] = / Fae de, 


is based on the piecewise approximation of f(x) by parabolic arcs on the integration 
interval. The resulting integrals over subintervals are then integrated exactly. One 
can divide interval [a,b] into 2N subintervals of equal length h = (b — a)/(2N). 
Let x, =a+kh,k =0,1,...,2N. Filon’s formula is based on a quadratic fit of 
function f(x) on every subinterval [x2,—2, x2], k = 1,..., N, by interpolation at 
the mesh points. The error estimate was given by Havie [19] and Ehrenmark [7]. 

It can be said that Filon’s idea is one of the most fruitful in topic of integration 
of highly oscillating functions, because of a wide range of improvements of 
the previous technique. Luke [36] in 1954 approximated the function f(x) in 
a certain interval by a polynomial of at most 10" degree. Flinn [13] used 5" 
degree polynomials in order to approximate f(x) taking values of function and 
values of its derivative at the points x2,~2, X2¢-1, and x2;. Stetter [60] used the 
idea of approximating the transformed function by polynomials in 1/t. Tuck [61] 
suggested the so-called Filon—trapezoidal rule, where polygonal arches were used 
instead of parabolic arches. The Filon modification in such a rule is nothing more 
than a simple multiplicative factor applied to the results of the crude trapezoidal 
rule. Einarsson [8] derived the so-called Filon—spline rule by passing cubic splines 
through functional values. Shampine [56] proposed method based on a smooth cubic 
spline, implemented in a MATLAB program. An adaptive implementation of his 
method deals with functions f that have peaks. His basic method can be adjusted 
to deal effectively with functions f that have a moderate singularity at one or both 
ends of [a,b]. Miklosko [38] used an interpolatory quadrature formula with the 
Chebyshev nodes. Van de Vooren and van Linde [63] obtained the Fourier integral 
quadrature rules which for the real part are exact if f is of at most 7" degree, and 
for the imaginary part if f is of at most 8" degree. 

Ixary and Paternoster [25,26] derived exponential-fitting approach for the Fourier 
integral on [—1, 1], designed to be exact when the integrand is some suitably chosen 
combination of exponential functions, e.g., with polynomial terms, or products of 
polynomials and exponentials. 

Recently, Ledoux and Van Daele [29] have made connection between Filon-type 
and exponential-fitting methods. By introducing some S—shaped functions, they 
constructed Gauss-type rules for the Fourier integral J [ f; @] on [—1, 1] interpolating 
f in frequency-dependent nodes along with Chebyshev nodes. In such a way they 
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derived rules with an optimal asymptotic rate of decay of the error with increasing 
frequency, which are effective for small or moderate frequencies, too. 

Very simple methods can be obtained by integration between the zeros. If the 
zeros of the oscillatory part of the integrand are located in the points a < x1 < x2 < 

+ < Xm <b, then the integral on each subinterval [x;, x44 ] can be calculated 
by an appropriate rule. A rule of Gauss—Lobatto type (cf. [37, pp. 330—332]) is 
very good for this purpose because of using the end points of the integration 
subintervals, where the integrand is zero, so that, more accuracy can be obtained 
without additional computation (see [6]). 

Several authors (see, e.g., Zamfirescu [68], Gautschi [14], Piesens [49, 50], 
Piesens and Haegemans [53], Davis and Rabinowitz [6]) considered usage of 
Gaussian formulae for oscillatory weights. Considering the following nonnegative 
weight functions on [—1, 1], 


1 1 
c(t) = AG +coskzrt), s(t) = aM + sinkzt), 


it is easy to see that 
1 Sa 1 1 
— F(x) coskx dx = 2 | F(at)cx(t) ar— f f(xt) dt, 
 J—x =i -l 


u 1 1 
s F(x) sinkx dx = 2 | flatys(tyar— f f(at) dt. 
W Jun Sj -1 


Gauss-type rules can now be constructed for the first integrals on the right-hand 
sides of the previous equalities. 
Goldberg and Varga [16] (cf. [34,35]) proposed a method for the computation of 
Fourier coefficients based on Mobius inversion of Poisson summation formula. 
Milovanovié [39] proposed complex integration method. Let us for 6 > 0 denote 


Gs = {ze C|-1 <Rez<1,0<Imz<56}, y= 0G. 


Consider the Fourier integral on the finite interval 


1 
I[f;soe] = i f(xjel* dx, 


where / is an analytic real-valued function in the half-strip of the complex plane, 
—1 < Rez < 1, Imz = 0, with singularities z,, v = 1,...,m, in the region int I, 
and 


m 


2ni D Res( (ee) =P+iQ. 


v=1 
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If there exist the constants M > 0 and & < m such that 


1 
/ | f(x + 16)| dx < Me® | 
-1 


then (see [39, Theorem 2.1]) 


2 +00 : t 
P+ = | Im[el (1 +4 ix) |e“ dt, 
@ Jo (a 


[ f(x) sinwx dx = 0 = [Refer (1-+it)Jerar 


1 
/ F(x) cos wx dx 
-1 


where f,(z) and f,(z) are the odd and even part in f(z), respectively. The obtained 
integrals can be calculated efficiently by using Gauss—Laguerre rule. 
The Fourier integral on (0, +00), 


+00 : 
Flf;o] = : f(x)e* dx, 


can be transformed to 


1 -+0° : 
F[fso] = a S(x/a)e* dx = Fl f(/o); 1]. 
0 
Thus, it is enough to consider only the case w = 1. 
In order to calculate F[f; 1], for a chosen positive number a, one can write 
+00 


Fifl= i ; f(xe™ dx + f(xje* dx = Li[f] + Laff]. 


where 


: +00 
Lilfl= af flatye dt and L[f]= i f(xye® dx. 


a 


If the function f(z) is defined and holomorphic in the region D = {z € C | Rez = 
a > 0, Imz = O}, such that | f(z)| < A/|z| when |z| — +00, for some positive 
constant A, then (see [39, Theorem 2.2]) 


+00 
Lo[f] = ie” f(at+iy)je"dy (a> 0). 
0 


In the numerical implementation Gauss—Legendre rule on (0,1) and Gauss— 
Laguerre rule can be used for calculating L,[ f] and L2[ f], respectively. 
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In this paper we consider some specific nonstandard methods for numerical 
integration of highly oscillating functions, mainly based on some contour integration 
methods and applications of some kinds of Gaussian quadratures, including com- 
plex oscillatory weights. The paper is organized as follows. Filon-type quadratures 
for weighted Fourier integrals and exponential-fitting quadrature rules are studied 
in Sects. 2 and 3, respectively. Gaussian-type quadratures with respect to some 
complex oscillatory weights are given in Sect. 4. Section 5 is devoted to more 
general highly oscillating integrands known as irregular oscillators. Asymptotic 
methods, as well as Filon-type and Levin-type methods, are included. Finally, two 
class of methods (Levin-type and Chen’s method) for integrals involving highly 
oscillating Bessel functions are considered in Sect. 6. 


2 Filon-Type Quadrature Rules for Weighted Fourier 
Integral 


In this section we describe and analyze Filon-type method for generalized Fourier 
integral in the sense that a weight function is allowed (see Iserles [21]). Let P be the 
linear space of all algebraic polynomials and P,, be the linear space of all algebraic 
polynomials of degree at most n. 

For a nonnegative sufficiently smooth nonzero weight function w € L[0, 1] and 
h > 0, we consider the following integral 


h 1 
Iilfl]= 7 F(xyje* w(x/h) dx = nf f(hx)el"?* w(x) dx, (1) 


where f € L[0,/] is sufficiently smooth function. Let us choose n distinct points 
0<t% <t%<--- <t, < 1, and interpolate function f by a polynomial of degree 
n—-1l, 


f(x) & Palos f) = Do le(x/h) fate), 


k=1 

where €, € Py-1, k = 1,2...,n, are fundamental polynomials of Lagrange 
interpolation, 

I] (x ~ Ty) 

v=1 

Oe 
I] (t% — Ty) 
v=1 


vk 
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Replacing f by P,(x; f) in (1) the Filon-type quadrature rule is obtained, 


ONS] = InlPr(x: f)] = DO ox (iho) fit), 


k=1 


where the weights are given by 
1 . 
ox (ihw) = i x (x)elt* w(x) dx, k=1,2,...,n. 
0 


Obviously, for the remainder term R"[f] = Q"[f] — I,[f], we have R"[f] = 0 
for all f € P,»-1. Hence, for sufficiently smooth function f, we have R"[f] = 
O(h"*), 


Remark 2.1, Let us notice that the same weights can be obtained by solving the 
following Vandermonde system 


So ox (iho) rf" =Um(ho), m=0,1,...,n—-1, 
k=1 


where /,, are the corresponding moments, 
1 . 
Mn(9) = / xe W(x) dx, me€No =NU {0}. 
0 
If we set 6 = hw and 
5m(0) = S > ox (iO) xp" —pm(O), meéeNo, 
k=1 


then 6,, = 0 form =0,1,...,n—1. 

Let p be the order of the corresponding Gauss—Christoffel quadrature rule with 
nodes 0 < t%] < %) <--- < t% < 1. Thus, p € {n,n + 1,...,2n} (see [15]), 
which means that quadrature rule is exact for all polynomials of degree less than 
or equal to p — 1. The maximal algebraic degree od exactness is 2n — 1, i.e., the 
maximal order is 2n, if nodes are zeros of the corresponding orthogonal polynomial 
of n—th degree. It is important to point out that here we talk about Gauss—Christoffel 
quadrature rule with respect to the weight function w on [0, 1]. In Sect. 4 we consider 
quadrature rules with maximal algebraic degree of exactness with respect to the 
complex oscillatory weight function of the form e* w(x). 

We present estimates of error term R![f] for sufficiently smooth function f 
(see [21]) in three situations: 0 < ha < 1 (non-oscillatory); hw = O(1) (mildly 
oscillatory); h@ >> 1 (highly oscillatory). 
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Let f be an analytic function in the disc |z| < r forsomer > 0, and let its Taylor 
series be 


fo= yo me 


m=0 


Since Rt [x] = 0, form = 0,1,...,2 — 1, one can assume without loss of 
generality that fi, = 0,m =0,1,...,” —1. The function 


Fi (2) = es Sin a 


mn 


is the essential part of the function f, and R"[f] = R"[ f ] regardless of the size of 
h and w. Due to analyticity of f one can easily obtain that 


h — tin m 
Rilf] = dy hn (6). (2) 


mn 


For analytic function f, for fixed a > 0 and 0 < h < 1, we have (see 
[21]) R"[f] = O(h?*!), where p is order of the corresponding Gauss—Christoffel 
quadrature rule, while in the case when ha = O(1) the error term behaves like 
O(h"*!), 

Now, we pay our attention to the highly oscillatory situation, when the standard 
Gauss—Christoffel quadrature rules became useless. Let 


p(t) =| ]@- a) = do ace’ 
k=1 k=0 


be the nodal polynomial. Let 4 > 0 be small and characteristic frequency 0 = hw 
large. The main idea presented in [21] is to keep A > O fixed and consider the 
asymptotic expansion of the error term in negative powers of 0. It is easy to get the 
following asymptotic expansions for the moments: 


w(1)e!’ — w(0) i w’(1)e? — w’(0) 


-3 
Lo(O) ~ a 73 + 0(0~°), 
id 
lene we + &® ewe WO) 1 9-4), 
i0 id 
ane a 4 MD + WO 926-3), 32 


id 62 
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By using the fact that p(t) = 0,k = 1,2,...,n, and the obtained asymptotic 
expansions for the moments, it was shown (see [21, Proposition 3]) that there exist 
two sequences of numbers {Qn} men, ANd {Bm }men, Such that 


otmw(0) pO) — Bmw) pe” 


bm (0) ~ a + O(m@~), meéeNo. (3) 


Here, @m = Bm = 0 form = 0,1,...,2—1, a, = B, = 1. If w(0) p(0) 4 0 and 
w(1)p(1) # 0, then a, and B,, satisfy recurrence relations 


\V 


n n 
Yo aK ok+m = 0, Yak Bi+m =-l, m 
k=0 k=0 


The general solutions of these equations are 


n n 1 
Aan = ye, Bin = So duty" = pd)’ 
k=1 k=1 P 


where the constants c, and d;, k = 1,2,...,n, can be determined from the initial 
values by solving a Vanredmonde linear algebraic system. If w(0)p(0) = 0, then 
Q» = 0, while if w(1) p(1) = 0, then B,, = 0. 7 

Finally, from (2), (3) and the fact that R'[f] = R"[f], the following result can 
be proved (see [21, Theorem 2]). 


Theorem 2.1. Let function f be analytic and @ = hw > 1. If both tw(0) = Oand 
(1 — t,)w(1) = 0, then R"[f] ~ O(h"t!6-7); otherwise, R"[f] ~ O(A"*674), 


According to the previous theorem, we can conclude that for general weight 
function the best choice of nodes for the three considered situations is that of Lobatto 
points (see [6]). 

Disadvantages of Filon-type method will be pointed out in Sect. 5 where Filon- 
type method for more general integrals will be presented. 


3 Exponential-Fitting Quadrature Rules 


The first results on exponentially fitting quadrature rules for oscillating integrands 
were given in [25]. Those ideas led to Gauss-type quadrature rules for oscillatory 
integrands considered in [26]. Namely, we considered the following quadrature 
formula 


1 n 
[ fevax = Do fo) + Rolf (4) 
> k=1 
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where the nodes x; and the weights o,, k = 1,...,n, are chosen such that this 
quadrature formula is exact for all functions from F,(¢), which is the linear span 
of the set {x* cos ¢x,x* sinéx | k =0,1,...,2—1,¢ € R}. Let us notice that for 


€ #0 we have dim F,,,(¢) = 2n. Obviously, it is enough to consider only the case 
€ > 0, because F>,,(—C) = F2,(€). The case € = 0 is trivial, since F>,,(0) reduces 
to a pure polynomial set, i.e., F2,(0) = P,-; (the set of algebraic polynomials of 
degree at most n — 1). 

Ixary and Paternoster [26] presented numerical method for constructing such 
quadrature rules with antisymmetric nodes in (—1, 1) and symmetric weights, but 
they did not prove the existence of such quadrature rules. The existence were proved 
partially in [43] in the case when all nodes are positive (or all negative). In the sequel 
we briefly explain that proof of existence. 

For a givenn € N and the set of nodes {x1,..., xn}, we denote x = (X1,...,Xn) 
and introduce the nodal polynomial w(x) = []j~,(x — xx). For v,u = 1,...,n, 
we use the following notation: 


a =[[@-x0), eu) = ae = |] @-»), 
v k=1 ¥ Mu k=1 
kAv kAvyp 


and £,(x) = @,(x)/@,(x,), as well as 
1 
®,, (x) =| @,(x)sing(x —x,)dx, v=1,...,n. 
-1 


Suppose we are given mutually different nodes x,, v = 1,...,n, of the 
quadrature rule (4). Then the weights can be expressed as follows (see [43, Theorem 
2.1)): 


1 
o =f £,(x)cos€(x—x,)dx, v=l1,...,n. (5) 
-1 


Therefore, the weights are unique for the given set of nodes, and the weights can be 
considered as continuous functions of nodes on any closed subset of IR” which does 
not contain points with some pair of the same coordinates. The following result is 
very important for the proof of existence of quadrature rules. 


Theorem 3.1. The nodes x,, v = 1,...,n, of the quadrature rule (4) satisfy the 
following system of equations 


1 
i w,(x)sing(x—x,)dx =0, v=1,...,n. (6) 
-1 
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Suppose that x = (X,,...,Xn) is a solution of the system of equations (6), under the 
assumption x, # x;,k A j,k,j = 1,...,n, we have that x,, v = 1,...,n, are 
the nodes of the quadrature rule (4). 


Of course, we are interested only on solutions of (6) which are nodes of 
quadrature rule (4). Let x,, v = 1,...,”, be the nodes of the quadrature rule (4). 
It was proved in [43] that 


29, Ol (11 sunt} 


k=1 


sin (xz, — x,) |" 


Xk —Xy 


’ 


vkA=1 


as well as that the function sin €¢x/x in x is strictly positive definite. Supposing that 


ox #0,k = 1,...,n, it follows that the determinant of the Jacobian at the solution 
is not equal to zero. 
The case when o,, = 0 for some x = 1,...,n, is not important since it produces 


a quadrature rule which does not depend on x,, at all. 
For a fixed €, let us consider the following two equations: 


[, (Ie - «9] cos fx dx = 0, i (Ie = ) sin€x dx = 0, 


v=1 


with unknowns x,, v = 1,...,m, and let us denote the sets of their solutions by 
C,, and S,,, respectively. For the proof of existence theorem, we need the following 
properties of the sets C,, and S, (see Theorem 2.8 and Theorem 2.9 from [43]). 


Lemma 3.1. The set C,, n = 2, is closed, symmetric with respect to the origin and 
if sin2¢ > 0, we have C, {x € R” |x, >0, v=1,...,n} = @. 

The set S,,n > 3, is closed, symmetric with respect to the origin and if sin2¢ < 0 
we have S, {x € R" |x, >0, v=1,...,n} = @. 


We are now ready to present the main result from [43] and give the sketch of the 
proof. 


Theorem 3.2. In the case sin2¢ > 0 for2 <n < €/n — 1/2, system of equations 
(6) has at least 2(be A) solutions which nodes are all positive or all negative. 
In the case sin2¢ < 0 for 3 <n < ¢/a —1, system of equations (6) has at least 


2(bie—4) solutions which nodes are all positive or all negative. 


Proof. First, we consider the case sin2¢ > 0. For the solutions which satisfy the 
condition tia @,(x)coséxdx # 0, v = 1,...,n, the system of equations (6) can 
be rewritten in the form 

(a @y (x) sin Ex dx 
ie @y (x) cos fx dx 


1 
w= W560 5 (ta tha), v=l,...,n, (7) 
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where k, € Z. Defining the functions p, : R” > R", v = 1,...,n, by 
Du (Mises Mys es Mn) = Kiye ves May ices Xu); 


the set of solutions of ie wy(x)coséxdx = 0, v = 1,...,n, can be described 
as Py(Cy-1 X R), v = 1,...,n. Thus, the transformation holds true for all the 
solutions which belong to the set R’\(U%_, py(Cn—1 x R)). Since the set C, has 
empty intersection with the set {x | x, > 0, v = 1,...,n}, it follows that 
{x | x, > 0, v = 1,...,2} C R"\(U"_, p.(C,-1 x R)). This means that any 
solution of the system (6) with all positive nodes will be also the solution of the 
system (7). Since the set C,,; is symmetric with respect to the origin, the same holds 
for U"_, Py(Cn—1 X JR), and in the same way one can consider quadrature rule with 
all negative nodes. 

Let us choose some fixed vector, with strictly increasing coordinates, of positive 
integers k = (k1,...,k,), with the property k, < ¢/a — 1/2. The functions 


we (x), v = 1,...,n, are continuous in x for x, > 0, v = 1,...,”. The mapping 
we : R” — R” defined by we (x) = (we (x),..., - (x)) is continuous in x, for 
x, > 0,v = 1,...,n. The mapping we maps continuously the closed convex 


_ ¥ 1\ a I\ ~w]; 5 - 
set A, = PS [(«: —3) p (ky + 5) z] into itself. According to the Brouwer fixed 


point theorem (see, e.g., [47]), the map we has a fixed point x, € A,. According 
to the fact that hie @,(x) cos éx dx # 0, it follows that we cannot have the solution 
with v-th coordinate equal to (k, + 1/2)2/¢, which means that all coordinates of 
the solution x, are different, according to the fact that the coordinates of the vector 
k are different. Thus, x, are the nodes of the quadrature rule (4). At this solution, all 
the weights are different from zero. 

For the case sin 2¢ < 0, one can rewrite the system of equations (6), in the form 


2 @, (x) cos 6x dx 
i @, (x) sin Ex dx 


1 
w= We) = ¢ (ac thn), v=1,...,n, (8) 


where k, € Z, and using the similar arguments as in the previous case prove that 
the mapping YS : R” > R", defined by W43 (x) = (W?(x),..., W(x), has a fixed 


point in the set By = x [Ayw/C, (ky + 1)/€]. 


The number of the solutions can be easily obtained. Oo 


The nodes x,, k = 1,..., n, of the quadrature formula (4) can be obtained by 
using Newton—Kantorovich method for the system (6) with appropriately chosen 
starting values. Once nodes are constructed, weights o,, k = 1,...,n, can be 
computed by using formula (5). In Table | we give two different quadrature 
rules with all positive nodes for the case n = 10, € = 10000 (numbers in 
parenthesis indicate decimal exponents). All computations are performed by using 
the MATHEMATICA package OrthogonalPolynomials [5]. 
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Table 1 Nodes x; and 
weights o,,k =1,..., 10, 
¢ = 10000 
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OANANNDNFWNYNrK TCTOANDANFWN KT 


— 
i) 


Xk 
0.7363923439571446(—1) 
0.2225507250414224 
0.3673781455056259 
0.4999533548408 196 
0.6234179456200185 
0.7330595288408521 
0.826993 1488869863 
0.89987809824 12568 
0.9554842880629808 
0.9887851701205169 


0.1000286064833346 
0.1499799293036977 
0.2492542565212690 
0.3010905350216144 
0.3500993801768735 
0.4500020261498017 
0.5499046722324926 
0.7500241241587095 
0.8499267711774567 
0.9507718999014823 


Ok 
—2.804303173754735 
2.970983118291112(1) 
1.583146376664096(2) 
—5,186895526861798(2) 
—1.207492403800276(3) 
—2.103809780509887(3) 
—2,821892746331952(3) 
2.717303933673183(3) 
1.718285983811184(3) 
—5,392769580168855(2) 


—1.46376669847833]1 (2) 
—5.661615769092509(2) 
3.197802441947143(3) 
6.614998760647455(3) 
—4,923021376270480(3) 
1.443577768367478(3) 
—3.931520115104385(3) 
—5,332095232080515 
2.037155323640304(1) 
2.664975853402439 


By using transformed systems (7) and (8) of nonlinear equations, the existence 
of quadrature rule (4) which has both the positive and negative nodes was proved 
in [44] under two conjectures, one for the case sin2¢ < 0 and the second one for 
sin2¢ > 0. We present those conjectures here, while for the proof of existence of 
mentioned quadrature rule we refer readers to [44]. 

First, we consider the case sin2¢ < 0. Let us denote 


by =v te, nn ee, ae 


and 


1 n 
15 = sgn(sin i t t? — be) sin Ct de, 
an(sing) J at ) sin 


For sin 2¢ > 0, we denote 


ay =(N 


and 


1 


) 


—-v+e— 


v=1 


= [¢/z], 
n=0,1,...,N. 
e v=1,...,N, N = [¢/z], 
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1 n 
= sen(sin ) | [[@ -a)cosgrdt, n=0,1,...,N. 
—1 v=1 


It is easy to see that for ¢ > 0 and sin 2¢ < 0 inequality 


1 —€sin2¢ +2sin?¢ aa 
| sin ¢| a 


holds, while for € > 0 and sin 2¢ < 0 holds 


1 
= sen(sin ) | tsin¢tdt = 
-1 


1 21 si 
= sen(sin ) | cos ¢tdt = ais ate >0 
-1 
The mentioned conjectures are the following. 
Conjecture I. If € > 0 and sin2¢ < 0, then i? > Oforeachn = 1,...,N. 
Conjecture 2. If € > O and sin2¢ > 0, then [© > 0 foreachn = 1,...,N. 


Under condition that Conjecture | is true in [44], it was proved that in the case 
when ¢ > 0 and sin 2¢ < 0 for all 


x= (x1, asain »Xon+1) € xe, Ol x [0, by) x [—bnti, On+i], n< N, 


the following inequality 
} 2n+1 


sen(sing) | I (t —x,) sin ft dt > 0 


holds. This inequality implies the existence of the quadrature rule (4) in general, for 
the case sin2¢ < 0. 

Analogously as in the case sin 2¢ < 0, under condition that Conjecture 2 is true, 
it can be proved that in the case when ¢ > 0 and sin 2¢ > 0 for all 


X = (X,...,X2n) € X (av, 0] x[0,a,]), n=1,...,N, 


the following inequality 
1 2n 


sgn(sin ae He —x,)cosftdt > 0 


holds. As the consequence of this inequality we have the existence of the quadrature 
rule (4) in general, for the case sin 2¢ > 0. 
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Kim, Cools, and Ixaru in [27] and [28] considered the quadrature rules which 
include derivatives. Van Daele, Vanden Berghe, and Vande Vyver [62] took into 
account the both polynomial and exponential aspects. Assuming symmetric weights 
and antisymmetric nodes they considered quadrature rules suited to integrate 
functions that can be expressed in the form f(x) = fi(x) + fo(x)coséx + 
F(x) sin fx, where fi, /2, and f; are assumed smooth enough to be well approxi- 
mated by polynomials on the wanted interval. The readers can find more details on 
this topic in the recent survey paper [48]. 


4 Gaussian Rules with Respect to Some Complex Oscillatory 
Weights 


In this section we consider quadrature rules of Gaussian type 
1 n 
/ Ff (x)w(ae dx = So we? f(x?) + Raf). CER, 
cl! k=1 


where R,(f) = 0 for each f € P 2,1. Thus, we have to consider the following 
complex measure 


du(x) = w(x)e™* yeiy(x)dx, CER, (9) 


supported on the interval [—1, 1] (v4 is the characteristic function of the set A). The 
existence of the corresponding orthogonal polynomials is not guaranteed. In order 
to check existence of orthogonal polynomials with respect to complex oscillatory 
measure dji(x), we need the general concept of orthogonal polynomials with 
respect to a moment functional (see [3, 37]). 

Let a linear functional £ be given on the linear space P of all algebraic 
polynomials, i.e., let the functional £ satisfy following equality 


LlaP + BO]=aL[P]+BL[O], aBeC, P,OEP. 


Because of linearity, the value of the linear functional £ at every polynomial is 
known if the values of £ at the set of all monomials are known. The corresponding 
values of the linear functional £ at the set of monomials are called the moments, 
and we denote them by juz, k € No. Thus, £[x*] = ux, k € No. 

A sequence of polynomials Po is called the polynomial sequence 
orthogonal with respect to a moment functional £, provided for all nonnegative 
integers m and n, 


¢ P,,(x) is polynomial of degree n, 
© LP, (x) Pn(x)] = 0 form #n, 
+ L[P2(x)] #0. 
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If the sequence of orthogonal polynomials exists for a given linear functional 
4, then £ is called quasi-definite or regular linear functional. Under the condition 
L[P?(x)] > 0, the functional L is called positive definite. 

By using only linear algebraic tools the following theorem can be proved (see [3, 
p. 11)). 


Theorem 4.1. The necessary and sufficient conditions for the existence of a 
sequence of orthogonal polynomials with respect to the linear functional & are that 
for eachn € N the Hankel determinants 


Ho Pi M2 «-+ Mn-1 
Mi p2 f3..-. Pn 
Ay =| Ho Ha Hao Matt | £0. 


Pn-1 Pn Pn+1 --- 2n-2 


We use previous theorem to prove existence of orthogonal polynomials with 
respect to some linear functionals defined by complex oscillatory measures (9) as 
follows: 


1 
cif) = [ f(x) due) = / feom(ne® dx, feR FER (10) 


1° The case w(x) = x, € = ma # 0, for an integer m, was considered by 
Milovanovié and Cvetkovié in [40]. Here, the measure is 


imax 


dpim(x) = xe" ya 1 dx, me Z\ {0}, 


thus, orthogonal polynomials with respect to the moment functional 


1 
Lf] = a f(x)xd™™ dx, f EP, (11) 


i.e., with respect to the following (quasi) inner product 


Coe i flag(xyre™ dx, fig e?, (12) 


must be considered. 
By using an integration by parts it is easy to obtain the following recurrence 
relation for the moments 


1)" re k+2 _ ely" 
ig (l=(=1) J er ee fo = 2 ie 


Mkt = 
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The moments can be expressed explicitly as follows: 


k 


_ epee + 0! 5 a CDCib) 
Bk Gor O+D! 


v=0 


In [40] the following theorem was proved. 


Theorem 4.2. For every nonzero integer m, the sequence of orthogonal 
polynomials with respect to the linear functional (11), i.e., the sequence of 
orthogonal polynomials with respect to the weight function xe""*, supported 
on the interval |—1, 1], exists uniquely. 


Let us notice that in general, if m ¢ Z, the existence of orthogonal polynomials 
is not assured (e.g., the smallest positive solution of equation A; = Ois ¢ & 
7.134143996368961 . ..). 

As a consequence of the following property (xf,g) = (f,xg) of the inner 
product (12), we have that the monic orthogonal polynomials with respect to 
the weight function xe””* on [—1, 1] satisfy the following three-term recurrence 
relation 


PntilX) = (X — ian) Pn(X) — BaPn-1(x), n=0,1,..., 


with po(x) = 1 and p_\(x) = 0. The recursion coefficients a, and 6, can be 
expressed in terms of Hankel determinants, 


: A’ Ania 
‘ +1 : n+14n—-1 
ia = SH 8 ne Ny; Pr=— US", nen, 
An+1 A, A? 


where A’, is the Hankel determinant A,,_) with the penultimate column and the last 
row removed. 

In [40] the first four recursion coefficients were given explicitly. Also, the 
numerical calculation of recursion coefficients was analyzed. Based on extensive 
numerical computations, which were done by using a combination of the Chebyshev 
algorithm and the Stieltjes-Gautschi procedure, applying package of routines 
written in MATHEMATICA (see [5]), the following conjecture was stated. 


Conjecture 3. For recursion coefficients the following asymptotic relations are true 


1 
a > 0, Be > 7 k + +00. 

Numerical calculations indicate that all of the nodes of orthogonal polynomials 
with respect to the weight function xe'””"* on [—1, 1] are simple, but it was not 
proved. In the case of multiple zeros of orthogonal polynomials, the Gaussian 
quadrature rule has the following form: 
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n my-l 


GrLf] = > wh FOG). 


v=1 k=0 


As a matter of fact, it was proved that at most two nodes in the previous rule may 
have multiplicity greater than one. As it was said, in all numerical experiments, the 
nodes were simple, so, the Gaussian quadrature rule has standard form 


Galf] = Dw f@). (13) 


v=1 


Methods for numerical calculation of nodes and weights of Gaussian rule were also 
described in [40]. 

We present here an application of these quadrature rules for the calculation of 
Fourier coefficients. Namely, 


1 I — ; 
Fin [f] = Cn if] + iSin Lf] = [ Fine dx = [ Le)= 70) . £© xe" dx, 


so, We can compute it by using Gaussian quadrature rules (13) for the function g 
given by 


g(x) = g(0) = f'(0). 


f(x) — FO) 

x , 
If function f is analytic in some domain D > [-1, 1], then g is also analytic in D. 
Therefore, for some analytic function /, the Fourier coefficients can be calculated 
as follows: 


n (n) 


1 , wy 
Fat] = fi flyer ax = Yo “EC f40) ~ FO. 
= v=l1 “vy 


2° The case w(x) = x(1 — x?)~!/?, € € R \ {0}, was considered in [41]. In this 
case the linear functional £ is given by 


LUf|= [ f@)xl=xy Ve dx, CER\IO, fer As 


Let wx(¢), k € No, be the corresponding sequence of moments. It is easy to see that 
for each k € No the following equality 


1 1 
pt) = fox Mase ie ax = fxd x Vere dx = pO 
—1 —1 
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holds, which means that it is enough to consider only the case ¢ > 0, since the 
corresponding results for € < 0 can be obtained by a simple conjugation. The case 
€ = 0 is excluded, because for that value the linear functional £, given by (14), is 
not regular ({49 = Ap = 0). 

Let J,, be the Bessel function of the order v, defined by (cf. [64, p. 40]) 


+00 (7 4\m v+2m 
no = ED i 


= mC + m+ 1) 


The sequence of moments px(f), k € No, satisfy the following recurrence 
relation (see [41, Theorem 2]): 


_k 2 k+ 
pe = a Hesi(O) + HAO ett i®, KEN, 
with the initial conditions 
juo(£) = ini (), 
y(t) = 7 (6400 ~4(0). 
jin(f) = a (06) (CP =2DH0). 


Unfortunately, the sequence of orthogonal polynomials does not exist for all 
positive ¢. It is not hard to check that Hankel determinant A; in this case is given by 


ipo (4h + ep -ane £05 +12 a= 15¢2 +4). 


The smallest positive solution of the equation A3 = 0 is given by 
€ = 6.459008 1519947834555317213970325025438057 10669120882... 


and for this ¢ the sequence of orthogonal polynomials does not exist. So, the task 
is to find ¢ for which the existence of orthogonal polynomials with respect to the 
linear functional (14) is ensured. For that purpose we notice that for the moment 
sequence we have the following representation: 


MKS) = Gaye (PaO) + $e Jol) k ENo, 


where P, and QO, are polynomials in ¢ with integer coefficients of degrees 2[k /2] 
and 2[(k — 1)/2], respectively (see [41, Theorem 3]). This expression can be easily 
obtained from the recurrence relation for the moments. Let ¢ be any positive zero 
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of the Bessel function Jo(¢). Then J; (¢) 4 0, due to the interlacing property of the 
positive zeros of the Bessel functions (see [64, p. 479]), and sequence of moments 
becomes 


Mx (o) = Pe Ji (f). 


Gee 


The following theorem was proved in [41]. 


Theorem 4.3. If ¢ is a positive zero of the Bessel function Jo, then the sequence of 
polynomials orthogonal with respect to the functional £, given by (14), exists. 


Remark 4.1. With a matrix Riemann—Hilbert problem formulation of the orthog- 
onality relations, Aptekarev and Van Assche [1] considered the linear functional 
of the form LL f] = fej f(x)p(x)(1 — x?)7!/? dx, where p is a complex valued, 
nonvanishing on [—1, 1], which is holomorphic in some domain containing the 
interval [—1, 1]. In the special case p(x) = e'*, the linear functional (10) with 
w(x) = (1 — x?)7!/? is obtained. 


3° The case w(x) = (1—x?)*7!/?, for A > —1/2, and ¢ € R\{0} was considered 
in [45]. In this case the linear functional (10) becomes 


1 
LUf] = [ f(x) — x?“ e8* dx, f EP. (16) 


As in the case of the previous weight, it is enough to consider only the case ¢ > 0, 
since the case € < 0 can be obtain under substitution x := —x. 
The corresponding moments pe (¢) can be expressed in the form 


Eo = PHONO) + AON), kENo, 


cad 


where A = (2/¢)" /a (A + 1/2), J, is the Bessel function of the order v, given 
by (15), and Ee and Q A are polynomials in ¢, which satisfy the following four-term 
recurrence relation: 


Ver2 = —(k +20 4+ Dyer — Oy — KO VER, 


with the initial conditions P(¢) = 1, P/(¢) = —2A, P}(6) = 2A(2A+1)—C? and 
Of (6) = 0, O4(£) = €, O4(6) = —(2A+1)E, respectively (see [45, Theorem 2.1]). 

It is obvious that for each A > —1/2, if € > 0 is an arbitrary zero of the Bessel 
function J,, the polynomials z,, orthogonal with respect to (16) do not exist, because 
Ao = bo = AJ, () = 0. In [45] the following result was proved. 


Theorem 4.4. [f A is a positive rational number and € is a positive zero of the 
Bessel function J,_\, then the polynomials x, orthogonal with respect to (16) exist. 
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Suppose that parameters A and ¢ are such that provide the existence of orthogonal 
polynomials with respect to linear functional (16). Due to the property (zp,q) = 
(p,zq) of the (quasi) inner product (p,q) := L(pq), for £ given by (16), the 
corresponding (monic) orthogonal polynomials {7,},,¢j, Satisfy the fundamental 
three-term recurrence relation 


Tn +1(X) = (x ~~ 10, ) p(X) — BnTn—1(X), ne N, 


with 2o(x) = 1, m-1(x) = 0. The recursion coefficients w, and ,, can be expressed 
in terms of Hankel determinants as 


AY ad A, 1 Ge 7) B = Anti An-1 1 An 41 An-1 


An+1 An ~ ig An+1 A, A? ~ (ig)? Hi? 


PYO) - a PU) PEO). Pro) PAO 
PIO PRO | gy PEG) Pi@) PHO PAi® 


yan “w.. PA L@ Ph (t Prt). ae (¢) 1 a (¢) 


The coefficient Bo can be chosen arbitrary, but it is convenient to take By = [4G A(o) = 
AJ, (f). 

Recursion coefficients can be calculated by using the Chebyshev algorithm, 
implemented in the software package OrthogonalPolynomials [5], similarly 
as in the case w(x) = x. According to very extensive numerical calculations, the 
conjecture that the recursion coefficients satisfy the following asymptotic relations 


1 
an > 0, Bn > rt n — +0, 


was stated in [45]. Let us notice that for A = 0, from the result given in [1], it 
follows that a, — 0 and Br > 1/4,.n-> Baa 

It is easy to see that (0) = = (-1)*u AO); k e€ No. Using that fact, it can be 
proved that if the sequence of monic sttho zonal polynomials {7}, en, exists, then 


In(z) = (—1)"2,(—Z) and the coefficients w, and f, are real. This implies that 
the zeros a k = 1,...,n, of a, are distributed symmetrically with respect to 
the imaginary axis. Some properties of the corresponding orthogonal polynomials 
were given in [42]. 

By using functions implemented in package OrthogonalPolynomials [5] 
in extended arithmetics we are able to construct Gaussian rules 


1 n 
/ Flay =x? YV70* dx = DP wy? £04) + Ralf], (17) 
a k=1 
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where R,[f] = 0 for each f € P5,-1, which can be successfully applied for 
numerical calculation of certain type of highly oscillating integrals. We illustrate 
this applying Gaussian rule to the integral 


n (n) 


1 
I(6) = im} [ (1 = x2 tet ax| ~ Gn(6) = im} ae | ; 
Z i 


k=1 


for € € {61,0}, where €; = 99.35381121792450 and € = 1000.990052907274 
(here, A = 3/4 and €),¢ are zeros of J_\,/4(z)). The imaginary parts of the 
corresponding integrands are displayed in Fig. 1. 

The exact values of /(¢) are 


1(€1) = 0.0034446765944009 1 1807822428206598645263589679. .., 
I($2) = 0.000191491475444598012602579210977050425257037.... 


In Table 2, for some selected number of nodes n, the relative errors in Gaussian 
approximations, r, = |(Gn(,) — 1(¢,))/7(¢,)|, v = 1, 2, are given, as well as the 
relative errors r° in Gauss—Gegenbauer approximations with respect to the weight 
function x +> (1 — x?)!/4 (numbers in parenthesis indicate decimal exponents). 

Numerical experiments indicate that our Gaussian quadrature rule (17) becomes 
more efficient when ¢ increases, while Gauss—Gegenbauer rule becomes unusable. 

4° The case w(x) = (1 — x)*7!/2(1 + x)8-'/?, where a, 8 > —1/2 are real 
numbers such that £ = |B —a| is a positive integer, and ¢ € R \ {0} was considered 
in [58]. Thus, we are concerned with the following measure: 


dye(x) = CL — x70 + x) PM el 1 (x) dx 
supported on the interval [—1, 1]. This measure can be written in the following form: 


(1 + x)6(1 = x7)* el yy (x) dx, B>a, 


du(x) = 
(1 — x)"(1 — x?)P'/2 el yy (x) dx, a> B. 


Therefore, we consider the measures 


dp* (x) = (1 x)'(1 = x20 yyy (x) dx, 


where wa > —1/2 and ¢ is a positive integer, ie., we consider orthogonality with 
respect to the linear functional 


L*[f] = [ f@A tay =e” ax, fe? (18) 
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Fig. 1 The graphs of the function Im((1 — x7) !/4Qib* J — i) for € = ¢, (up) and ¢ = fy (down) 


Table 2 Relative errors r, c t, a 

and r&, forn = 5(5)25, ~ G G 
n Ti r Ti r 

when € = ¢,, v € {1,2} 4 A 
5 7.59(—8) 3.80(2) 5.75(—12) 2.13(2) 
10 5.82(—16) 2.24(2) 2.63(—26) 6.65(2) 
15 1.16(—19) 2.72(2) 5.58(—35) 6.23(2) 
20 4.11(—26) 6.32(1) 3.50(—47) 1.08(3) 
25 1.79(—29) 8.46(1) 7.99(—55) 5.14(2) 
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Again, we restrict our attention to the case ¢ > 0, since the corresponding results 
for € < 0 can be obtained by a simple conjugation. 
The moments pz = £ [x*], k € No, can be expressed in the form 


. A Sy ee ee ee , 
ue = rd, (5) en/en 1 (PR; OO + Wj; OL10), 


where A = (2/¢)° /x '(a+1/2), J, is Bessel function of the order v, and P? and 
Q* are polynomials in ¢, which satisfy the following four-term recurrence relation 


Vern = —(k +20 + lyeg — Oye — KE? VER, 


with the initial conditions P*(¢) = 1, P?’(¢) = —2a, P#(¢) = 2a(2a+1)—C? and 
Q5() = 0, OF (6) = €, OF (6) = —(2a+1)E, respectively (see [58, Theorem 2.1]). 
When the existence of orthogonal polynomials with respect to the linear functional 
(18) is in question, the following result was proved in [58]. 


Theorem 4.5. [fa > —1/2 is a rational number, ¢ is a positive integer, and ¢ is a 
positive zero of the Bessel function Jy—,, then the polynomials 17 orthogonal with 
respect to the linear functionals £L*, given by (18), exist. 


The (quasi) inner product (p,q) = £~[pq] has the property (zp,q) = (p.zq), 
which implies that the corresponding (monic) orthogonal polynomials {77},cn, 
satisfy the fundamental three-term recurrence relation 


Tin +1(X) _ (x _ Qn) In (X) a Buntn—1(x), ne N, 


with zo(x) = 1, w_)(x) = 0. Knowing three-term recurrence coefficients, by using 
functions implemented in the software package Orthogonal Polynomials [5] 
in extended arithmetics we are able to construct the corresponding quadrature rules 
of Gaussian type 


1 n 
I FO) = xy VPL + xP WU dc = DP wy? fx?) + Ralf], (19) 
-1 


k=1 


where R,,[f] = 0 for each polynomial of degree at most 2n — 1. Such rules 
can be efficiently applied for numerical integration of highly oscillating functions. 
Analogously as in the case of oscillatory modification of Gegenbauer measure, 
numerical experiments indicate that Gaussian quadrature rule (19) becomes more 
efficient when ¢ increases, while Gauss—Jacobi rule with respect to weight x bt 
(1 — x)*!/2(1 + x)*-!/2 becomes unusable (see [58] for some examples). 
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5 Irregular Oscillators 


In this section we consider the more general highly oscillating integrand, 


b 
I[fsgl= i: f(xjei?®™ dx, (20) 


where —oo < a < b < +00, || is large, and both f and g are sufficiently smooth 
functions. The integrand of (20) is often called an irregular oscillator. Such integrals 
occur in a wide range of practical problems. There are a large number of articles 
where problems of numerical calculation of such integrals are treated (see [9-1 1, 
18,20, 22-24, 33,46,55,57], etc.). In the case g(x) = x, we get the so-called regular 
oscillators, which have been already considered through the paper. In this section we 
briefly describe asymptotic method, Filon-type methods, and Levin-type methods 
for numerical integration of (20). We consider only the case when g’(x) 4 0 for 
a <x <b,i-., the case when g has no stationary points. Notice that from the van 
der Corput lemma it follows that J[f; g] = O(@7!), |w| > oo (see [59]). 


5.1 Asymptotic Methods 


Asymptotic method was presented by Iserles and N@¢rsett [24]. Starting by the 
following simple transformation 


b b 
1 d. 
I[fisl= i Fels ax = A [LO 4 pose gy, 
a iw Jq g'(x) dx 


and applying an integration by parts, we obtain 


b 
og) = 1 (£O ive )| _ 1 ES (LQ) cone 
Ife) = 2 (eee ) 2 PS (LE) cme a. 


io \g'(x) 


Denoting 


b 
Appa ao LE gon) 
ofa (a | 


we have 


I[fsg] = O4[f:g]- =I Ee (2) ie]. 
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According to the van der Corput lemma, /[f; g] — O4[f; g] = O(w~’). Now, we 
can approximate the error term by the same rule, so, we approximate J[f; g] by 


oral- 20/2 (5):e]. 


In this approximation of /[/f; g] the error is O(w~+). Continuing in this manner, 
after s steps, we obtain approximation of J[f; g] with error O(w~*—!). Thus, we 
have derived the following asymptotic expansion. 


Theorem 5.1. Let f € C® and g'(x) # O fora < x < b. Let 


olLf|(x) = EACCy Ox+iLf ](x) = : Gon FN) k=0,1,.... 
g(x) g(x) dx 
Then, fora > ©, 
I[fsgl~- > =a (ox Lf (bers _ orf (ayes) 
k=1 


Taking the s—th partial sum of the asymptotic expansion we obtain the asymp- 
totic method 


Ss 


Ol: al== » _—_ (ox [flees — OK Lfl(@ee™) ; 


jan Cio) 


It is easy to see that 


b 
I[f;g]—- O4Lf:g] = — | ge’ (x)osgi lf ](xel?e™ dx ~ O(a"). 


(-iw)s 
The following result follows from Theorem 5.1 (see [46]). 


Lemma 5.1. Suppose 0 = f(a) = f(b), for allk = 0,1,...,s — 1 for some 
positive integer s, and that f depend on w as well as that the every function in the 
set {f, f',..., fF is of asymptotic order O(w~"), @ > 00, for some fixed n. 
Then, I[f;g] ~ O(a"), @ > o@. 


The drawback of the asymptotic method is that for fixed w, in general O4[f; g] 
diverges as s — oo. Also, numerical examples show that asymptotic method may 
produce very inaccurate approximation for small values of w in general. 
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5.2 Filon-Type Methods 


Here we describe Filon-type method for numerical computation of (20), presented 
in [24]. The main idea is to interpolate function f for fixed set of prescribed nodes 
by using Hermite interpolation and then integrate interpolating polynomial. 

Let eee be a set of prescribed nodes, such that 


A=XxX<x,<:::<xN=d. 


Having chosen multiplicities 79,7),...,n, € N, by H,(x) = er agx*, we 
denote polynomial of degree n, where n = )°;_, nx — 1, such that 


HOG) =f), fF =O1...4m—1, b=01,...,7%. OD 


For s = min{no, ,} we define 
of eS gl= =I [An: gl= Saat ;8i. 


The function f — H,, satisfies the conditions given in Lemma 5.1 due to (21). Thus, 
we have 


If; gl]-OF Lf: 8] = ILfs g]-1 [Ang] = I[f-Hnig]~ O@~'), @ > ov. 


Therefore, the asymptotic and the Filon-type methods have the same asymptotic 
order. In many situations (but it is not always) the accuracy of Filon-type method 
is significantly higher than that of the asymptotic method (see some examples in 
[24, 46]). 

Unfortunately, there are two problems with Filon-type methods. The first one 
is obvious from the definition of method. By definition, the Filon-type methods 
given above require the computation of the moments /[x*; g] analytically, which 
is not possible in general. The second problem is connected with the fact that the 
Filon-type method is based on interpolation and the accuracy of OF [ f; g] is directly 
related to accuracy of interpolation. The good example for that is Runge’s example 
from 1901 (see [37, p. 60]). For non-oscillatory functions f,,(x) = 1/(1 + (x/a)?), 
x € [-1, 1], for sufficiently small a, interpolation polynomials with equally spaced 
nodes are oscillating (see Fig. 2). For such functions the Filon-type methods 
(especially, when only function values are used) produce less accurate results. 

The magnitude of Runge’s phenomenon could be reduced by using Chebyshev 
interpolating points. Another idea is to use cubic spline, but in that case the order is 
at most O(@~?). 

Hascelik [18] modified the Filon-type methods such that they can be applied in 
the cases when f and g have algebraic singularity. 
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Fig. 2 The Runge’s example for n = 11 equally spaced nodes, for a = 1 (left) anda = 1/4 
(right) 


5.3 Levin-Type Methods 


Now, we explain method which does not require the computation of moments, 
introduced by Levin (see [30—32]). Levin method can be applied to more general 
problems, which will be presented in Sect. 6. 

Suppose that F(x) is a function such that 


< (Fixe) = f(xel@*®), (22) 


b 
It is obvious that J[f; g] = (F(x)e'”* )| . The idea is to approximate F by some 


function V, which gives method 


O* fs] = (Vixye*#™) ; = Vibes — Vale. 
From (22), we obtain equation L[F](x) = f(x), where L is the operator defined 
by L[F] = F’ + iwg’F. If Vix) = Y= axx* is the collocation polynomial, 
satisfying system of equations L[V](x,) = f(x,) at points a = x9 < x) <++: < 
xy = b, then I[f; g] — O*[f: g] ~ O(w~”). 

There are two natural generalizations of Levin method (see [18, 46]). The first 
one is to use a polynomial V such that not only the values of f and L[V] are the 
same at nodes but also the values of their derivatives up to the given multiplicity. 
The second generalization is obtained allowing V to be a linear combination of a 
set of suitable basis functions, not only polynomial. 

The following result was proved in [46]. 
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Theorem 5.2. Suppose that g'(x) # 0 for x € [a,b]. Let W = {Wr hjao be a basis 
of functions independent of w, let {xz};~9 be a set of nodes such that a = xo < 
Xp <-e+< x, =5, let {ng},u be a set of multiplicities associated with nodes, and 
§ = min{no,n,}. Further, suppose that V = \~p_9 ak We, wheren = Y°p_o ne —1, 
is the solution of the system of collocation equations 


d/ LIV] 


re (xe) = fM (xe), 7 =0,1,...,m%—-1; k=0,1,...,0, 
XxX 


where L[V] = V’ + iwg’V. Define 


Bi = [(e' We )(%0) -*-(g/ ea) ro) ++ (8! Yer) +(e te)’. 
(23) 
If the vectors {go,...,%n,} are linearly independent, then the system has a unique 
solution, and for 
, b F ‘ 
O4Lfs 8] = (Vepe)] = Viojelve — Viajeine™, 


we have I[f;g]— O41 f; g] ~ O(@*"), w > 0. 


Olver [46] proved that if {y};—9 is a Chebyshev set, then the conditions on 
{gx }¢<0 of the previous theorem are satisfied for all choices of {xx}; and {nx };—- 
He showed that it is possible to obtain higher asymptotic order of Levin-type method 
by choosing the basis in the following way: 


/ 


Wo=1, wet, a, kee 1 223s (24) 
& & 


Suppose that {x;},-9, {mk}pao, and {We}r9, wheren = )°p_y me — 1, satisfy 
the conditions of Theorem 5.2. Then, for s = min{mo,n,}, we have (see [46, 
Theorem 5.1]) 


Ifigl- Osifiel~O@"). 


Levin-type method O% [f;g] with basis {wx} given by (24), is significant 
improvement over 0" [f; g] and O“[f; g] (with standard polynomials basis), when 
the same nodes and multiplicities are used, and q is sufficiently large. Also, since 
Q% [.f; g] does not require polynomial interpolation, the Runge’s phenomenon does 
not occur. 

In general, accuracy of asymptotic, Filon-type, and Levin-type methods depends 
on f and g. Olver [46] presented several examples for comparisons of these three 
types of methods, including Levin-type method with polynomial basis, and Levin- 
type method with basis (24). 
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6 Integrals Involving Highly Oscillating Bessel Function 


In this section we consider integrals of the form 


b 
Hfl= : FIX dx, (25) 


where J,,(rx) is Bessel function of the first kind of order v for some positive real 
number v,r € R is large, and 0 < a < b < +oo. Such integrals appear in many 
areas of science and technology and several efficient methods for their numerical 
calculations are derived (see, e.g., [4,39,51,52,54,65-67]). Here we present Levin- 
type methods [31, 32] for finite b, and Chen’s method [2] for both the finite and 
infinite b. 


6.1 Levin-Type Methods 


In Sect. 5 it was explained how Levin-type method [31, 32] can be applied to 
irregular oscillators, as well as Olver’s generalization [46]. Levin’s collocation 
method is applicable to a wide class of oscillating integrals with weight functions 
satisfying certain differential conditions. It can be efficiently used for computing 
integral (25) with finite b. 

Let F(x) = [fi(x) f(x) +++ fin(x)]’ be an m—vector of non-oscillating 
functions, W(r, x) = [wi(r, x) w2(r,x) +++ Wm(r,x)]” be an m—vector of linearly 
independent highly oscillating function, depending on r, and let “-” denotes the inner 
product. Let us consider general class of highly oscillatory integrals of the form 


bom b 
I[F] = | S > fic (x) we (r, x) dx =| F(x)A- W(r, x) dx. (26) 
@ k=1 


a 


Assume that W’(r,x) = A(r,x)W(r, x), where derivative is with respect to x, and 
A(r, xX) is m X m matrix of non-oscillating functions. If F were of the form 


F(x) = Q'(x) + AT(r, x) O(x), 


then the integral (26) could be evaluated as 
b 
I[F] = / (O'(x) + A’ (r, x) O(x)) « W(r, x) dx 


b 
= i (O(x) -W(r,x))' dx = O(b)- W(r,b) — O(a) - WO, a). 
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The main idea of Levin method is to select linearly independent basis function 
{Wx }p—, and determine 


n n T 
P(x) = bp a W(x) Sal vucs 


k=1 k=1 


such that the following system of equations is satisfied 
Pj) A Oe) PO)=FC), FH 105m, 


at nodes x1, X2,...,X,. The Levin’s approximation of I[F'] is 
b 
OLLF] = / (P’(x) + AT (r,x)P(x)) - W(r, x) dx 


= P(b)- W(r,b) — P(a)- WU, a). 


Levin [32] presented an error analysis for the composite collocation method Q is A 
with n selected nodes in each subinterval of length fA including the endpoints of 
each subinterval. His error estimate is given in the following theorem (see also [65, 
Theorem 1.1]). 


Theorem 6.1. Let F € C?"*![a,b], B(r,x) = (A(x,r)/C(r))~ exists, B € 
C"*1{a, bl, and its 2n + | derivatives are bounded uniformly in r for C(r) > ao. 
Then 
M(b —a)jh"? 

Cire 
for C(r) = B > 0, where h is the length of each subinterval and M is a constant 
independent of r and h. 


|ZLF]— Q7,[F]] < 


nh 


For integral (25), 


m=2, Wr,x)=[J-i(rx) Jy(rx)]’, and F(x) =[0 f(x)’. 7) 


Then, 
v-l 
—r 
A(r, x) = ag iy (28) 
r — 
x 


Define C(r) = r, then by Theorem 6.1 for h + 0 and r — oo we obtain 


r2 


ILA - Ob ,Lf] = 0 (—) 
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Xiang, Gui, and Moa [67] extended Levin’s method by using multiple nodes. 
Let {m,}{_, be multiplicities associated with the nodes a = x; < X72 < ++: < 
Xn = b,s = min{m,,m,} and {Witt _o where N = )-;_, mg — 1, be a set of 
linearly independent basis functions such that the matrix [ap --- ay] is nonsingular, 


with ay = [Wer vi 0) = EP Gr) Ven) VO) PI, 


N () N (mn) DP oss 
k =0,1,...,N.Let P(x) = be a, Wk(x) +++ Vypug ay ve] satisfies 
the following equations: 


P'(xj) + A'(,x;)P(xj) = F(xj), jf =1,2,...,0, 


(k) 


[P'@) +47) PO), = F’(x,), k =1,2,...,mj—-1; j =1,2,...,n. 


Levin’s approximation of integral /[F'], given by (26), is the following 


b 
Or = / (P’(x) + AT (r,x)P(x))-W(r, x) dx = P(b)-W(r,b)— P(a)- Wr, a). 


Let W'(r,x) = A(r,x)W(r, x), where A(r, x) is a nonsingular m x m matrix, 
and B(r, x) = (A(r, x)/C(r))! for r > 1. If 


¢ Wir, x), Bir, x) € C™{a, b], 
* A(r,x)/C(r) and A (7, x), k = 1,2,..., ymax mj — 1, are uniformly bounded 
<j<n 
forr > 1 and all x € [a, d], 
¢ B(r,x) and its s + 1 derivatives are uniformly bounded for r > | and all x € 


la, b], 


then (see [67, Theorem 4.1]) 
L _ IIW0r, X)lleo 
iF] - of {F] = 0 (he) 


Let us now go back to our integral /[f], given by (25), and denote the 
corresponding Levin’s approximation by Q*[f]. For the basis {W(x)}, we choose 
the standard polynomial basis. Here C(r) = r, and it is easy to see from (27) 
and (28) that A(x, r), B(r,x), AM(r, x), and B® (r, x), k = 1,2,...,5 4+ 1, are 
uniformly bounded for r >> 1 and all x € [a,b]. Therefore, according to previous 
general estimate and the fact that ||W(r,x)||,, = O(r7'7) for f € C![a,b] and 
r > 1 Gee [67, Theorem 2.1]), the following error estimate 


ILf]- Of] = 00”) 


holds. Notice that J[f] = O(r~*/*) for f € C![a,b] andr > 1. 
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6.2. Chen’s Method 


Chen’s [2] presented method for numerical computing of integral 7[ f] given by (25) 

following ideas of Milovanovicé [39] and Huybrechs and Vandewalle [20]. By using 

integral form of Bessel function and its analytic continuation, Chen transformed 

highly oscillating integral (25) into non-oscillating integral on [0,-++co), which 

could be computed efficiently applying Gauss—Laguerre quadrature rule. 
Substituting integral representation of Bessel function (see [64]) 


(x/2)” 


1 
_ _ 42\v-1/2ixt 
w= Jat (v + a5 |" poe. ae 


in (25), we obtain 


(rx/2)” 


b 
If] =| hows 


1 
/ (A=)? ar dx, (29) 
-l 


The function (1 — t?)”~!/2e!”*" is analytic in the half-strip of the complex plane, 
—1 < Rez < 1, Imz = O. By using complex integration method (see [2]), it can be 
proved that 


+a irx 


; 2\v—1/2,irx 1e ba 2 v-1/2 
i (af) "ee" a= as | (u° + 2irxu) e “du 
=1 (rx)*” 0 

iel’* 


Wee v—-1/2 
Oxy dl (u? = 2irxu) e ” du, 
rx 0 


which together with (29) gives 


7 ; v fv b f(xje irx FOO ,2V—j eu 
>See Gry (;) ( Pas ——— ud 


: b irx p+oo 2v—j au 
(i ie / AF dud). 
a x J Jo Vu? — 2irxu 


Integrals 


ws eu ws eu 


1 +oo 1 +00 
Kh, j,rx) = / du, In(v, j,rx) = / du 
Jt Jo Vu2 + 2irxu Ja Jo Vu? — 2irxu 


can be represented by Whittaker W function (see [17]) as follows: 
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2v—j—-1 \(2v—j—-1)/2arxi 
; (rxi)?-4 e . 
Kv, j,rx) = I] (22+ 1) ESN W_(—j/2),v—j/2(2rxi), 
&=0 
2v-jol +\(2v—j—-1)/2,—rxi 
. (—rxi)‘ J e ; 
hv, j,rx) = I] (2é+4+ 1) IO=T FD W_(—j/2),v—j/2(-2rxi). 
&=0 


It is known that Wittaker W function W,(z) for | argz| < a has the following 
asymptotic expansion (see [17, p. 1016]): 


_ 2 
Wap(z) ~ 2e7 2/ (ry Ml 1 _— £+ 1/2) ) Iz| 9 


Taking a few terms in the corresponding expansions, integrals /;(v, j,rx) and 
I5(v, j, rx) can be approximated efficiently for large r. Therefore, our integral J [f] 
is now reduced to the following: 


_ i as i f Y is ite 
= Serer oO (;) (// ES as Oe Hath j.rx) dx 


b irx 
af-ij i LONE hi. rx) os] (30) 


In the case when b < +00, by using complex integration method (see [2]), the 
integrals in (30) can be transformed as follows: 


b —irx 
1 LOE FG 38) dx 
a xed 


= (* eid [~ fq -iy/n) hv, j,.r(q —iy/r)) ed ) . 
r 0 (q—iy/r)’J : q=a 
pie “a “<_Iy(v, j, rx) dx 
vee a 
r Jo G+) : q=b 


Finally, applying a n-point Gauss—Leguerre quadrature rule to the previous 
integrals, we get the approximation of /[f], which we denote by Q°. If f is an 
analytic function in the strip of the complex plane a < Rez < J, then the following 
error estimate 
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1)2 
f= O8f1=9( Garay) 7 > 1 


holds (see [2, Theorem 2.1]). 

Suppose now that b = +o0 and that exists constant C such that f satisfies the 
condition | f(x)| < C for x € [a, +00). Transforming the integrals on the right- 
hand side on (30) (see [2]), /[.f] can be written in the form 


1 id i oafv 
If] _ 2rer(v + 1/2) Dir)! (") 


evira +oo f(a-iy/nhQ, j,r(a—iy/r)) -y 
: (I (@=iy/y7 _ 


24 pt f(g +iy/r)h(v, j,r(atiy/r)) _, 
en : | Gar e ay) . 


Applying again a n-point Gauss—Leguerre quadrature rule to the integrals on the 
right-hand side of the previous equation, we get approximation Q° of I [f]. For and 
analytic function f in {0 < | argz| < 2/2}, the following error estimate 


f= Off] =0( Gs). ro 


(2n)'r2"+3/2 


holds in this case, too (see [2, Theorem 2.2]). 
Numerical examples given in [2] show that fora < b < +00 Chen’s method 
gives better approximation for integral J [ f] in comparison with Levin-type method. 
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1 Introduction 


The Askey tableau contains a classification and provides a graphical hierarchy of the 
hypergeometric orthogonal polynomials. This scheme places these polynomials in 
different levels depending on the number of parameters of each polynomial, in such 
a way that polynomials in a certain level contain the same number of parameters 
and, at the same time, one more parameter than the polynomials located in an 
immediately lower level (see Fig. 1). 

In 1998, Roelof Koekoek and René F. Swarttouw published the review The 
Askey-scheme of hypergeometric orthogonal polynomials and its q-analogue [7] 
that contains a description of all families of hypergeometric orthogonal polynomials 
appearing in the Askey scheme. Among others, it includes the definition of these 
polynomials in terms of hypergeometric functions, the orthogonality relation, 
some generating functions, the three-term recurrence relation, and Rodrigues-type 
formula. It also includes some limit relations between the families of orthogonal 
polynomials contained in different levels. 


a Wilson Racah 
we, ocd hy 2% Ch [B98 
Continuous Continuous 
> [oneiteenn Seta Hahn Dual Hahn 
n, x, a, b,c n, xX, 0, B, a, B n, x,a,b,N n, x,a,b,N 
Meixner - ; : 
oF; Pollaczek Jacobi Meixner Krawtchouk 
ith, 2%, Wy Ms n, xX, a, B TX PIC Ty 38, j@, INE 
1F; Laguerre 2p Charlier 
ia, & Ch x ly 32, 
Fo Hermite 
n, X 


Fig. 1 The Askey scheme for hypergeometric orthogonal polynomials included in [7] with 
indicated limit relations between the polynomials 
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In 1999, José L. Lépez and Nico M. Temme proposed a study of the Askey 
scheme from an asymptotic point of view. In several papers [9-11], they proposed 
a method to obtain asymptotic and, at the same time, finite exact representations 
of orthogonal polynomials of the Askey tableau in terms of Hermite and Laguerre 
polynomials. More precisely, the method to approximate orthogonal polynomials 
in terms of Hermite polynomials is described in [9], whereas [11] introduces the 
approximation in terms of Laguerre polynomials. All these representations have an 
asymptotic character for large values of certain parameters and provide information 
on the zero distribution of the polynomials. From these expansions, some known 
and unknown limits were derived. 

The main idea of the asymptotic method developed by José L. Lopez and Nico 
M. Temme is based on the availability of a generating function for the polynomials 
and is different from the techniques described in [5,6]. The techniques used in [5,6] 
are based on a connection problem and give deeper information on the limit relations 
between classical discrete and classical continuous orthogonal polynomials. On 
the other hand, the method developed in [9-11] gives asymptotic expansions of 
polynomials situated at any level of the tableau in terms of polynomials located at 
lower levels. This method is also different from the sophisticated uniform methods 
considered, for example, in [4] or [12], where asymptotic expansions of the Meixner 
M,,(nx; b,c) or Charlier C,,(1x; a) polynomials, respectively, are given for large 
values of n and fixed a, b, c, x. In the method presented in [9-11], the degree n 
keeps fixed and some parameter(s) of the polynomial are allowed to go to infinity. 
The asymptotic method introduced in [9-11] is also different from the technique 
introduced in [8]. In this paper Tom H. Koornwinder presents, for Wilson and 
Racah polynomials, a complete study of the limit relations existing between these 
polynomials and the ones placed in lower levels using the three-term recurrence 
relations satisfied by the polynomials. 

The asymptotic study of the Askey scheme initiated in [9-11] has been continued 
in the papers [1-3]. In [1], the method to approximate orthogonal polynomials in 
terms of Charlier polynomials is described. In this reference, asymptotic expansions 
of Meixner—Pollaczek, Jacobi, Meixner and Krawtchouk polynomials in terms of 
Laguerre, Charlier and Hermite polynomials are given and four new limit relations 
obtained (see Fig. 2). In [2], twelve asymptotic expansions of the Hahn-type polyno- 
mials in terms of Hermite, Laguerre and Charlier polynomials are obtained and five 
new limits found (see Fig. 3). Finally, the study of the Hahn-type polynomials was 
completed in [3]. In this paper, the method to approximate orthogonal polynomials 
in terms of Meixner—Pollaczek, Jacobi, Meixner and Krawtchouk polynomials is 
described and sixteen asymptotic relations and three new limits are obtained (see 
Fig. 4). 

In this paper, we give one more step towards the completion of the asymptotic 
study of the Askey scheme obtaining asymptotic relations between the Wilson 
polynomials (first level) and the polynomials located in lower levels. In Sect. 2, 
we summarize the asymptotic expansions and limit relations obtained in this study. 
In Sect. 3, we briefly resume the principles of the asymptotic approximations in 
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Fig. 2. Thick arrows indicate known limits and thick dashed arrows new limits obtained in [1] 
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Fig. 3_ Thick dashed arrows indicate new limits obtained in [2] 


terms of the three lower levels introduced in [1, 9, 10]. The expansions in terms of 
Hahn-type polynomials are new. We give details for the case in which the basic 
approximants are the Continuous Dual Hahn polynomials and resume the main 
formulas for the remaining cases. Sect. 4 contains the proof of the formulas given in 
Sect. 2. Some numerical experiments illustrating the accuracy of the approximations 
are given in Sect. 5. 
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Continuous Continuous 
Hahn Dual Hahn 
3F) | Dual Hahn Hahn _ 
if 5% @ Dy © n, x, a, B, &, B n, x,a,b,N n, x,a,b,N 


Meixner - Jacobi Meixner Krawtchouk 
F,| Pollazcek 
* ay n, x, o, B n, x, B,c¢ n, x, p, N 


Fig. 4 Thick arrows indicate known limits and thick dashed arrows new limits obtained in [3] 


2 Descending Asymptotic Expansions and Limits 


Throughout this paper, we will use the notation and the definitions of the hypergeo- 
metric orthogonal polynomials of the Askey scheme introduced in [7]: 


Wilson: W,,(x*:a, b,c, d) 


W,,(x?;a, b,c, d) 
(a+ b)n(atcyn(atd)y 


—n,n+at+b+c+d—1,a+ix,a—ix 
= 4F; 
a+b,a+c,a+d 


i) | 
Continuous Dual Hahn: S,(x?;a, b,c) 


Sn(x?;a,b,c) Gere 
(a+b), (a+c)n a at+b,a+ec 


1). 


Continuous Hahn: P,.(x;a, B,&, B), a,pB€Ca@=ar+ic, B = b+id, 
a,b,c,d € R) 


in (@ + Bala + B)n 
n!} 
—n.nt+a+B+@+B-l1,a+ix 
x 3 Fp = = 
a+a,a+p 


P, 030, 8,2, 8) = 


1). 
Hahn: Q,(x;a,b, N) 


—n,nt+at+b+1,—x 


n 3 ,b,N = F 
On(x;a ) Fa #41. =N 


1). n=0,1,2,...,N. 


658 C. Ferreira et al. 
Dual Hahn: R,,(A(x); a,b, N), with A(x) = x(x +a+b+1) 


—n,—-x,xta+b+1 


Ry(Ax}sa.,N) = Fa ( a+1,—N 


1). n=0,1,2,...,N. 


Meixner—Pollaczek: PY (x; p) 


OR), _ 
.2)(x:6) = Da gine yp, (A 


n! 2X 


Jacobi: Pos) (x) 
1 n = 1- 
pep) — @t ) a nnt+a+pB+1 x\ 

n! a+l 2 


Meixner: M,,(x; B,c) 


—n,—x 


B i: 


M,(x; B,c) = 2Fi ( 


Krawtchouk: K,(x; p, N) 


—n,—-Xx 


1 
-). n=0,1,2,...,N. 


K, (x; p, N) _ Fi ( 


Laguerre: Li (x) 


n! 


L® (x) = (a a In Fy ( —n |) 


Charlier: C,(x; a) 


Ci (x; a) = 2Fo ( mas 


Hermite: H,(x) 
Hy(0) = Qxy"aFy (“2 — P|_ A), 


x2 


The orthogonality property of the polynomials of the Askey tableau only holds 
when the variable x and other parameters which appear in the polynomials are 
restricted to certain real intervals [7]. The expansions that we resume below are 
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valid for larger domains of the variable and the parameters and for any n € N. 
Nevertheless, for the sake of clearness, we will consider that the variable and 
the parameters are restricted to the orthogonality intervals given in [7]. All the 
square roots that appear in what follows assume real positive values for real 
positive argument. The coefficients c; given below are the coefficients of the Taylor 
expansion at w = 0 of the given functions f(x, w): 


_ 1 a fw) a) 
“kl awe | 
The first three coefficients c, are co = 1, cc; = cz = O. Higher coefficients 


Ck, k > 3 can be obtained recurrently from a differential equation satisfied by 
F(x, w) or directly from their definition (1) (using computer algebra programs like 
Mathematica or Maple). In our previous works about polynomials located in the 
first levels of the Askey tableau [1,2], we have given recurrent formulas for cx, 
using a differential equation satisfied by f(x, w). However, the functions f(x, w) 
involved in this paper are more complicated, and analytic formulas for c;, are too 
cumbersome to be written down here. 


2.1 Wilson to Hermite 


2.1.1 Asymptotic Expansion for Large a, b,c and d 


W, (x?;.a,b,c,d) > Ck 


(a+b),(¢+4),n! BEng ob ee): (2) 


k=0 


1 
B=V5r@)—pw, x= 22), 3) 


(a+ix)(b+ix)  (c—ix)(d —ix) 
P(x) = ree ore 
(a+ix)(b+ix)1 +a+ix)\(1+b+ix) 
2(a+b)\l+a+b) 
(a +ix)(b + ix)(c —ix)(d —ix) 
(a+b)(c+d) 
(c —ix)(d —ix)( +c—ix)(1+d—ix) 
2(e+- ad) e+) 


where 


P2(x) = 
(4) 
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and c; are the coefficients of the Maclaurin expansion of 


~2BY w+ B22 at+ix,b+ix c—ix,d —ix 
so) = F F . 
f(x,@) =e 2A nab Jon eae 2) 
2.1.2 Asymptotic Property 
Ck _ n+ k/3]—k 
——_——— H,- xX = ’ 
Br pt te) = 04 ) (5) 
whena > oo anda~bw~cew~d. 
2.1.3. New Limit 
W, (X?;.a,b,c,d) 
1 = H,(—x) = (-1)" A(x), 6 
abcd->co (a + b),(c + d), By" ae (6) 
where 
. abc + abd +acd + bcd nm A 
x= x 
a+b+c+d (a+b+c+d)y 
and 


A= V2a+obt+o\at+d(b+ditat+bltc+d2Q+at+b+ce+d). 


2.2. Wilson to Laguerre 


2.2.1 Asymptotic Expansion for Large a, b,c and d 


W,(x?;a,b,c,d) o< ‘ss 
(a+b)n(c+d)qn! Dcrb KA) (7) 


A= p(x)? + pi(x) — 2pa(x), X=A+ pi(x)—-1, 


where p;(x) and p2(x) are given in (4) and cx are the coefficients of the Maclaurin 
expansion of 
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f(x,0) = eo (1—o)* +147, 6 = nl fal ») oF (< 7 se is ») : 
2.2.2 Asymptotic Property 
ch L(A) = O(a" HKI-k) as a>oo,a~b~c~d. (8) 


2.3. Wilson to Charlier 


2.3.1 Asymptotic Expansion for Large a, b,c and d 


W,,(x?;.a, b,c, d) = Ce Cuz XA) 


(a+b) (ce +d), an! Ak" (n—k)! ” ©) 


k=0 
A= pi(x) + pi(x)—2pr(x), = X = A= pi (x), 


where p(x) and p2(x) are given in (4) and c, are the coefficients of the Maclaurin 
expansion of 


Ay = at+ix,b+ix c—ix,d —ix 
f(x,@) = e74°(1-@) ‘a ie o) afi ( eed o). 
2.3.2 Asymptotic Property 
© Cy~(X3A -/3)— 
ra a = oa" tI) as as oo,a~b~ewd. (10) 


2.4 Wilson to Meixner—Pollaczek 


2.4.1 Asymptotic Expansion for Large a, b,c and d 


W,,(x?; a,b,c, d) 
(a + b)n(c al d),n!\ 


=) ar! GA), (11) 
k=0 
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where A 4 mz, m € Zis an arbitrary constant, 
i 2 
C = pi(x)cos A + 5 Pils) — p2(x), 
—1 
= Fan [ pi(x) cos 2A + (p(x)? — 2p2(x)) cos A], 
Pi(x) and po(x) are given in (4) and cx are the coefficients of the Maclaurin 
expansion of 


f(x,w) =(1- ely (1- 


atix,b+ix 
Xo Fi a: (2) 


2.4.2 Asymptotic Property 


ce POX; A) = O(a" tI’) as a> o0,a~b~e~d. (12) 


2.5 Wilson to Jacobi 


2.5.1 Asymptotic Expansion for Large a, b,c and d 


W,,(x?;a, b,c, d) 7 n es 
(a+ b),(c + d)yn! 26 2 le k (X), (13) 


where X # +1 is an arbitrary constant, 


A= 2pi(x)? + pi(x) + 3p (x)X — 4p2(x) + X? — X -2], 


1 
X41 1 
1 
C= Yq Prey’ — pi(x) + 3pi(x)X — 4p2(x) + X?4+ X-2], 


Pi(x) and po(x) are given in (4) and cx are the coefficients of the Maclaurin 
expansion of 
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0). 


— RU+R-0)A1 +R +0)° 


f(x, @) JAC 
at+ix,b+ix c—ix,d —ix 
F; F; 
x2 ( 0) ( Edhed 


a+b 


with R= /1—2Xo+ 0%. 


2.5.2 Asymptotic Property 


cx PAO (X) = O(a" tl3I-k) as a+oo,a~brcr~d. (14) 


2.6 Wilson to Meixner 


2.6.1 Asymptotic Expansion for Large a, b,c and d 


W,,(x*;.a, b,c, d) is CK(A)n—k 
= ——— M,,-(X;A 1 
(a+ b)n(c + d)yn! » (n—k)! " «(X; A, C), (15) 


k=0 

where C # 0, | is an arbitrary constant, 
C2 

1-C 


A = (1+C)pi(x)+Cpi(x)?—2Cpr(x), X= [pi(x)’ + pi(x)—2p2(x)], 


Pi(x) and p(x) are given in (4), and cx, are the coefficients of the Maclaurin 


expansion of 
w\—-*X atix,b+ix c—ix,d —ix 
=(j—— _\X+A ’ ’ ‘ 
I(x, @) ( =) (l-a) 2A gcd olen ( baa :) 


2.6.2 Asymptotic Property 


Ck (A)n—k 


M,-«(X; A, C) = O(a" tlk/]-*) as a>ow,a~b~cw~d. 
(n—k)! 


(16) 
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2.7. Wilson to Krawtchouk 


2.7.1 Asymptotic Expansion for Large a, b, c and d 


W,,(x*: a,b,c, da) _ 2 C 
(a+b)(c+a)nn! 2% (4) Kn-«(X; A, C), (17) 


where A # 0, | is an arbitrary constant, 
At > xX 
X= Toot [pi(x)’ — pilx) — 2p2(~)], C = pi(x) + A’ 


Pi(x) and p2(x) are given in (4), and cx, are the coefficients of the Maclaurin 
expansion of 


—X 
f(x,o) = (1+ @)*-© (: = — ) 


atix,b+ix 
aa a+b 7 


2.7.2 Asymptotic Property 


oe (© g.) Keel Xs A.C) = O(a") as a>ow,arnbrncwnd. 


(18) 
2.8 Wilson to Continuous Dual Hahn 
2.8.1 Asymptotic Expansion for Large a, b,c and d 
W,, - ,b, ’ ” nam X?; A, B, 
(x a Cc d) = ic S rae Cc) (19) 


(at b)n(c + d)qn! (A+ B)n7(n —k)V 


k=0 


where A = Aa, B = Ba with A and B arbitrary constants, 


A+B 
2 


C= pie) + 5 VA BP +40 + AF BYPFC) + pl) —2p2(0). 
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X= = -A—B?+(A+B) y (A—B)?+4(1+ A+ B)(p7 (x) + pi (x)—2p2(x)), 


P(x) and p2(x) are given in (4), and cz are the coefficients of the Maclaurin 
expansion of 
c—ix,d —ix 
F , 


atix,b+ix 
a+b 


f(%,@) = 1-0)" Fh, ( 


A+ixX,B+ix 
x oF, A&B 


2.8.2 Asymptotic Property 


Sn—“(X?; A, B,C) 


kT B) ml = O(a" tlk) as asroo,a~b~crn~d. (20) 


2.9 Wilson to Continuous Hahn 
2.9.1 Asymptotic Expansion for Large a, b,c and d 


(21) 


W,,(x?:a, b,c, d) >> P,-«(X; a, B,&, B) 
(a+ by(e+ dnl + Gn ne (B+ Bink 


wherea = A+iC,p = Ba+ iD,X = Xa? with D, B, X arbitrary constants, 


A= [B*(1 + 8po(x)) + (D +. X)° + BID + X)(D —2pi(x) + X) 
+ B?(1—4(Dpi(x) + po(x) + pilx)X)] 
/[B?(-1 + 4p7(x) — 8p2(x)) + 8B? (pi (x) — 2p2(x)) — (D + X)”)]. 


C = —[B(D —4p\(x))(D + X) + (D+ X)?— B(D + X) 
x (-1 + 6Dpi (x) — 4p; (x) — 4p2(x) + 6pi (x) X) 
+ 2B4(—pi(x)(1 + 8p2(x)) + 4pq(x)X — 8p2(x)X) 
+ B?(D(1 + 8p7(x) + 8p2(x)) + 2p1(x)(—1 — 4p2(x) + 6pi(x)X))] 
/ [B(B?(-1 + 4pi(x) — 8p2(x)) + 8B7(pi(x) — 2pa(x)) — (D + X)’))], 
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P(x) and p2(x) are given in (4), and cy, are the coefficients of the Maclaurin 


expansion of 
atix,b+ix c—ix,d —ix 
o]|2F; (2) 
c+d 


fs.0) = 2h ( at+b 


2.9.2 Asymptotic Property 


; Pra (Xs, B, a, B) 
(a + @)n—k (B + Puck 


= O(a" tlI-k) as as+oo,a~b~cw~d. 


(22) 


2.10 Wilson to Hahn 


2.10.1 Asymptotic Expansion for Large a, b,c and d 


W,, (x7; a,b,c, d) 
(a+ b)n(c + d),n! 


= “ (—N)n-k . 
= dt Bo Daum! Qn-«(X;A,B,N), (23) 


where A = Aa, B = Ba with A and B arbitrary constants, 


N= 


(A+B +3 —1 4 2pi(x)[B(B + 3) — A(A+3)] + (4+ B+2)VD 


2(A+B+4) 
A+B+4-2 
ee es Pi(x)(A +2) + VD 
2(A+ B+4) 
with 


D = 2A[4 + 20p}(x) + BU + 14p?(x) — 32po(x)) 
+2B°(pi(x) — 2po(x)) — 48p2(x)] + B7[L + 8p7(x) — 16p2(x)] 
+8B[l + Spi(x) — 12p2(x)] + 16[1 + 3p7(x) — 8p2(x)] 
+A*[1 + 4(2 + B) py (x) — 8(2 + B) p2(x)], 
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P(x) and p2(x) are given in (4), and cy, are the coefficients of the Maclaurin 
expansion of 


at+ix,b+ix 
a+b 


(a, 


2.10.2 Asymptotic Property 


f(x, @) = 2F\ ( 


Ck BE ap On—K(X; A, BLN) = O(a" tlhI-k) as a> oo,a~w~brncec~d. 
(24) 


2.11 Wilson to Dual Hahn 


2.11.1 Asymptotic Expansion for Large a, b, c and d 


Wil?sa,boe.d) a (GN) 
Saad =e! * Ry-K(A(X); A, B, N), (25) 
k=0 


(a+ b)n(c + d),n! (n—k)! 


where A(X) = X(X +A+B+41), A = Aa, B = Ba with A and B arbitrary 
constants, 


B + 2pi(x) + yf B? + 42 + A)(p}(x) + pix) —2p2(x)) 
2 ; . 


A+B+1 
2 


[4+ 12+ 8220441) y/BH4+ APO P1C)—2P200) 
- 5 ; 
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P\(x) and p2(x) are given in (4), and cy, are the coefficients of the Maclaurin 


expansion of 
at+ix,b+ix Gan 
@ 2F\ (02) 
ct+d 


a+b 
X,-X-B ci 


2.11.2 Asymptotic Property 


f(x,0) = 1-0) oF ( 


cy Rn—~ A(X); A, B,N) =O(a" tll) as as>oo,a~b~crn~d. 
(26) 


3 Principles of the Asymptotic Approximations 


The asymptotic expansions of polynomials in terms of polynomials listed above 
follow from an asymptotic principle based on the “matching” of their generating 
functions [9]. Some of these formulas have already been proved in previous works. 
The expansions in terms of the Hahn-type polynomials are new. We give below 
details for the case in which the basic approximants are the Continuous Dual Hahn 
polynomials and resume the main formulas for the remaining cases. 


3.1 Expansions in Terms of Hermite Polynomials 


To prove the results of Sect. 2.1, we need the following formulas derived in [9]. If 
F(x, w) is the generating function of the polynomials p,, (x), then 


_ pn Ck Ay,-K(X) 
Pi =B BE Gb (27) 


where the coefficients c; follow from 


f(x,@) = ae, f(x,o@) = eg 2Bkat Bw” Poy wy), 
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The choice of X and B is based on our requirement that c} = c2 = 0. This happens 


if we take 
1 Pix) 
B= yori) p(x), X= SR 


and we assume that F(x,0) = po(x) = 1 (which implies co = 1). 
The quantities X and B may depend on x, and if B turns out to be zero for a 
special x—value xo, we write pp(x0) = >-,=0 Gor a (Xo). 


3.2. Expansions in Terms of Laguerre Polynomials 


The results of Sect. 2.2 can be obtained from the formulas derived in [11]. If F(x, w) 
is the generating function of the polynomials p,,(x), then 


DO => 6h A); (28) 
k=0 
where the coefficients c;, follow from 
[o.e) 
f(x, @) = pS chook, f(x, @) = (1—@)*t! e4°/0-*) F(x, @). 
k=0 


The choice of A and X is based on our requirement that c; = c. = 0. This happens 
if we take 


A= pi(x) + pi(x) —2p2(x),  X =At pi(x)-1 (29) 


and we assume that F(x,0) = po(x) = 1 (which implies cp = 1). 


3.3. Expansions in Terms of Charlier Polynomials 


The following formulas derived in [11] provide a proof of the results of Sect. 2.3. If 
F(x, w) is the generating function of the polynomials p, (x), then 


=~ Ge Ca FA) 
n — A” te ag 
Pal) » Ak (n—k)! a 
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where the coefficients c, follow from 
[o.e) 
f(x,@) = ae"; f(x,o) = (1—@)~* e~*° F(x, @). 
k=0 


The choice of A and X is based on our requirement that c; = cy, = 0. This 
happens if we take 


A= p(x) + p(x) —2pr(x), XX = py (x) — 2pr(x) (31) 


and we assume that F(x,0) = po(x) = 1 (which implies co = 1). If A turns out to 
be zero for a special x—value xo, then we write 


Palo) = | cx(—1)"™* (, i) 


k=0 


3.4 Expansions in Terms of Meixner—Pollaczek Polynomials 


To prove the results of Sect.2.4, we need the following formulas derived in [3]. If 
F(x, w) is the generating function of the polynomials p, (x), then 


Pu(x) = D> ce PIA (X; A), (32) 
k=0 


where P“ (X; A) are the Meixner-Pollaczek polynomials, A # mz, m € Z is an 
arbitrary constant, and the coefficients c, follow from 


f(x,@) = a cpok 
k=0 


with 
f(x,@) = (1 —e4@)°""* (1 — e 4 @)CH'* F(x, 0), 
cl = co = 0, C = pi(x)cos A + sPilx)? — p2(x), 
X= a [ pi(x) cos2A + (pi(x)? — 2p2(x)) cos A] ‘ 


and we assume that F'(x,0) = po(x) = 1 (which implies co = 1). 
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3.5. Expansions in Terms of Jacobi Polynomials 


To prove the results of Sect.2.5, we need the following formulas derived in [3]. If 
F(x, w) is the generating function of the polynomials p,, (x), then 


po= > BPs, (33) 


where pay (X) are the Jacobi polynomials, X¥ # +1 is an arbitrary constant, and 
the coefficients c;, follow from 


oo A Cc 
fs) = Drew, with f(x, 0)= ACF RF OY 0), 


k=0 


R= V1-2Xw0+0", cj = C2 = 0, 


1 
ker | [2p1(x)? + pix) + 3pi(x)X — 4po(x) + X?- X -2], 


Yol [2p1(x)’ — pilx) + 3pi(x)X — 4p2(x) + X7? + X -2], 


and we assume that F(x,0) = po(x) = 1 (which implies co = 1). 


3.6 Expansions in Terms of Meixner Polynomials 


To prove the results of Sect.2.6, we need the following formulas derived in [3]. If 
F(x, w) is the generating function of the polynomials p, (x), then 


A)n— 
Pn(x) = ae Moet M,-«(X; A,C), (34) 


where M,,(x;A,C) are the Meixner polynomials, n € N, C # 0,1, and the 
coefficients c;, follow from 


f(x,@) = Yaw! with fre) = (1-2) 1-0)" F(,0), 
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where C # 0,1 is an arbitrary constant. The choice of A and X is based on our 
requirement that c; = cz = O. This happens if we take 


2 


Cc 
1-C 


A= (14+C) pi (x)+Cpi(x)’—2Cpr(x), X = [pix + pix) —2p2(x)] 


and we assume that F(x,0) = po(x) = 1 (which implies cp = 1). 


3.7 Expansions in Terms of Krawtchouk Polynomials 


To prove the results of Sect. 2.7, we need the following formulas derived in [3]. If 
F(x, w) is the generating function of the polynomials p,, (x), then 


n 


C 
Pr(x) = >) i ~ ; ce Kn-% (X;A,C), (35) 


k=0 


where K,, (X;A,C) are the Krawtchouk polynomials, A # 0,1 is an arbitrary 
constant, and the coefficients c, follow from 


oo -Xx 
f(x,o) = So cxok, with f(x,w) = (: - —*0) (1+ )*~© F(x,0), 
k=0 


2 


A 
¥ = [ale pi) -2p260)], 


A 
C = p(x) + 0 [ pi(x)? — pi(x) — 2pr(x)], 


C, = Cp = 0, and we assume that F(x,0) = po(x) = 1 (which implies cp = 1). 


3.8 Expansions in Terms of Continuous Dual Hahn 
Polynomials 


The Continuous Dual Hahn polynomials S,(x*;a,b,c) for n € N follow from the 
generating function [7, (1.3.12)] 


at+ix,b+ix 


_ 5 Sn(8*3a,b,c). 5 
ae 0) = or, (36) 


_ —c+ix 
(1—@) Fi ( Cea 


n=0 
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This formula gives the following Cauchy-type integral for the Continuous Dual 
Hahn polynomials 


Blea 1 sb j 
@54,b;0) _ fa-oyetinn (OF 
e wt! 


(a+b),n! 2m a+b 


0) do 87) 


where € is a circle around the origin and the integration is in the positive direction. 
All of the polynomials p,,(x) of the Askey tableau have a generating function of 
the form 


F(x,@) = > pa(xo", (38) 


n=0 


where F(x,q@) is analytic with respect to w in a domain that contains the origin 
@ = 0 and p,(x) is independent of w. 
The relation (38) gives for p, (x) the Cauchy-type integral 


1 dw 
Pn(X) = ni Pe) eat 


where C€ is a circle around the origin inside the domain where F(x, w) is analytic as 
a function of w. We define f(x, @) by means of the formula 


A+iX,B+ix 


F(x.) = (0 gm (APE 


| 0) f(x, o), (39) 


where C and X are arbitrary constants and A and B are free parameters that do not 
depend on w. This gives 


1 -C+i A+ix,B+ix dw 
; wate Pe _ C+Hix FE ? : 40 
Pn(X) =f ) afi es: @) al (40) 
Since f(x,q@) is also analytic as a function of wm at @ = 0, we can expand 
Fx). =, Fo c.@*. Substituting this expansion in (40) and taking into 


account (37), we obtain 


n 


7 S,(X2; A, B,C) 
Dux) = 2% (A 4 B)y'-k(n = ky 


(41) 
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The choice of C and X is based on our requirement that c; = cp = 0. This happens 
if we take 


A+ 


C = pi (x) 5 


A 4 5 [A= BP + AC + A BYPFC) + PC — 27200). 


1 
X= 4" — B24 (A+ B)J(A— B)? +.4(1 + A + B)(p?(x) + pix) — 2p2(x)), 


and we assume that F(x,0) = po(x) = 1 (which implies co = 1). The special 
choice of C and X is crucial for obtaining asymptotic properties. 

The expansions in terms of the other three polynomials of the Hahn level can be 
deduced in a similar way. We only give the main formulas in the following three 
sections. 


3.9 Expansions in Terms of Continuous Hahn Polynomials 


To prove the results of Sect. 2.9, we need the following formulas. If F(x, @) is the 
generating function of the polynomials p,,(x), then 


n 


P,-«(X:0, Ba, B) 
Os y e oe (42) 
Pu) LO ah, (84 Bik 


where P,,(X;a, B,@, B) are the Continuous Hahn polynomials; a@ = A + iC, 
B = B+iD with A,B,C,D € R, B, D and X are arbitrary constants; and 
the coefficients c; follow from 


f(x,o) = Yi ceok, 
k=0 


with 


ata 


Ftx.o) =F (841% -iw)in (AF 


io) f(x, o), 


A = [B?(1 + 8po(x)) + (D + X) + B(D + X)(D — 2pi(x) + X) 
+ B?(1—4(Dpi(x) + po(x) + pi(x)X)] 
/ [B?(-1 + 4pt(x) — 8p2(x)) + 8B* (pi (x) — 2p2(x)) — (D + X)’)], 
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C = —[B(D — 4p\(x))(D + XP + (D+ XP -— BD + X) 
x (—1 + 6Dpi(x) — 4p} (x) — 4p2(x) + 6pi(x)X) 
+ 2BY(— pix) + 8p2(x)) + 4p7 (x) X — 8p2(x)X) 
+ B°(D(1 + 8p} (x) + 8p2(x)) + 2pi(x)(-1 — 4p2(x) + 6pi(x)X))] 
/[B(B?(-1 + 4p7 (x) — 8p2(x)) + 8B3(pi(x) — 2pa2(x)) — (D + X)’))], 


C) = C2 = O and we assume that F(x,0) = po(x) = 1 (which implies cp = 1). 


3.10 Expansions in Terms of Hahn Polynomials 


To prove the results of Sect. 2.10, we need the following formulas. If F(x, @) is the 
generating function of the polynomials p, (x), then 


_ n (—N)n—k 
P(X) = D6 a On-«(X; A, B, N), (43) 


1)n—K(n —k)! 


where Q,,(X; A, B, N) are the Hahn polynomials, A and B are arbitrary constants, 
and the coefficients c, follow from 


f(x,@) = Yo ceok, 
k=0 


with 


F(x,@) = rt nee oir Gre /») F(x,o), 


(A+ B+3P —1 4 2pi(x)(BB + 3) — A(A +: 3)) + (A+B 42)VD 


ia 2(A+B+4) 
ALPL4=2 Ato D 
ya g path t4=2Pi@A + )+ VD 
2(A+B+4) 
with 


D = 2A[4 + 20p;(x) + BL + 14p7 (x) — 32p2(x)) 
+2B?(pi(x) — 2po(x)) — 48p2(x)] + Bl + 8p7 (x) — 16po(x)] 
+8B[l + 5p7(x) — 12p2(x)] + 16[1 + 3p7(x) — 8pa(x)] 
+A°[1 + 4(2 + B) py (x) — 8(2 + B)po(x)], 


C, = Cy = O and we assume that F(x,0) = po(x) = 1 (which implies cp = 1). 
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3.11 Expansions in Terms of Dual Hahn Polynomials 


To prove the results of Sect. 2.11, we need the following formulas. If F(x, @) is the 
generating function of the polynomials p,(x), then 


os N )a- k : 
PulX) = : Cha BT RHA: A, BN) (44) 
where A(X) = X(X + A+ B+ 1) and R,(A(X); A, B, N) are the Dual Hahn 
polynomials, A and B are arbitrary constants, and the coefficients c, follow from 


—X,-X—B 


f(x, o)= ea", with F(x, 0)=(1-0)" "oF ee 


k=0 


Jo) Fos.0), 


B+ 2pi(x) + VB? + 4(2 + A)(p}(x) + pix) — 2pr(x)) 
= ; . 


A+B+1 
2 


[at n+82 2441 [82424404 PI (x)—2 po(x)) 
_ 5 ; 


C, = C2 = O and we assume that F(x,0) = po(x) = 1 (which implies cp = 1). 


3.12 Asymptotic Properties of the Coefficients c;, 


The asymptotic nature of the expansions (2), (7), (9), (11), (13), (5), (17), (9), (21), 
(23), and (25) for large values of some of the parameters of the polynomial p, (x) 
depends on the asymptotic behaviour of the coefficients c;,. To prove the asymptotic 
character of the expansions given in Sect. 2, we will need the following lemma 
proved in [11]: 


Lemma 3.1. Let ¢(@) be an analytic function at w = 0, with Maclaurin expansion 
of the form 
$(@) = Wa (ay + ajo + agw* +430° +...), 


where m is a positive integer, s is an integer number, and ax are complex numbers 
that satisfy a, = O(1) when jt > 00, ao # 0. Let cy denote the coefficients of the 
power Series of f(w) = e?©), that is, 


f(a) = e@ = Yo ceo. 


k=0 
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Then co = 1, ce = 0, k = 1,2,...,m—1 and ce = O(ul*/"l) if s > 0, 
ce = O (uw) ifs < 0 when up > ow. 


To obtain the asymptotic character of the function ¢(q@) in the different cases, it 
will be useful to consider the following results. 


Lemma 3.2. The function y(@) = log2F (“’ Jo) satisfies the following 
c 


differential equation: 
o(1—a)[y"(w) + y"(o)] + [e- (a+b + Do] yw) —ab=0. (45) 


The coefficients of the Maclaurin series of the function y(w) = YP, ypo* verify 


ab pa +b +1)—ab 
=>—_, =a 
a ee ae 2(e + 1) 
and for k > 2 
: fa iF aesk 
SS a _ 
Vk+1 k+ Dk +0) Vk YkY1 
k-2 
+0 $0 yj Hl =F =D ja = E = De] 
j=0 


Proof. Equation (45) follows from the differential equation satisfied by the hyper- 
0): 


w(1 —@)z"(@) + [c — (a +b + 1a] /(@) — ab ew) = 0. 


: . a,b 
geometric function z(@) = 2F ( 
c 


The coefficients yz, of the Maclaurin expansion are obtained by substituting the 
expansion y(@) = -7o, y,@* into (45) and identifying the coefficients of w* for 
k>1. oO 
Lemma 3.3. The function y(w) = log, F; ( | ») satisfies the following differ- 
ential equation: 

oly"(w) + y"(o)] + &-@)y'(@) —4 = 0. (46) 


The coefficients of the Maclaurin series of the function y(w) = )-7—, ypo* verify 


_a 7 ab — a? 
a ce ee) 
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and for k > 2 
k—2 
a ky key — NU + DEH Dypsi-7 $. AD 
Vk+1 (k + I)(k +5) Vk k¥1 ra JHiyk—-j . 


Proof. Equation (46) follows from the differential equation satisfied by the hyper- 
geometric function z(w) = 1 F ( : | »): 

wz" (w) + (b—w)z/(@) — az(w) = 0. 
The coefficients yz, of the Maclaurin expansion are obtained by substituting the 


expansion y(w) = )-P-, y,@* into (46) and identifying the coefficients of w* for 
k>1. oO 


4 Proofs of Formulas Given in Sect. 2 


4.1 Proofs of Formulas in Sect. 2.1 


Substitute 


atix,b+ix 


ea ee: 


c—ix,d —ix 
o) afi ( eked 


: 


and 


W,,(x?; a,b,c, d) 
(a + b)nl(c + d)yn! 


Pn(X) = 


in the formulas of Sect. 3.1 to obtain (2). 
at+ix,b+ix 


w@),we 
at+b ) 
deduce that y(@) has the following Maclaurin series y(w) = )~P-_, ye w* where 


Applying Lemma 3.2 to the function y(w) = log 2 F; ( 


— @+ix)b +ix) 
a= a+b 


> 


(a+ b)(a+6b+2ix + 1)—-(a+ix)(b+ix) 


ala en) ae) 2(a+ bP(a+b+1) 
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and 
: k(k+a+b+2ix) k 
- = a 1X = 
Vk+1 &+l)k+a+b) Yk YkYI 
k-2 
+)°G + Dyin [& - 7 -D%-j-1- & —Dy-7] 
j=0 
Then, y) = O(a), v2 = O(a) and using the above Recurrence we can show by 


induction over k that yy = O(a) fork > 2. The same lemma can be applied to the 
c—ix,d —ix 
c+d 
2(@) = Re, nok with z, = O(c), 2 = O(c), and y% = O(c) fork > 2. On 
the other hand, we have B = O(./a) and X = O(./a). Therefore, the function 
o(w) = log f(x, @) verifies Lemma 3.1 with w = a, s = 1 andm = 3, and 
we have c, = O(a!*/3!) fora > 0o0,a ~ b ~ c ~ d. On the other hand, 
A,-«(X) = O(a "SY, and we obtain (5) in Sect. 2.1.2. The limit (6) follows from 
the first term of the expansion (2) after solving (3) for x(X). 


function z(w) = log2 Fi ( 


o), For this function, we deduce that 


4.2 Proofs of Formulas in Sect. 2.2 


c—ix,d —ix 
0) afi ( c+d 


W,(x?;a, b,c, d) 
(a+ b)n(c + d),n! 


Substitute 


at+ix,b+ix 


Fes.0) = 26 ( a+b 


‘ 


and 


Pn(X) = 


in the formulas of Sect. 3.2 to obtain (7). 

Using the result obtained in Sect. 4.1 for log F(x, w) and taking into account that 
X = O(a) and A = O(a), it is easy to check that the function ¢(w) = log f(x, w) 
verifies Lemma 3.1 with = a, s = 1 andm = 3. Thus, we have cy = O(al*/3/) 
fora > ow,a ~ b ~ c ~ d. On the other hand, taking into account that 
limg+o 4/X 4 1, we have Le (A) = O(a") and we obtain the asymptotic 
behaviour (8) in Sect. 2.2.2. 
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4.3 Proofs of Formulas in Sect. 2.3 


Substitute 


at+ix,b+ix 
a) 


Fis.) = ah ( a+b 


and 


W,,(x?; a,b,c, d) 
(a + b)n(c + d)yn! 


Pn(X) = 


in the formulas of Sect. 3.3 to obtain (9). 

Using the result obtained in Sect. 4.1 for log F(x, w) and taking into account that 
X = O(a) and A = O(a), it is easy to check that the function ¢(w) = log f(x, ) 
verifies Lemma 3.1 with uw = a, s = 1 andm = 3. Thus, we have cy = O(a Lk/3]) 
fora > o00,a~b~c ~ d. On the other hand, 


A-—X Zs Pi(x) 


Co(X; A) = O(@°), Ci (X; A) = 7) 4 


= O(a), 
and by induction over the recurrence relation [7] 
AC, 41(X; A) + (X — A—1n)C,(X; A) + nC,_-1(X; A) = 0, 


we have C,-,(X;A) = O(a®) and we obtain the asymptotic behaviour (10) in 
Sect. 2.3.2. 


4.4 Proofs of Formulas in Sect. 2.4 


Substitute 
at+ix,b+ix c—ix,d —ix 
Fes.) = 8 ( oa, o) ari ( Aaibg ») 
and 
W,, (x7: a,b,c, d) 
Pn(x) = 


(a+ b),(c + d)yn! 


in the formulas of Sect. 3.4 to obtain (11). 
Using the result obtained in Sect. 4.1 for log F(x, w) and taking into account that 
C = O(a) and X = O(a), it is easy to check that the function ¢(w) = log f(x, w) 
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verifies Lemma 3.1 with uw = a, s = 1 andm = 3. Thus, we have cx = O(a Lk/31) 
fora > o0,a~ b~c ~ d. On the other hand, 


PJO(X; A) = O@°),  PLO(X; A) = 2C cos A + 2X sin A = O(a), 
and by induction over the recurrence relation [7] 
(n+1) PD (X; A)—2[X sin A+ (n+C) cos AJPKO (X; A)-+ (n +2C—1) PO (X; A) = 


we have as (X;A) = O(a"~*) and we obtain the asymptotic behaviour (12) in 


n— 


Sect. 2.4.2. 


4.5 Proofs of Formulas in Sect. 2.5 


Substitute 


at+ix,b+ix 
@) 


Fls.0) = 28 ( a+b 


and 


W,.(x?;a,b,c,d) 
(a+ b)n(c + d),n! 


Pn(X) = 


in the formulas of Sect. 3.5 to obtain (13). 

Using the result obtained in Sect. 4.1 for log F(x, w) and taking into account that 
A = O(a) and C = O(a), it is easy to check that the function ¢(w) = log f(x, ) 
verifies Lemma 3.1 with uw = a, s = 1 andm = 3. Thus, we have cx = O(a Lk/3]) 
fora > o0,a~b~c ~ d. On the other hand, 


POY) = O(a), PECK) = 30 +A+C)X +(C—A)) = O(a), 


and by induction over the recurrence relation [7] 


2n+1l(n+A+C+1) pac) 


XP4O (KX 
pe (Qn+A+C+1)Qn+A+C +2) Pit 


(x) 


Cc? — A? prac) 
+ Gn+A+O)Qnt+A+CHD Pr 


(x) 


2(n + A)(n+C) piso) 
(Qn+A+C)Qn+A+C+1) 7! 


+ (X), 
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we have Pee ) = O(a") and we obtain the asymptotic behaviour (14) in 


Sect. 2.5.2. 


4.6 Proofs of Formulas in Sect. 2.6 


Substitute 


at+ix,b+ix 


Fes.0) = 28 ( a+b 


c—ix,d —ix 
o) afi ( ead 


‘ 


and 


W, (x?;.a,b,c,d) 
(a+ b)n(c + d),n! 


Pn(X) = 


in the formulas of Sect. 3.6 to obtain (15). 

Using the result obtained in Sect. 4.1 for log F(x, w) and taking into account that 
A = O(a) and X = O(a), it is easy to check that the function ¢(w) = log f(x, w) 
verifies Lemma 3.1 with uw = a, s = 1 andm = 3. Thus, we have cy = O(a Le/3]) 
fora > o0,a~b~c ~ d. On the other hand, 


AC HC — 1k 


M)(X; A,C) = O(a°), M,(X;A,C) = 0 


= O(a), 


and by induction over the recurrence relation [7] 


C(n + A)Mn41(X; A, C) 
=[((C-—-1)X+ (4+ (1+ A)C)|M, (X; A, C) —2M,-1(X; A, C), 


we have M,,_,(X;.A,C) = O(a®) and we obtain the asymptotic behaviour (16) in 
Sect. 2.6.2. 


4.7 Proofs of Formulas in Sect. 2.7 


Substitute 


at+ix,b+ix 


Fes.) = ah ( a+b 


c—ix,d —ix 
0) afi ( pad 


‘ 


Asymptotic Reductions Between Wilson Polynomials in the Askey Scheme 683 


and 


W, (x?;.a,b,c,d) 
(a+ b)n(c + d)yn! 


Pn(X) = 


in the formulas of Sect. 3.7 to obtain (17). 

Using the result obtained in Sect. 4.1 for log F(x, w) and taking into account that 
C = O(a) and X = O(a), it is easy to check that the function ¢(w) = log f(x, w) 
verifies Lemma 3.1 with p = a, s = 1 andm = 3. Thus, we have c, = O(al*/3!) 
fora > o0o,a~b~c ~ d. On the other hand, 


AC —X 
AC =* = 0%, 


K(X; A,C) = O(a°), Ki(X;A,C) = BE 


and by induction over the recurrence relation [7] 


A(C —n)Kn41(X; A, C) = [A(C —n) + n(1 — A) — X] Kn (X; A.C) 
—n(l — A)Kn-1(X; A, C), 


we have K,-4(X;A,C) = O(a°) and we obtain the asymptotic behaviour (18) in 
sect 2.7.2. 


4.8 Proofs of Formulas in Sect. 2.8 


Substitute 
at+ix,b+ix c—ix,d —ix 
F =F F 
(x,@) 2A wad 0) afi ( eta »] 
and 
W, (x?;.a,b,c,d) 
Pn(x) = 


(a+ b)n(c + d),n! 


in the formulas of Sect. 3.8 to obtain (19). 
In this case, A = O(a), B = O(a), C = O(a) and X = O(a). Lemma 3.2 can 
be applied to the function 
A+ixX,B+ix 
= logo F, 
yo) =togahi (4 FEB) 0) 
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to deduce that y(w) = °°, ygw* with y, = O(a) for k = 1. Using this result 
and the behaviour obtained in Sect. 4.1 for log F(x, @), it is easy to check that the 
function ¢(w) = log f(x, @) verifies Lemma 3.1 with uw = a, s = 1 andm = 3. 
Thus, we have cy, = O(alk/31) fora > «,a ~b~c ~ d. On the other hand, 


AC +A +C) =X? 


§0(X2; A, B,C) = O(a°), $\(X?; A, B,C) = 
o( ) (a), Si( ) (A+ BYA+C) 


= O(a°), 


and by induction over the recurrence relation [7] 


AnSn41(X7; A, B,C) = [(An + Cn) — (A? + X7)] Sn (X?; A, B,C) 
oe ON my ©. Sar A, B, C), 


with 


S,(X?; A, B,C) 
(A+ B)(A+C)n’ 
Ay =(n+A+B)HN+A4+C), Cr =n(n+B+C-1), 


§,(X?; A, B,C) = 


we have S,(X2; A, B,C) = O(a°) and S,_,(X?; A, B,C) = O(a?"~**), and we 
finally obtain the asymptotic behaviour (20) in Sect. 2.8.2. 


4.9 Proofs of Formulas in Sect. 2.9 


Substitute 
at+ix,b+ix c—ix,d —ix 
F =F F; 
(x,@) 2A( gah 0) afi ( ead | 
and 
W, (x?;.a,b,c,d) 
Pn(x) = 


(a+ b)n(c + d),n! 


in the formulas of Sect. 3.9 to obtain (21). 
In this case, A = O(a), B = O(a), C = O(a’), and X = O(a’). 


Lemma 3.3 can be applied to the functions y(w) = log; Fi (° aes | = io) 


a+a 


and z(w) = log, F; (43 io) to deduce that y(o) = )°72, ygw* and 
2(@) = TP, ok with yy = O(a) fork > 1 and y% = O(a) fork > 1. Using 
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this result and the behaviour obtained in Sect. 4.1 for log F(x, w), it is easy to check 
that the function ¢(w) = log f(x, @) verifies Lemma 3.1 with ~ = a, s = 1 and 
m = 3. Thus, we have c, = O(alk/3]) fora > «~,a ~ b~c ~ d. On the other 
hand, 


P(X; a, B,@, B) = O(a), 


— @+E+ 6+ B@+ix) 


— — = O(a’), 
(a+ a@)(a+ B) 


P,(X;a, B,@, B) = 1 


and by induction over the recurrence relation [7] 
An Pr4i(X; a, B,&, B) = (An + Cy —& —iX) P(X; a, B, a, B) 
—Cy Pr (X30, B,&, B), 
with 


= n! — 
P,, X50, BO, = = Py, X; , Pa, , 
aa ae CES) Pas 


_ (tat+a+fp+p-V)nt+a+a(n+a+B) 

Qn+a+a+B+B—-lQn+a+a+Bht+B) 

_ nn+a+fp—l1)\(n+B+B-1) 
Qn+a+a@+f6+f—-2)(2Qn+a+a+f+ 6-1) 


Ch 


we have P,,(X;a, 6, @, B) = O(a°) and P,_,(X;a, B,@, B) = O(a*"**), and we 
obtain the asymptotic behaviour (22) in Sect. 2.9.2. 


4.10 Proofs of Formulas in Sect. 2.10 


Substitute 
at+ix,b+ix c—ix,d —ix 
F(x,@) =2F, F 
eo) 2A a+b 0) afi ( c+d ») 
and 
W, (x?;.a,b,c,d) 
Pn(x) = 


(a+ b)n(c + d),n! 


in the formulas of Sect. 3.10 to obtain (23). 
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In this case, A = O(a), B = O(a), X = O(a’), and N = O(a’). Lemma 3.3 


can be applied to the functions y(w) = log, F; ( pie | - ») and z(w) = 


log | F, Ge J») to deduce that y(w) = 772, y,w* and zw) = OR, zo* 


with y, = O(a) fork > 1 and y% = O(a) fork > 1. Using this result and 
the behaviour obtained in 4.1 for log F(x, @), it is easy to check that the function 
o(@) = log f(x, @) verifies Lemma 3.1 with uw = a, s = 1 andm = 3. Thus, we 
have cy = O(alk/31) fora > «w,a~bw~c~ d. On the other hand, 


= 7 _ _QA+At+B)X © 9 
QOo(X; A, B,N) = O(a’), Q\(X;A,B,N) = 1 (+ AN = O(a), 


and by induction over the recurrence relation [7] 
An On4(X; A, B, N) = (A, + Ch neal X)OnW(X; A, B, N) _ Cr Qn-1(X; A, B, N), 
with 


_@tAt B+ D+ 44+ DWN —a) 
~ Qn+A+B+1)\Qn+A+B+2)’ 


nn+A+B+N+1)(n4+ B) 


~ Qn+A+ B)\Qn+A+B+41)’ 


n 


n 


we have O,,(X; A, B, N) = O(a°) and we obtain the asymptotic behaviour (24) 
in Sect. 2.10.2. 


4.11 Proofs of Formulas in Sect. 2.11 


Substitute 
at+ix,b+ix c—ix,d —ix 
F =oF F; 
(x,@) 2A bab o) af ( on a ») 
and 
W,,(x?;.a,b,c,d) 
Pn(x) = 


(a+ b)n(c + d),n! 


in the formulas of Sect. 3.11 to obtain (25). 
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In this case, A = O(a), B = O(a), X = O(a) and N = O(a). Lemma 3.2 
—X,-X —B 
A+1 
yore ys ypo* with y, = O(a) for k > 1. Using this result and the behaviour 
obtained in Sect. 4.1 for log F(x, @), it is easy to check that the function d(@) = 
log f(x,@) verifies Lemma 3.1 with u = a,s = 1 andm = 3. Thus, we have 

cy = O(al/3!) fora > c0,a ~ b ~ c ~ d. On the other hand, 


can be applied to the function y(w) = log» F ( | ») to deduce that 


Ro(A(X); A, B, N) = O(a), 


N+AN—X—AX— BX —- X? 
R, (A(X); A, B, N) = (a AN = O(a’), 


and by induction over the recurrence relation [7] 
AnRn4+i(A(X); A, B, N) = [A(X) — An — Ch] Rn A(X); A, BLN) 
—C,, Rn-1 (A(X); A, BLN), 
with 
An =(n+A+1)2-N), Cr =n(n-—B-N-1), 


we have R,-x(A(X);A,B,N) = O(a°) and we obtain the asymptotic 
behaviour (26) in Sect. 2.11.2. 


5 Numerical Experiments 


The following graphics illustrate the approximation supplied by some of the 
expansions given in Sect. 2. It is worthwhile to note the accuracy obtained in the 
approximation of the zeros of the polynomials. In all the graphics, the degree of the 
polynomials is 7 = 5, continuous lines represent the exact polynomial and dashed 
lines represent the first order approximation given by the corresponding expansion 
(Figs. 5, 6, 7, and 8). 
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a=b=c=d=50 asb=c=d=500 


a=b=c=d=5000 


Fig. 5 Expansion (2): W5(x?;.a, b,c, d)/[(a + b)s(c + d)s] versus B> H;(X) 


as=b=c=d=50 asb=c=d=100 


20000 100000 


10000 


-10000 


59008 -100000 
-30000 
-200000 
-40000 
20006 -300000 
-60000 
a=b=c=d=500 
2-10’ 
1:10’ 
520 5ho 
1° 7 
-2-10' 


Fig. 6 Expansion (7): Ws(x?;.a, b,c, d)/[(a + b)s(c + d)s55!] versus L(y 
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Fig. 7 Expansion (11): Ws(x?; a 
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,b,c,d)/|(a + b)s(c + d)55!] versus Pe m/3) 
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Fig. 8 Expansion (19): Ws(x?;.a,b,c,d)/[(a + b)s(c + d)s55!] versus S5(X?; A, B, C)/((A + 


B)s5}] 
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On a Direct Uvarov-Chihara Problem and Some 
Extensions 


K. Castillo, L. Garza, and F. Marcellan 


Dedicated to Professor Hari M. Srivastava 


Abstract In this paper, we analyze a perturbation of a nontrivial probability 
measure dji supported on an infinite subset on the real line, which consists on 
the addition of a time-dependent mass point. For the associated sequence of monic 
orthogonal polynomials, we study its dynamics with respect to the time parameter. 
In particular, we determine the time evolution of their zeros in the special case 
when the measure is semiclassical. We also study the dynamics of the Verblunsky 
coefficients, i.e., the recurrence relation coefficients of a polynomial sequence, 
orthogonal with respect to a nontrivial probability measure supported on the unit 
circle, induced from dy through the Szeg6 transformation. 


1 Introduction 


Let us consider the classical mechanical problem of a 1-dimensional chain of 
particles with neighbor interactions. Assume that the system is homogeneous 
(contains no impurities) and that the mass of each particle is m. We denote by y,, 
the displacement of the n-th particle, and by g(y,,+1 — y,), the interaction potential 
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between neighboring particles. We can consider this system as a chain of infinitely 
many particles joined together with nonlinear springs. Therefore, if 


F(r) = -¢'(r) 


is the force of the spring when it is stretched by the amount r and 7, = yn+1 — Yn 
is the mutual displacement, then, according to the Newton’s law, the equation that 
governs the evolution is 


MYn — @' (Vn41 — Yn) — Q' (Yn = Yn—1)s 


where, as usual, y denotes the derivative with respect to the time. If F(r) is 
proportional to r, that is, when F(r) obeys the Hooke’s law, the spring is linear 
and the potential can be written as g(r) = («/2)r?. Thus, the equation of motion is 


MYn = K(Yn—1 — 2Yn + Yn41), 


and the solutions y, £ &€ N, are given by a linear superposition of the normal 
modes. In particular, when the particles located at yo and yy +, are fixed, 


£ 
y = C,, sin (4) cos (wet +62), £=1,2,...,N, 


where we = 2/«/m sin(z£/(2N + 2)), the amplitude C,, of each mode is a 
constant determined by the initial conditions. In this case there is no transfer of 
energy between the modes. Therefore, the linear lattice is non-ergodic and cannot 
be an object of statistical mechanics unless some modification is made. In the early 
1950s, the general belief was that if a nonlinearity is introduced in the model, then 
the energy flows between the different modes, eventually leading to a stable state 
of statistical equilibrium [5]. This phenomenon was explained by the connection to 
solitons!. 

There are nonlinear lattices which admit periodic behavior at least when the 
energy is not too high. Lattices with exponential interaction have the desired 
properties. The Toda lattice [18] is given by setting 


g(r) =e’+r-—1. 


Flaschka [6] (see also [14, 15]) proved the complete integrability for the Toda lattice 
by recasting it as a Lax equation for Jacobi matrices. Later, Van Moerbeke [19], 
following a similar work [13] on Hill’s equation [10], used the Jacobi matrices to 
define the Toda hierarchy for the periodic Toda lattices and to find the corresponding 
Lax pairs. 


In mathematics and physics, a soliton is a self-reinforcing solitary wave (a wave packet or pulse) 
that maintains its shape while it travels at constant speed. Solitons are caused by a cancellation of 
nonlinear and dispersive effects in the medium. 
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Flaschka’s change of variable is given by 
| ee eee 1. 
an = 5° On+1 Yn)/2 by, — =n. 


Hence the new variables obey the evolution equations 


an = An (bn +41 =S bn), (1) 
b, = 2(a2—a2_,), a1 =0, n=O, (2) 


with initial data Nas = b, (0) = b, (0), a = a, (0) > 0, which we suppose uniformly 
bounded. 

Let J; be the semi-infinite Jacobi matrix associated with the system (1) and (2), 
that is, 


bo(t) ao(t) 0 0 
ao(t) bi(t) a(t) 0 
Je=}| 9 a(t) bolt) a(t) 
0 0 ar(t) b3(t) - 


If jz is a nontrivial probability measure supported on some interval E C R, then 
it is very well known that there exists a unique sequence of polynomials {p,},>0, 
assuming the leading coefficient of p,, is positive, satisfying 


: Mem C Hi tn. ASO: 
E 


{Pnknzo is then said to be the sequence of orthonormal polynomials with respect 
to 1. {Pn}nzo satisfies the three-term recurrence relation 


XPn(X) = An Pnti(X) ar bn Pn (x) aid An—1 Pn—1(X), n=0, 


with the initial condition p_;(x) = 0, po(x) = 1. Notice that the matrix 
representation of the recurrence relation is the Jacobi matrix defined above. We 
use the notation J,, = Jo, i.e., with entries a,(0) = a? and b,(0) = b®. Favard’s 
theorem says that, given any Jacobi matrix J, there exists a measure jt on the real 
line for which J = J u- In general, jz is not unique. 

Flaschka’s main observation is that the equations (1)—(2) can be reformulated in 
terms of the Jacobi matrix J; as the Lax pair 


Ji = [A, Jr] = AJ; = JiA, 
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with 
0 a(t) 0 0 
—aj(t) O a(t) O 


A= 0 —a,(t) 0 a(t) = J+ -Wr)-, 
0 0 -a2(t) O 


where we use the standard notation (J,)+ (resp. (J,)—) for the upper-triangular (resp. 
lower triangular) projection of the matrix J,, and [-, -] denotes the commutator. At the 
same time, the corresponding orthogonality measure dju(-, t) goes through a simple 
spectral transformation, 


du(x,t) =e""du(x,0), t>0. (3) 


Notice that spectral transformations of orthogonal polynomials on the real line play 
a central role in the solution of the problem. Indeed, the solution of Toda lattice 
is a combination of the inverse spectral problem from {a°},,>0, {b°},>0 associated 
with the measure du = dj(-,0), the spectral transformation (3), and the direct 
spectral problem from {a,(t)}n>0, {On (t)}ne0 associated with the measure dj(-, t). 
A generalization of the perturbation (3) has been analyzed in [9], where the authors 
also describe the time evolution of the zeros of such polynomials. 

In this contribution, we are interested in the analysis of the dynamical properties 
of the family of orthogonal polynomials P,, (x,t) with respect to the measure 


dju(x) = A — J())dux) + JOS), (4) 


where js is a symmetric (i.e., du(x) = w(x)dx with w(x) = w(—x) and 
supp(dj4(x)) symmetric) nontrivial probability measure supported on the real line 
and J : Ry — [0,1] is a positive C! function. In other words, a time-dependent 
mass J(t) is added to jz, in such a way that the new measure jZ is also normalized. 
This problem has been analyzed in [21], where the authors describe the dynamics of 
the corresponding orthogonal polynomials and the recurrence relation coefficients 
and the connection of this problem with the Darboux transformation. These kinds 
of perturbations are particular examples of the so-called Uvarov perturbations. They 
have been extensively studied in [4], where end mass points are considered and in 
[1, 11] in a more general framework. In [8], the author deals with an electrostatic 
interpretation of the zeros of the orthogonal polynomials associated to the perturbed 
measure, when it is assumed that jz is a measure satisfying some extra conditions. 
The manuscript is organized as follows. In Sect. 2, we extend the results in [21] 
for nonsymmetric measures, using a symmetrization process. In Sect. 3, we analyze 
the dynamical behavior of the zeros of P,,(x,t), when the orthogonality measure is 
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semiclassical. Some representative examples of such dynamics are shown, when 
jf is a Symmetric classical measure. Finally, in Sect. 4 we deal with a similar 
transformation for orthogonal polynomials with respect to measures supported on 
the unit circle. 


2 Time Dependence of Orthogonal Polynomials 
and Symmetrization Problems 


Let {Pi}n>0 be the sequence of monic orthogonal polynomials with respect to a 
symmetric measure jz supported on a symmetric infinite subset of the real line. If we 
denote by { P,, (x, f)}n>0, the sequence of monic orthogonal polynomials associated 
with jx defined in (4), then (see [1, 11]): 


J(t) P,(0) 
1—J(t) + J(t)Kn—1(0, 0) 


Pn(x,t) = Pa(x) — Ky-1(x, 0), (5) 


where K,,(x, y) is the n-th reproducing kernel defined by 


n 


Ke)= > Px(x)Px(y) — Pn4i(x)Pu(y) — Pa(x)Pn+y(y) 


|| Pill? I| Pall?@ — y) 


’ 


k=0 


where the expression in the right-hand side is known as the Christoffel-Darboux 
formula and it is valid if x 4 y. Notice that P,(x) = P,,(x,0), i.e., the perturbed 
polynomials at zero time. Since jz is symmetric, we have P2,+41(0) = 0, so that 


Pon 41 (x,t) = Pon4i(x), n= 0, 


J (t) Pan (0) 
Pop OH= Pon _ K n— 0 , 20, t : 
an (x, t) 2n (X) 1— J) + J(t)Ko2(0, 0) 2n-2(x,0), n20,t>0 


In other words, the odd degree polynomials are invariant under time. Our interest 
is to find the differential equation satisfied by P,,(x,t) with respect to the time 
parameter. Obviously, Poni (x, t) = 0. Differentiating P2,,(x,t) with respect to 
the time we have 


J (t) Pon (0) 


Pan) = TT) + J) Kin 200, 0)P 


Kon—2(x, 0), 


and using the Christoffel-Darboux formula, we get 


Poy (x, 1) =Tn 


Poy} (x) 
x 
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with 


J (t) Pan (0) Pon—2(0) 


= ; 7 
[Proll — J) +IOKy 20. OF 


Mn = 


Furthermore, since 


Poy (x) Pan—2 (0) 


Kon-2(x, 0) = , 
BS Tes aIPe 
we have 
P5,,-1 (0) Pon—2(0) 
Kon— 0.0 = 2n—1 ; 
2n—2(0, 0) |Pmol2 
so that 


cece J (t) Pon (0) P2n—2(0)|| Pon—2|? (8) 
. [= J@)) |] Pana]? + J) P31) Pon—20)? * 


In [21], the authors show that in this case, the dynamics of the coefficients of the 
recurrence relation is given by 


doy =Tn, don+1 = —Tnt+1, 


where d,, = a. This represents a nonlocal integrable chain with continuous time 
and discrete space variable. It is related to the so-called Uvarov-Chihara problem in 
the theory of orthogonal polynomials (see [20]). 

The dynamics of the sequence of polynomials P,, with respect to the time can 
be easily obtained for the general (nonsymmetric) case using a symmetrization 
process. Given a measure jz, we can define a linear functional u in the linear space 
of polynomials with real coefficients P such that 


wa] = J. q@)dulx), qeP. 


If 2 is a probability measure, then u is said to be positive definite. In a more 
general framework, it is enough for u to be quasi definite (i.e., the principal leading 
submatrices of its Gram matrix with respect to the canonical basis {x"},>0 are 
nonsingular) for the existence of a sequence monic polynomials with respect to 
u to be guaranteed. Let denote such a sequence by {P,,}n>0, and define the linear 
functional u, as 


us[x2"] = ulx"], us[x?"*1]:= 0, n ZO. 
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That is, the linear functional u,; is symmetric. Thus, it is well known ([3]) that, if we 
denote by {Q,}n>0 the sequence of monic polynomials orthogonal with respect to 
us, then 


Oon(x) = Pn(x?), Qonai(x) = xPa(x’?), n=O, 


where {P, }nz0 1s the sequence of monic polynomials orthogonal with respect to the 
linear functional 7 = xu (i.e., u[qg] = u[xq]) for any qg € P. { P,}n>0 is the sequence 
of kernel polynomials of parameter 0 (see [3]), and they can be expressed in terms 


of {Pa(x)}nz0 by 


Pati (0) 
P,,(0) 


P,(x) = ~ (Pen - Pals), n > 0. 
A necessary and sufficient condition for their existence is that P,,(0) 4 0, > 0 (in 
the positive definite case, that 0 ¢ supp(jz)). 

Therefore, if u is a (not necessarily symmetric) positive definite linear functional, 
then let {P,(x,t)}n>0 be the sequence of monic polynomials orthogonal with 
respect to the linear functional u, := (1 — J(t))u + J(t)6(x). Thus, 


Poe A= Oo,(x,t), n=O, 


where {Q,,(x,t)}n>o0 are symmetric polynomials orthogonal with respect to the 
linear functional uv; obtained from the symmetrization of u; and, therefore, 


Oon—1(x, ft) = x Py_1(x?, t) 
: x 


’ 


P, (x?) = Oxn(xs8) =Tn 


where 7, is computed using the polynomials Q,, and the polynomials Pi(x, t) are 
orthogonal with respect to the linear functional xu,, provided P,(0,t) 4 0,n = 1. 
Then, 


P,, (x,t) — Tn Py—1(X, t), n=l. 


Furthermore, from Q,+)(x,t) = xP, (x?,t), we get 
Ornsie,t) = xP, (x?,1) = 0, 


and we get P(x, t) = 0,n = 0. As a consequence 


Proposition 2.1. Let {P.(x)}n20 be the sequence of monic polynomials with 
respect to a nontrivial probability measure du. Let djt be defined as in (A) 
and denote by {P,(x,t)}nz0 its corresponding sequence of monic orthogonal 
polynomials. Then, 


P,,(x,t) = Tn (Pann = P,(0, t) 


= ————_ P,_i(x,t)), n21. 
x P,1(0, 0) i( )) 
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3 Time Evolution of Zeros of Semiclassical Orthogonal 
Polynomials 


Let us consider a symmetric positive definite linear functional u which is semiclas- 
sical, 1.e., 


D(p(x)u) = Y(x)u, 


for some polynomials ¢ and W, which are even and odd functions, respectively, with 
deg W = 1, and let us define the linear functional 


it = (1— J(t))u + J(2)8(x). (9) 
Here, as above, J : Ry —> [0, 1] is a positive C! function. Then, we have 
x°p(x)ia = (1 — J(t))x* 6 (x)u. 
Applying the derivative operator in both sides, we get 
D[x?o(x)il] = 1 — J) DEX? x)ul] 

= (1— J) [2x6 (x)u + x°D(gu)] 

= 2xpiu + (1 — J(t)) x? Wu 

= (2xp + x°W)in. 


Thus, u is also semiclassical, and then its corresponding sequence of monic 
orthogonal polynomials, { P,, (x, f)}n>0, satisfies the structure relation ([{11, 12]) 


0 
x7 (x) = Pax: )=A,C30P,051) + Ben RaGst), (10) 
x 
where the functions A,,(x;t), B, (x; t) can be calculated explicitly using the measure 
associated with u and its corresponding sequence or orthogonal polynomials (see 
[2,9, 12]). Let x, ;(t) be the k-th zero of P,,(x; 1), i.e., 


Pi(Xn«(t), t) = 0. 


Following [9], differentiating the last equation with respect t, we obtain 


0 : 
— P,,(x;t) Xnk + PuQne,t) = 0. 
ox 


X=NXnk 
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Thus, evaluating (10) with n = 2m at x = Xo» 4(t) we get 


0 
ek (t)d (Xam.k (t)) ax Pim (X2m,k (t); t) = By (X2m,k (t); t) Pom-1 (X2m,k (t); t), 
and, as a consequence, from (6) we obtain 


3 a X2m,k (t)d (Xam.k (t)) 
a a ae ve 


Next, we consider two examples of classical families (Semiclassical of class 
zero) of orthogonal polynomials that are symmetric, namely, the Gegenbauer (with 
parameter aw = 6 = 1) and Hermite polynomials. In both cases, since their structure 
relations are known, A,(x,t) and B,,(x,t) can be easily obtained directly from the 
structure and recurrence relations. 

First, notice that from (5), we have 


J(t) Pon (0) Pon—2(0) EPS, (%) ~ Pn—1(X) 
1 — J(t) + J(t) Kan—2(0, 0) || Pan—2 ||?.x? 


P,,(%,t) = Pi) = , (12) 


where P’ denotes the derivative with respect to x. Thus, 


x7 (x) Py, (x,t) = x76(x) P3, (x) — M1) G(X) [XP3,-1 (8) — Poni], (13) 
where 


J(t) Pon (0) Pon—2(0) 


MO = FIFO + JOKy 20.1 Poa 


1. For the Gegenbauer polynomials with a = B = 1, we have #(x) = 1 — x? and 
(see [12]) 


(x) Pi (x) = Gn Pati + Cn Pa-i(), (14) 
XPy(X) = Pn4i(X) — Yn Pn-1 (x), (15) 
where a, Cn, Yn are given by 
ay, =—n, 


_ 4An(n + 1)?(n + 2)(n + 3) 
~ (Qn + 1)Qn + 2)2(2n + 3)’ 


n 


_ An(n + 1)?(n + 2) 
~ (Qn + 1)(2n + 2)2(2n + 3) 


Yn 
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As a consequence, 
(1 = x?) Py (0) = dn XP (x) = (Gn Yn — Cn) Pn—1 (2): (16) 
Thus, from (13) and (16), it is straightforward to show that 
x?(1 — x”) Py, (x,t) = An(x, t) Pan (x,t) + Bn(x, t) Pon—1 (x, 0), 


with 


42n—1Y2n—1 — C2n—-1 x 
Y2n-1 


An(x,t) = danx? — M(t) 


An (x, 
Bn (x, t) = —(42n-1Y2n-1 — €on-1 + M(t))x? _~ M(t) (42y1%? _ (x) ~ at) ’ 


x 
which can be reduced after some calculations to 


(4n — 1)(2n — 1)? 
2 


An(x,t) = danx? — M(t) 2 F 
nN 


(4n? — 1)(4n — 1)? 
4n+1 


B, (x,t) = — toy = 2+ doy) MOO] x 


2 
M°*(t)+ M(t). 


a (4n — ven —1) 


Notice that in this case, A,(x,t) and B,(x,t) are polynomials in x. Thus, 
from (11), the dynamics of the zeros of P,,(x,¢) can be described as 


Xam, k(t) — x5, ;(¢)) 
Bom (Xam,k (t)) 


Xom,k (t) = Tm 


2. Now, we consider the Hermite polynomials H,,. In this case, we have ¢(x) = 1, 
HY (x) = nHAy,-1(x) and 


1 
Ay, 41(x) = x, (x) - git tn—1(*). 


Thus, proceeding as above, we get 


x? Hi} (x,t) = An (x,t) Hon (x,t) + B(x, t)Hon—-1(x, 1), 
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with 


2(2n — 1) 
n 


An(x,t) = M(t)x, 


B,(x,t) =2 (+ ie iat “M()) x2 4 (1 = “er i) M(t). 


n 


Again, since we have a classical family, A,(x,t) and B,(x,t) are polynomi- 
als in x. As a consequence, the behavior of the zeros of H,,(x,t) can be 
described as 


X2m,k (t) 


Xamk(t) = tm Bom gD) 


4 Time Dependence of Verblunsky Coefficients for OPUC 


Given a nontrivial probability measure o supported on the unit circle T, there 
exists a sequence of monic polynomials {®,,},50 which is orthogonal with respect 
too, Le., 


/ P,(Z) Pn (z)do(Z) = Kndnm, Kn > 0, n,m ZO. 
T 


They are called orthogonal polynomials on the unit circle (OPUC). These polyno- 
mials satisfy the recurrence relation (see [16, 17]) 


Py 41(Z) = ZPD, (z) + P,+1(0)B* (z), ne 1, 


where ®*(z) = z’@,(1/Z) is called the reversed polynomial, and the complex 
numbers {@,,(0)},>1 satisfy |®,(0)| < 1. They are called Verblunsky (reflection, 
Schur, Szeg6) coefficients. 

On the other hand, if jz is a nontrivial probability measure supported on [—1, 1], 
then it is very well known ([17]) that it induces a nontrivial positive measure 
o supported on the unit circle. This process is called the Szegé transformation. 
On the other hand, if o is induced through the Szegé transformation, then their 
corresponding orthogonal polynomials ®, have real coefficients, and the Verblunsky 
coefficients are also real. In this case, consider the perturbation 


da(z) = 1 — J(t))do(z) + J(t)b(z— 1), 


i.e., a time-dependent mass is added at the point z = 1, where J : Ry — (0, 1] 
is a positive @! function. Notice that this is the same perturbation defined in 
the previous sections for orthogonal polynomials on the real line, although the 
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symmetry requirement has been removed. As before, if ®,(z;t) is the MOPS with 
respect to a, then 


a I(t)y (1) 
PD, (z; t) = ®,, (z) = te I(t) + Tt)K,-3(, 1D Kn-1(z, 1), (17) 


where K,,(z, y), the reproducing kernel, is now defined as (see [16, 17]) 


Cee 3 Dy (Z)Px(y) _ O*, (2) B10) — Ong 1 (DFn4nO) 


fart C24 [Pn+11?C — zy) 


provided zy # 1. Therefore, 


J(t)®n (1) 
1— J(t) + J(t) Ky-11, 1) 


P,, (0; t) = ®, (0) = Kn-1(0, 1), (18) 


and since we have real coefficients and ®*(0) = 1, 


J(t) Pp (1) (1 = Pn (0)) 


Pn) = Px) — Te ph — sO +IOK a0 DI 


(19) 


Thus, 


J (t)®2(1)(1 — ®, (0)) 
IP, (21 — J) + J) Kn-1 0, DP’ 


, (0; t) =O 


which describes the dynamic behavior of the Verblunsky coefficients of the per- 
turbed measure with respect to the time. We will show that ®,(1) and K,-;(1, 1) 
can be expressed in terms of the previous Verblunsky coefficients. Notice that, from 
the recurrence relation, we have 


®, (1) = ®,-1(1) + D, (0)*_,(1), 
but since ®,_; has real coefficients, we get 


®, (1) = [1 + ®,,(0)|®,-1(1), 


and, recursively, 


n 


$,(1) = | [+ (0)). 


k=1 
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On the other hand, 


k k 
n-1 n-1 i d + Pj (0))? n-1 i d + Pj (0)) 


(1) j=1 j=] 
= k _ ) ; J = » ; J 
K,-1(1, 1) a= 2 || D, ||? _ k 7 k 


ae Lae) rh TSP 0) 
res 


j=l 


As a consequence, in order to describe the dynamics of ®, (0; 7), the values of 
{®,(0)}7_, are required. The situation can be simplified if symmetric measures are 
considered. As an example, consider the perturbation of the Lebesgue measure on 
the real line defined by 


1 1 
dji(x,t)=d ——6 1) + —~d(x - 1). 
fi(x.t) = dx + Fyslet + FAR V 
Notice that d ji(x, t) is symmetric. Applying the Szeg6 transformation to d ji(x) it 


will induce a measure do(z,t) on the unit circle which is also symmetric. It was 
shown in [7] that in such a case, the Verblunsky coefficients associated with do are 


—1 3n?(n+ 1)? +224 IJ —- J) 


PD n 0,t = ’ 
(0.1) = n(n + 1)? + 2n(n + DJ() + J20) 


Prn41 (0, t) = 0. 
In other words, the dynamics of ,,(0) can be obtained easily only in terms of J(f). 
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On Especial Cases of Boas-Buck-Type 
Polynomial Sequences 


Ana F. Loureiro and S. Yakubovich 


Dedicated to Professor Hari M. Srivastava 


Abstract After a slight modification, the Kontorovich-Lebedev transform is an 
automorphism in the vector space of polynomials. The action of this transformation 
over special cases of Boas-Buck-type polynomial sequences is under analysis. 


1 Introduction and Preliminary Results 


This work aims to give a humble contribution to polynomial sequences generated by 
Boas-Buck-type generating function or Boas-Buck structure. Under analysis will be 
the action of the so-called Kontorovich-Lebedev transform over certain Boas-Buck 
polynomial sequences [3, 4]. 

Throughout the text, N will denote the set of all positive integers, No = N U {0}, 
whereas R and C the field of the real and complex numbers, respectively. The 
notation R4 corresponds to the set of all positive real numbers. The present 
investigation is primarily targeted at analysis of sequences of polynomials whose 
degrees equal its order, which will be shortly called as PS. Whenever the leading 
coefficient of each of its polynomials equals 1, the PS is said to be an MPS 
(monic polynomial sequence). A PS or an MPS forms a basis of the vector space 
of polynomials with coefficients in C, here denoted as P. 
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The aforementioned Kontorovich-Lebedev (hereafter, KL) arises as the simplest 
case of a very general index integral transform, the Wimp transform, named after 
his work in 1964, 


res [ ee (» eas (i “)) pods (1) 
0 q 


whose inversion formula was established in 1985 [15] by the second author (see 
[16-18]) 


m,p—n f+it,u—iT, =(a2*), —(n) 
f= af tT sinh(27T) F(t) Gi, ce ; —(b7t), —(bm) ye 
(2) 


This transformation has the Meijer G-function as a kernel 


a ai,...,@ 
Ca aera ae 
J b ° by,...,bg 


It is a very general function including most of the known special functions as 
particular cases (like all the generalized hypergeometric functions , F, and Mathieu 
functions), and it can be defined via the Mellin-Barnes integral (the reciprocal 
formula of the Mellin transform) 


a ai,...,a 
te pC le / 
: b s by, ...,bg 


: Tre —9 1 ra-a+s) 
= a zds, (3) 
amit (1 —bj41 +5) Tl F(@i+i—s) 


=n 


as long as O < m < q and 0 <n < p, where m,n, p, and q are integer numbers, 
a, —b; # 1,2,3,... fork = 1,2,...,n and j = 1,2,...,m, which implies 
that no pole of any ['(b; — s), 7 = 1,2,...,m, coincides with any pole of any 
Td-a, +s), k =1,2,...,n, andz 4 0. 

So, the KL-transform arises upon the choice of parametersm =n = p=q = 0. 
The reciprocal pair of transformations (1)—(2) incorporates all the existent index 
transforms in the literature such as Mehler-Fock, Olevski-Fourier-Jacobi, Whittaker, 
and Lebedev’s transform with a combination of modified Bessel functions, among 
others. We notice that all these index transforms can be obtained through the 
composition of the KL with the Mellin type convolution transforms [16, 18]. 

Recently [10], we have shown that the modified KL,-transform, with a = 0, 
defined by 
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: 2295 nas 
KL fe) = 2|P (a+1+5) - fOOx"*KiQ2Vedx, (4) 


is an automorphism in the vector space of polynomials, and we have as well charac- 
terized all the orthogonal polynomial sequences that are mapped into d-orthogonal 
polynomial sequences (a broadened concept of orthogonality). This transformation 
essentially bridges monomials into central factorials insofar as [10, 11] 


ree 
. 2 n 


The kernel of such transformation is the modified Bessel function (also called 
Macdonald function) K>;,(2./x) of purely imaginary index, which is real valued 
and can be defined by integrals of Fourier type 


2 
, ned. 


nfs) = af BEY: 
w= (041-8) (024) 


CO 
Kj,(2/x) = i; e-2o/cosh(u) cos(tu)du, x €Ry, TER. (5) 
0 


Moreover it is an eigenfunction of the operator 


Fe ee eae x (6) 
dx? dx dx dx 
insofar as 
T\2 
AKiQV%) =—-(5) Kiev), 7) 


which is valid for any continuous function f ¢€ Lj (R4, Ko(2u/x)dx), 
0 < pw < 1, ina neighborhood of each x € R+ where f(x) has bounded variation. 


Naturally, the identity 
KLy lx" (0) 41 iT ae ea 
al — —- — a — = — 
: 7 2 n 2 n ’ 2 n 
holds, enhancing the fact that KL, is an isomorphism in the vector space P, 
essentially performing the passage between the canonical basis {x”},,>09 and the 
central factorial basis {(c +14+ 4) t ; 
n nZ0 


2 


(8) 


Besides, from the definition (4), we readily observe that 


|r (@+14 %)/ 


KL y[x? f(x)](0), (9) 
IF (w+ B+1+ %)| 


KLo+e[f(x)](t) = 
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and, in particular, when B =n € No, we have 


a 
n 


As a matter of fact, the action of the KL, operator acting on P can be viewed as 
the passage from differential relations into central difference relations, as it can 
be perceived from (8). To be more specific, let us represent the central difference 
operator by 4,,, defined through 


2 
KLotalf(x)](t) = KLe[x"](t) KLetnl f(x) (7). 
(10) 


KLa[x" f(x)](0) = 


(60 f)(t) := (11) 


f+) —- ft —) 
2 


OT 


for some complex number w # 0. 


Lemma 1.1 ({10]). For any f € P, the following identities hold 


2: i) 
(« $14 7) 82 (KLuLf(x)|(c)) = KLy eo) (2), n20, (12) 
while 


Kleen £09 | (0) = 5 (KLaL P10), (13) 


KLy le: + 2a) "F009 (t) 


dx 
agacl’ 
a 
2 in 


. 2 4 m 
=(-l) ( ee ) 
where A represents the operator (6). 

This text has no pretension of completeness, neither the reference list. It is 
organized as follows. In Sect. 2, after defining the Boas-Buck-type sequences (see 
Definition 2.1), we analyze the image of those whose generating function involves 
the Meijer G-function as a component. For the particular case of the Brenke- 
type sequences, we provide differential relations for the corresponding polynomial 
sequences. When further structural properties like orthogonality or d-orthogonality 
are known, one might have additional relations that can lead us to the determination 
of the sequence. We draw some clues in this direction, but we do not enter in this 
kind of details. Making use of the properties of the KL,-transform, we determine 
the generating function of the KL,-transformed sequence to which we provide 
the corresponding properties derived from those of the original sequence. Finally, 
in Sect. 3 some examples of some hypergeometric-type sequences along with the 
corresponding KL,-images will be given. 


2 (14) 
KLa+n Lf] (t), 
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2 About Boas-Buck-Type Polynomial Sequences 


As the central object of this work, we begin with the description of the so-called 
Boas-Buck-type sequences, named after the work [4]. 


Definition 2.1. An MPS {P,,},>0 is said to be a Boas-Buck polynomial sequence 
or to have a generating function of Boas-Buck type if there exists a sequence of 
nonzero numbers {P,}n>0 and a,b € R such that for x € [a, b] 


G(s.1) = AWB) = Pa), (15) 


nZ0 


where 


{A(t), B(t), g(t)} = fan, bn, Zntt" satisfying ao - b, - g1 #0 (16) 


nZ0 


for all n € No, and go = 0. 


The Brenke-type polynomials arise when g(t) = t, whereas the choice B(y) = e” 
brings the Sheffer-type polynomials with the Appell polynomials included (upon 
the additional condition of g(t) = 1). 

The Boas-Buck polynomials, named after the work [4] by the two authors, were 
at that stage called as the generalized Appell polynomials. As this nomenclature is 
used nowadays with respect to other types of polynomials, we avoid such names. 

In order to describe the KL,-transform of Boas-Buck-type polynomial 
sequences, we need to ensure that a corresponding generating function can actually 
be described as the KL,-transform of the original one. Theorem 2.1 provides the 
necessary conditions, but first we need the following result. 


Lemma 2.1. Let g : [a,b] > Ri witha,b € Rand B(x) € L\(Ry;x-"’dx), with 

y > —a. If G(x,t) = A(t) B(xg(t)), with A, B, and g realizing conditions (16), 

then the KL,-transform of G(x, t) with respect to x can be calculated by the formula 
A(t) 

ani |P (a +14 #)[ 


1—y+ioo ; . 
| r(i sta S)r( sta =) B0\(s) ds, 
1 


—y—io0o 


KLa(G(x,0|(t) = 


(17) 


where I” (z) is the Euler Gamma function and B*(s) is the Mellin transform of B(x): 
Cc 
B*(s) = / BG) x” ax; y = Re(s) > -a, (18) 
0 


where the latter integral converges absolutely. 
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Proof. The condition B(x) € L,(R4;x~’dx) guarantees the existence of the 
Mellin transform (18) (see [14]). Bearing in mind the Stirling formula for the 
asymptotic at infinity of the Gamma function [9, vol. I] and the following integral 
representation of the product of Gamma functions as the Mellin transform of the 
modified Bessel function K;,(2./x) [13] 


° ° lo.) 
r (« +s+ =) r (« +s— 5) = a | Kj,(2./x)x%ts!dx, Re(s) > —a, 
0 


then, via Parseval equality for the Mellin transform (see the analog of Theorem 35 
in [14]), and according to the definition of the KL,-transform (4), we have 


KLa[G(x,1)](t) = 2A(0) 


Il 


. —2 poo 
r (« etd =) i x Ki (2VX) B(xg(t))dx 
2 0 
r 1 iT 
(« qe >) 
ytioo : . = 
| | r( +a+ 5) r(s +a- 7) B*( —s)(gi) ds. 


y—ioo 


—2 


1 
= — A(t 
2ni 2) 


The result now follows after an elementary substitution in the latter integral. Oo 


Theorem 2.1. Let {P,,}n>0 be an MPS generated by G(x,t) = A(t) B(xg(t)), with 
A, B, and g realizing conditions (16) and such that for each t € R+, the integral of 


KLy ( a B ) 


converges uniformly by t € [0,6], 5 > 0. 
Then under assumptions B(x) € L\(R+,x-’dx), y > —a, and (s),B*(s) € 
L,i(—y—ico, l—y+ioo) for anyn €N, the MPS {O, := On(-; @)}n0 defined by 


"| («) 


u=xt 


KLa[Pn(x)|(t) = Qn (ts a) 
is generated by A(t)KL,[B(xg(t))|(t), which can be calculated via (17). 


Proof. We begin by showing that for any integer n > 0 and fixed nonnegative T, the 
following identity holds: 


du" 


KLy Fou) (t) = Kt,| (5 80) "lo = KL, [B(xt)] (rt), t > 0. 
u=xt 
(19) 
Indeed, since B(x) € L,(R+,x~’dx) and (s), B*(s) € Lj} —y—ioo, l—y +ioo) 
for any n € N, this means that B(x) is infinite times differentiable and can be 
represented via the reciprocal integral of the inverse Mellin transform 
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1l-—y+ioo 


1 
B(x) = —— B*(s)x *ds, x>0. 
201i ; 
1l—y—ioo 


Moreover, its nth derivative is given accordingly 


an 1" 1—y+ioo 
B(x) = ie ) / (s),B*(s)x "ds, 
XxX 1 f 


—y—i0o 


where the integral is absolutely convergent. Hence, the boundedness of the Gamma 


product 
Plicstve—\Pli-seue — 
2 2 


under the condition y > —qa allows us to differentiate n times with respect to t = 
to > O under the integral sign of (17) with g(t) = f, owing to the absolute and 
uniform convergence. Thus, we obtain 


a” 
orn 


1—y+ioo 
= a) r(1 sto \r( sta FY BeU\(syat "ds, 
ni |P (a +1+ £)/° , 2 2 


—y—-ico 


aq KLo [B(xt)] (t) 


On the other hand, applying again the Parseval identity for the Mellin transform 
in the right-hand side of the latter equality, we deduce 


—yt+tioo 
(D =e rT (: —stact =) r (: sta =) B*(s)(s)nt* "ds 
ani |P(@+1t+ Sy fh 7 2 


—y—i0o 


7 | x *KirQVx)(xt)" 5 i ae Besta 
IP (w@+1+ F)° fh 


1 


= f° Ki V8 = ~ Bxt)dxv = KL. {5 a Blxt)| (r), 
[P@+i+ 2)? J, a 


which completes the proof of (19). Moreover, passing to the limit under the integral 
sign in (19), when t — 0+ due to the uniform convergence on [0, 5], we obtain 


ll 


0 
lim KLy E ais] (tT) 


t>0+ 


KL , lim a7 Bt) (t) = jim OL KL, [B(xt)] (7) 


0+ + ot” 


o” 
(jake 2 [B(s0)]()) 


(20) 


t=0 
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Further, we have 


n! a” “.(n a” 
— P,(x) = G(x,t) = An—» ~~ B(xg(t) 
Pn at” t=0 » v ot” ( ) t=0 
where Ag = # A(t)| =o £0 any positive integer 0. Now the Faa di Bruno’s 


formula permits us to formally write the successive derivatives of the function 
B (xg(t)) at the point t = 0O—see [7, pp. 137-140]. Precisely, 


a” “. 0" B(u) 
B t = By Wane SS B 
ap (xg( )) 0 due a4 wf & uti) x 
u=0 
where By y(g1,.--,8v—p+1) corresponds to the Bell polynomials evaluated 
at the successive derivatives of the function g. Here, g, = oe) , for 
u=0 
any positive integer jz, and, for instance, the case where g(t) = ¢ implies 
By u(Z1.--++&v—p+1) = 1. Thus, 
n!} “fn - 0” B(u) 
— P, (x) = > An—v YB Ginenteaei) ult xh 
Pn v=0 id p=0 m u=0 
n n v Qu 
= > (7) 4» > By u(Z15--++Sv—p+1) (52 Btxn) 3 n>0. 
v=0 pu=0 t=0 


The action of the operator KL, on both sides of the first and last members of the 
precedent equalities, along with the linearity of this operator, leads to 


n 


~Qatt) = > 


v=0 


n or 
( J Y BudleinwssSequaa) Kl | a BO) Jo. 
v i t _ 


which can be equivalently written like 
n} 
a On (t) 
Pn 
“.[n “fF 04 B(u) 
= An—v 
¥ (ae [5B 
v=0 pw=0 


where n > 0. 
Now, the identity (19) permits us to write 


’ 


2 
(e+1+3) 
a — 
2), 


By (Sty ess usps) 
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Os 
Pn 


n v Lb 
=>} (") Ais > Bil tyeoneB yaaa) (Garkle [B(xt)] ©) 
v=0 pu=0 


,n=0o. 


t=0 


Arguing, once again, with the Faa Di Bruno’s formula followed by the Leibniz rule, 
we come out with 


' n v 
Mo.0)-¥ (Jon (Zameen) 


v=0 


t= 


g” 
0 tr 


II 


(AO KL. [Bxg()] @) 


1=0 
whence the result. oO 


Some particular cases of the aforementioned Bell polynomials are worth to be 
shown [7]: 


— If g(t) = e’, then B,,(1,1,...,1) = S(,k), 1 < k <n, with S(m,k) 
representing the Stirling numbers of second kind. 

— If g(t) = te’, then B, ,(1,2,3,4,...) = (je, 1 <k <n, which correspond 
to the idempotent numbers. 

- If g(t) = {&, then B,,(1!,21,314!,...) = (Ci)S, 1 < k <n, which 
correspond to the Lah numbers. 

Another necessary condition over a generating function of a given MPS is given 

in the following result, which, indeed supplies a generating function of the KL,- 

transformed sequence. 


Proposition 2.1. Let G(x,t) be the generating function given in (15) of the MPS 
{Prhnzo- If 


Ss 


nZ0 


Pals) € Ly(R4:x"Ko(2Vz)dx), (21) 


then the MPS {S,(-) := KLa[Pn(x)]()}ne0 is generated by 


A(KLa[B(xg (NIC) =D Sul) 


nZ20 


Proof. The condition (21) ensures the integrability of G(x,t) with respect to the 
measure x“ Ko(2./x)dx. Therefore, we consider the action of the KL,.-transform 
on both members of (15), and we obtain 
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KLoe[G(x, t)](t) = KLe in by re | (x) 
j=0 . 
i —2 [ove] n n 
-2 Ir (« +14 3) i; (ua Sn0%) x" Kir QV E)dx. 


The result now follows in the light of the dominated convergence theorem. Oo 


Particular choices of the function B(-) permit to explicitly express the generating 
function of the corresponding KL,-transformed MPS. 


Proposition 2.2. [f an MPS {Py}n>0 is generated by (15), subject to the condi- 
tions (16), with 


a 
Bxg()) = Gry (x8: )). (22) 
then the MPS {Sy}n>0 is generated by 
rT +1+ = 
: 2 
t” 


= » S,(t?/4)—,——_. 


Te) To=1 a 


al : 
a 7 — 2 
2A(t) Gmt2n (ew: a it/ ,—a + it/ *) 


p+2q b 


Proof. Let G(x, t) be the generating function given in (15). Based on the relation 
(11) in [9, p. 215, vol. I], we obtain 


ity | a —it/2,—-0 + it/2, 
KLo[G¢.)lo) = 240)|P(@+ 1+ 5)| omtae (a(x lie le *) 


and now the result follows due to Proposition 2.1. Oo 


Sometimes, when certain differential and structural properties are known about 
a given MPS, we are able to deduce those of the so-called reversed sequence. 
We recall the concept. 


Definition 2.2. Given an MPS { P,,(-)}n>0 such that P,,(0) = A, 4 0 foralln € No, 
it is possible to construct another MPS {R,,(-)},>0 defined by 


1 1 
R,(x) = zi Pn (=) »ne No, (23) 


to which we will refer to as the reversed polynomial sequence or simply as the 
reversed polynomials. 


For instance, an Appell sequence can be generated by G(x,t) = A(t)e™ 
(a Sheffer-type sequence), with A(0) ¥ 0, and the corresponding reversed sequence 
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would then be generated by H(x,t) = e(t)A(xt); it is a Brenke-type sequence. 
Within the same spirit, we can also deal with more general generating functions. 


Theorem 2.2. Suppose {P,(-) := Pr (-: +) azo is an MPS possibly depend- 
ing on p + q parameters d,,...,dp,b,,...,bq with a, 4 —1 and such that 
P,(0) =A, #0. Let {R, (:; +) neo be the corresponding reversed polynomial 
sequence defined in (23). The following statements are equivalent: 


(a) The MPS {P,(-) := Py (-; 5) }nz0 is the Brenke-type generated by G(x,t), 
that is, 


A@ Gr? (x: )= Doe )) . 


= ae 
k>0 Wea Po 


where py = k/(a; + 1) or px =k, k €N, when there is no dependence ona. 
(b) The MPS { P,(-) := Pr (+: §) }n>0 fulfills 


d a+1 k+1 a\—1,d2,...,dp a 

— Peei( xs |=) Pa 2 Pe(x; 

dx wails ce mat| 1¢ Bisace dy )+a «(x ) 
(24) 


fork €E No, with Po(:; ») =1. 
(c) The sequence {R,(-) := Ry (: 1h) tno fulfills 


d atl a+ 1 
—xR x; = (k + 2) R, : 
Py (s ey (k + 2) w(x a) 


k+l Ax a) a 
a: Rx\ x; Rx (x; 25 
ay t+ 1Agyi (x Diis.siss Og a (x 7 (25) 


with Ro(-; +) =1. 
(d) The MPS {R,, (-: b) neo is generated by 


Grn (1; BY AG) = Yo Ac Re (x3 8) . 


k20 


Q 
i> 
oD 
q 


Proof. The change of variable x — 1/x and t — xt permits to readily conclude 
the equivalence of statements (a) and (d), along with the equivalence between 
statements (b) and (c). 

On the grounds of the properties of the Meijer G-function (see [9, vol. I, p. 210] 
or [8, Sect. 16.19]), we have 


d a+ 1 a,—1,a,...,a a1,...,a 
— Grim ; = Grn ’ oP +a,Gn" : 2 P ; 
dz 4 (: 7“) Pa (: Piskass by 1 Pa (: big sing Bg 


(26) 
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we are able to successively write the identities 


d at+1 tk 
la Pe Pad) ) op 
a +r Pk 
d a+1 
aoe A mn . 
x ( aa (py )) 


a, —1,d2,...,ap Q,...,4p 
t A(t)< Gr" | xt; a, GG" | xt; 
o ma'( — )+ | oe), 


II 


a,—1,a),..., ay yer! 
=r {r(x : a 7) as Pa )\— 
k20 by,..., bg b Pk 
ensuring the equivalence between (a) and (b). oO 


Let us respectively denote by EP tg and FR ies the images by the KL,- 
transform of the two MPSs {P,,},>0 and {Ry }n>0 respectively given in statements 
(a)—(b) and (c)—(d) in Theorem 2.2. Here, we mean 


A 


P(-) '=—P; (x: 5) = KL, [Pa (x: ») | (t), nENo, 


and 


A A 


= R, (3; 7) = KL, [R (x: »)] (t), nENo. 


y 
| 


Thus, under these notations, from (24) and in the light of the property (13) of the 
KL,-transform, it follows that { P,},>0 fulfills 


A a+l1 
5; | Px ; : 
(Avs e 2) 


k+1 («4% a,;—1,a2,...,a 1 e a 1 
= Py x; ee P vet — | tay Pyl xs sata |e, k ENo, 
as -( Digs sep Dg , 2 ak b 2 : 


where 6,, represents the operator given by (11). 
Likewise, due to (13) the relation (25) realized by the MPS {R,,},>0 induces a 
corresponding one fulfilled by {R,},>0: 


2 A a+ 1 1 A a+1 
1)? — 84 R : a+ |)=K+1)R ; 
(@++ 5) (Aun(n 3? se +;)) (k + 1) mula? sa] 


kK+1 Ax A a, —1,42,...,ap A a 
= Rl x; : Ri (x; :a)$, k ENp. 
| ( Biguecy ly a ees ef b ) ° 


Other relations for the two MPSs {Pt est and {Riticn may be obtained after 
straightforward computations on the grounds of the relations (13)-(14). 
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3. Some Examples of Generalized Hypergeometric-Type 
Polynomials 


The generalized hypergeometric functions are particular realizations of the Meijer 
G-function, and these include elementary functions and some well-known special 
functions. For further reading, we refer to [12, Chap. VI] or [9]. For instance, the 
hypergeometric functions can be expressed as 


Qy,.-+,Ap. Lp _1l-q,...,l—-ap 
F :z) = Gl? (—z 
p (oe :} Pal A ei ic Dek By 


1 1,5),...,b 
—G?! az 291, »%q 
sam Z j,...,4p 
for p <q or p=q+1and |z| < 1. 


The KL,-transform of an MPS {P,,}n>0 of hypergeometric type defined by 


x) (27) 


where the coefficients a;,b, with j = 1,...,p andk = 1,...,q do not depend 
on x but possibly depending on 7 is again a hypergeometric polynomial type MPS, 
say, {Sr }n>o, and is given by 

} | 


(28) 


We drive the attention toward some examples of polynomial sequences whose 
generating function involves hypergeometric functions, which are nothing but a 
particular case of the Meijer G-function. 


P,,(x) = cay p=1v)n) F eae 


( pail e) po" Diigane Dg 


q 
; [ [@)n 


i —nN,1,...,a watl-Za4+14+2 
Sn : = (-1)” et 43 F, e . : 
4 ? P q 
Di yee DG 
[[@ 


v=1 


Example 3.1. The polynomial sequences generated by hypergeometric-type 
functions next considered can be found in [9, vol. III, pp. 266-267]. Their 
KL,-images can be computed straightforwardly, and they just give rise to other 
polynomial sequences. We will adopt the notation {p,}n>0 instead of {P,}n>0, if 
we are referring to a polynomial sequence whose elements are not monic. 
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1. Just as noticed by Rainville (1947), the polynomial sequence { pn}n>o with 


‘ 


= xt) = DY me, (29) 


nZ0 


—N,Qj,...,dp 


Pr(X) = iia ( b, , 
gee Dg 


is generated by 


which is mapped by the KL,-transform into the sequence of polynomials 
{dn(-} @) }n=0 Whose explicit expression is 
i) , ned 


—N,d\,...,d,,a+1+if,a+1-i5 
qn(t?/4; @) = pias "5 _ : 
1,-+-,0g 


and generated by 


et parFy a1,---,4,,a@+1+15,a+1-i5 
by,...,b 


= ) =) 4an(e?/4; a) ’ 


nZ20 
(30) 
The polynomial sequences {p,}n>0 and {qn(-;@)}n>0 are both examples of 
d-orthogonal sequences [1,2]. For instance, the orthogonal polynomial sequence 
of the Continuous Dual Hahn polynomials is the image of a 2-orthogonal 
sequence of Laguerre type [10]. 
2. In the sequel of the works of Fasenmeyr (1947) and Brafman [5], it turns out that 


1 a1,...,a 4xt —n,n+l,d),...,a 
es, F ’ ’ P = , F. ’ ’ ’ Pp x t”. 
ima” at aie by a) dr? 1 1/2,1,b1,..- Bg 


nZ20 
The action of KL, over both sides of the precedent equality provides 


1 a1,...,4p,a@+1—it/2,a+1+it/2 4t 
Te pt2Fg = 2 
1-t by,...,bg (1 —t) 


3 F ee ae 
a +44 G42 
— " 1/2,1,b1,..., bg 


3. Analogously, the sequence of polynomials { p, := Pn(-3A)}n>0 defined by 


). n20 


n(x: A) = (A)n F —N,Q@\,...,dp 
Pn )=) pti 2( Bicaseabs 


and generated by [6] 
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= A,a1,...,a xt a 
19) pe | = = n(x; A) — 
( y+ a( by,...,b4 ~) dP e or 
is mapped, by the KL,-transform, into the sequence {g, := Pn(-34,@)}n>0 
given by 
2 t” —N,d,...,dp,a+1—it/2,a+1+ir/2 
an(34.a) = 1 pt+3£q 1 
4 bi,...,q 


and generated by 


XA, Q1,...,4y),4+1—it/2,a+1+it/2 t 
d —1t)? p+3Fq " a 
Bixedoshy 1-1 


t” 
a S > dn (t?/4; A, 02) — : 
n! 


nZ0 


As pointed out in [10], the KL,-transform maps d -orthogonal polynomial sequence 
into other d-orthogonal polynomial sequences, with d, d = 1,2,3,... with d + 
d > 3. Based on the description of all the d-orthogonal polynomial sequences 
provided in [2], it would be worth to analyze the “KL,-connections” between such 
sequences. 
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Goursat’s Hypergeometric Transformations, 
Revisited 


Per W. Karlsson 


Dedicated to Professor Hari M. Srivastava 


Abstract In a number of cases pairs of Goursat’s higher-order hypergeometric 
transformations lend themselves to eliminations of the right-hand members; one 
just has to make his or her variables equal by solving certain algebraic equations 
of degree up to six. This is carried out by the aid of MAPLE, in most cases 
supplemented by suitable one-to-one variable substitutions. 


1 Introduction 


Goursat obtained [4] quite a few cubic, quartic and sextic transformations of the 
Gaussian hypergeometric function, and some of them have an interesting property 
which we shall consider in this article. Indeed, it is readily noticed that certain 
transformations in [4] may be combined into subsets that have parametrically 
identical ,F,’s on the right-hand sides. So, from a pair of such transformations 
we may eliminate the said ,F, by adjusting the variables and arrive at a new 
transformation, or several such ones. This ‘adjustment’ means solving algebraic 
equations of degree up to six, and such a scheme could not be carried out by hand. 
Nowadays, MAPLE can handle such equations, but a direct approach turns out to 
be in most cases inconvenient or even useless. Fortunately, introduction of suitable 
auxiliary variables helps MAPLE finish the job. 

Each transformation obtained contains one free parameter, and the variable on the 
right-hand side is explicitly given by the one on the left. Some of the transformations 
may be discarded because they turn out to be particular cases of well-known 
transformations. Still, a number of interesting cases do remain. A few have been 
considered previously [5]. 
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Linear transformations may be applied to all higher-order transformations, and 
Goursat does in fact consider such variations to some extent. We shall omit such 
listings in the sequel. 

Berndt et al. [1] and Garvan [3] have, from a different point of view, considered 
transformations of a similar appearance as far as the hypergeometric parameters are 
concerned; the variables, however, are in most cases given parametrically rather than 
explicitly. 

Formula numbers from (75) onwards refer to [4]. Twenty-three transformations 
are to be considered as follows: (75), (76), (77) and (118) through (137). Note also 
the quadratic transformations listed in [2, Sect. 2.11]. 

For roots we choose the branch that is positive when the radicand is real and 
positive. In other words, (1 + z)” = , Fy [-y: :—z]. 


2 Twelve Goursat Transformations 


We first consider the largest subset, namely, the twelve transformations: (118) to 
(121), (126) to (129) and (134) to (137). They may be written in the common form 


a,b; a,a +t: P(x) 
F = “30 : 1 
2 | | Q(x)", | ow + 5; as (1) 


’ 


where P and Q are polynomials given in the table below, and a, b and c depend 
upon a. Actually, we consider only seven transformations, because the others are 
obtained by taking x = —&/ (1 —&) in (1), followed by application of a Euler 
transformation (L) to the left-hand side; this is indicated in the rightmost column. A 
few errors of sign in [4] have been corrected. 


No. a,b,c O(x) P(x) (L) > 
(118) 3a,3a + 3,4a + 3 1— 3x 2 x? (1 — x) (120) 
(119) 30,30 + 5.20 +2 1+ 3x 27x (1 — x)? (121) 
(126) 4a, 4a + 3,60 + 5 1— 8x x3 (1—x) (128) 
(127) 4a, 4a + 4,20 + 2 1+ 8x 64x (1 —x)* (129) 
(134) 6a, 2w + 4, 4a + 2 l-x+x? —2y2(J—x) itself 
(136)  6a,4a+ 4,20 + 2 14+ 14x+x? — 108x(1—x)* (135) 
(137) 6a, 4a + 4,80 + 4 lon+ qx ak U=*) itself 
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For each pair (m)&(n) of these Goursat transformations, we shall consider 
Eq. (1) for (m) together with a similar equation with tilded quantities for (1), yet 
a is the same as a. Writing y in place of x we then have a new transformation: 


ab) (COOL ..lam 
| |= [365 | | 2 


provided that the condition 


z or 7 5 a. = 
is satisfied. We rewrite (3) as 
M(x, y) = 0, (4) 
where 
M(x, y) = L[P@)OOY — P(y)Q(x)’]. (5) 


and the constant L is, for convenience, so chosen that the polynomial M has integral 
coefficients. We shall consider only transformations that are, like Goursat’s, valid in 
a neighbourhood of the origin. Accordingly, the relevant roots of (4) are those for 
which we have an asymptotic expression of the form 


y x Kxé for x—0O, (6) 


where K and f are constants, easily obtained from (4) by inspection. The actual 
regions of validity for the transformations established will not be considered here; a 
few examples are found in [5]. 

So, the first step will consist in solving (4) with respect to y and selecting 
the relevant root(s) by comparison with (6). It turns out that a direct approach 
by MAPLE may leave us with inconvenient or even enormous expressions, or just 
Root Of-statements. However, introduction of suitable auxiliary variables by one- 
to-one substitutions of the form x=(z,,,,) leads to reasonable expressions for the 
roots. It is then a simple matter to find the Q-polynomials and establish the resulting 
transformations (2).The adjacent table gives an overview of the results. Nine pairs 
of Goursat transformations lead to trivialities: particular cases of quadratic or linear 
transformations or the identical transformation. For brevity, these cases are not 
considered below. The remaining nineteen pairs lead to the interesting, at least cubic, 
transformations C1, C2, ...and C19. Some of these are accompanied by trivialities 
as indicated, and some are in fact two transformations. 
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3. The First Case 


We first consider the pair (136) and (118), for which we find the polynomial 


No. (118) (119) (126) (127) (134) (136) (137) 


(118) 3,1 

(119) C4 I 

(126) C16 C10 C7,1 

(127) C17 cll C6 I 

(134) Q Q C14 C15 LI 

(136) Cl Q C12 C13 Q I 

(137) C5,Q C2 C18 C19 Q C8 C9,L,1 


M = 4x (1—x)*(4—3y)? — y?(1— y) (1 + 14x + x?) 


and the asymptotic expression y> ~ 64x. MAPLE finds the three roots, but the 
relevant ones involve ./x. To avoid a branch point we substitute simply x = uw’. 
(Incidentally, one of the quadratic transformations, viz. [2, 2.11(5)], is also written 
in this way.) MAPLE now finds the roots (1 — wy)? / (1 + w)’, which are not 


relevant, and 


_ £16u(1 + uy” 
(1 +6u+ 02)” 


It follows that 


_ 4(1+ 14u? + u*) | 


4-—3y, = ; 
~ (14 6u+ 02)" 
hence, 
1+14 ? 
at ec =(146u+w)’, 
l1—=y 
47a 


and we have the transformations 


6a, 4a + 2; 
2Fy i 
2a + 2; 


| = (1+ 6u+ w) af, 


3a, 3a + 5; 
2 Va 5 
4a + 3; 


Similar intermediate steps are carried out in the other cases; for brevity, such details 
are omitted in the sequel. 
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4 Transformations C2 to C5 


For these pairs MAPLE finds the relevant roots as rational functions of x and 
/1 — x. Simpler expressions arise if we substitute x = 1 — vu’, but we shall prefer 
the auxiliary variable w = 1 — u, which is small when x is small. In other words, 
we introduce the substitution 


1 
x =2w-w’, w=1-VvVl1-x, eS for x— 0. (7) 
After substitution into (4) the resulting equation is solved for y in terms of w. 
It is noted that MAPLE finds all roots. Actually, these four transformations can 
also be proved by applying successively two quadratic transformations to the left- 


hand member and imposing one condition upon the parameters. This idea is due to 
Kummer, who obtained [6] many more instances. 


4.1 C2-(137) & (119) 
Polynomial and relevant root: 
M = 4x4(1—x)(1+3y)?-—y(—y)? (16 - 16x + ey, Y= 


Transformation: 


6a, 4a + é; 1 ,\~* 3a, 3a + 5}; 
oF x|= (1 —wt "°) oF, Yo}> 
8a + 4; 8 2a + 2: 
w=1-vl1-x. 


Alternative: (31) and (4) in [2, Sect. 2.11]. 


4.2 C3-(118) & (118) 


Polynomial: 
M = x? (1—x)(4-3y) — y? (1— y) (4—3x)°. 
The relevant roots are x, which is trivial, and 


_ =8w(l =) 
v0 2-30 
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which leads to the transformation: 
3a, 3a + 5; 3 \ 764 3a, 30 + 4; 
oF, x = (1-3) oF; Yo |> 
2 2 2. 
4a + 3° 4a + 3> 
w=1-v1—-x. 


Alternative: (6) and (20) in [2, Sect. 2.11]. 


4.3 C4-(118) & (119) 


Polynomial and relevant root: 


2 
M =x (1—x)(1+3y)P—y(l—y 4-3x)?, yg = Gea 


Transformation: 
3a,3a + 5; 3 \7 oe 3a, 3a + 53 
9F; x|= (1 - 7”) oF; Yo|> 
4a + 2; 4 2a + 2; 


Alternative: (6) and (28) in [2, Sect. 2.11]. Since y, is a square, one might try the 
substitution y = U 2 and indeed (2.31) in [3] is obtained in this way. 


4.4 C5 —(137) & (118) 
Polynomial and relevant roots: 


M = 4x4 (1—x) 4—3y)? — y? (1— y) (16 — 16x +. x2)°, 
w? (1—w) x? 


y = 5 y =) ————— 
: (l-w- 12)? ' (2x)? 


The latter leads to a particular case of (4) in [2, Sect. 2.11]. The former yields the 
transformation: 
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Alternative: (31) and (20) in [2, Sect. 2.11]. 


5 Transformations C6 to C9 


It turns out that a modified version of the above method works in four cases: we set 
x = 1—u* andu = 1—w, wherek equals 3 or 4. In other words, the substitution 
reads: 


k=3: x=3w-3w4+w, w=1-V71—x, 
k=4: x =4w-6w’? 4+ 4w? -—w*, w=1-V71—x. 


5.1 C6 —- (126) & (127) 


Exponent k = 3. Polynomial and relevant root: 


3 
M =x3(1—x)(1+8y—y(1— yO 8x), 70= ( ks : 
3—2w 


Transformation: 
4a, 4a + i 9 \—1e 4a, 4a + i 
Fy itl=\t=a¥ oF 5 Yo}> 
6a + 4; 3 2a + 2; 


Since y is acube, one might try the substitution y = U?. This would lead to (2.28) 
in [3]. 


5.2. C7—- (126) & (126) 


Exponent k = 3. Polynomial: 


M =x? (1—x)(9—8y)’ — yy? (L— y) (9— 8x)’. 
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The relevant roots are x, which is trivial, and 


36w (w— 1) (3 + iv3 - 2w) 
(34 iv3—4w) 


yi = 


’ 


which leads to the transformations: 
_ 4a, 4a + 4; i: i: i \° - 4a, 4a + 4; 
2F) x = —_ + —|w gf Ti : Ye ’ 
6a + 5; V3 6a + 5; 
All upper [lower] signs are taken together. Compare [5]. 


5.3 C8 — (137) & (136) 
Exponent k = 4. Polynomial and relevant root: 
M =x‘ (1—x) (1414y+y?)° -y (-y)4 (16—16x + xr) yy = ( " y. 


Transformation: 


6a, 4a + 2; 1 \~24e 6a, 4a + 4; 
oF; x = (1-5) 2F; Yo ]> 
8a + 4; 2 2a + 2; 


5.4 C9—- (137) & (137) 
Exponent k = 4. Polynomial: 
M = y*(1—y) (16— 16x + x2)° — x4 (1 — x) (16 — 16y +. y?)°. 


The relevant roots are x and —x/ (1 — x), which are trivial, and 


_ £8iw (1 — w) (2—w) 
0S iw) 
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which leads to the transformations: 


6a, 4a + 2; 1 =e 6a, 4a + 2; 
gi x|= (1 —~ =(1+ i) w) af Ve ls 
1. 2 eas 
8a + 33 8a + a3 


w=1-V1—x. 


All upper [lower] signs are taken together. Compare [5]. 


6 Transformations C10 to C13 


In each of these four cases we arrive at the result by means of an auxiliary variable: 
ofl 
t = sin Arcsin./x } . (8) 
It satisfies 
x=t(3-4t). (9) 
It is noted that the branch point at the origin is an apparent one since the sine is 
squared and, moreover, that (8) and (9) apply all along. In all cases MAPLE gives 


us the relevant root(s) and in most cases all roots. The transformations are more 
complicated now, and for clarity auxiliary functions are introduced when suitable. 


6.1 C10- (126) & (119) 


Polynomial and relevant root: 


6477(1 —t) 
3(3 — 12t + 817)?" 


M = 64x3 (1— x) (1 + 3y)?—27y (1 — y)? (9— 8x), yo = 


Transformation: 


4a, 4a + 4; 8 .\~o 3a, 3a + 5: 
wo aes (1-4r+ 5) oF, Yo |- 
6a + 4; 3 2a + 2; 
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6.2. C11 -(127) & (119) 


Polynomial and relevant root: 


64r(1 —t)? 
3(1 + 4¢ — 817)?" 


M = 64x (1—x)3 (1 + 3y)? —27y (1—y)? (14 8x)?, yy = 


Transformation: 


7 = (1+ 41-81)" F, 


3a, 3a + 4; 
o|- 


6.3 C12 -—- (126) & (136) 
Polynomial and auxiliary functions: 


M = 16x3(1—x) (1+ 14y + y?)° —27y (1—y)4 (9— 8x)’, 
G = 27—216t + 5761? — 6082? + 22474, 


H = (3- 12r + 81’) 3-41) /3 (1 — 42) (3 — 40). 
MAPLE finds only two roots explicitly, but one of these is the relevant root: 


2 SCSt 
20 So iaay 
However, G? — H? = 1024r°(1— 1)’; hence y) = 3223(1—1)/(G + H), and, 
moreover, 
3(9-8x)(G—H) _ 6(9—8x) 


1+ 14y,+ y2= = . 
ae 51216 (1 —t) G+H 


A similar step applies in the following cases. The transformation obtained reads: 


4a, 4a + 7. G+tH\ 6a, 4a + 2; 

oF, ca | ( ) oF; Jol: 
1, 54 5. 
6a + 5; 2a + 2; 
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6.4 C13 —- (127) & (136) 
Polynomial and auxiliary functions: 


M = 16x(1— x) (1+ 14y + y*)’ —27y1— y)* +. 8x), 
G = 3=— 8 + 9617 — 2887? 4 2247", 


H = (1+ 4t—8r’) 3 (3 — 41) (1 —41)?. 
MAPLE finds only two roots explicitly, but one of these is the relevant root: 


_ 3241-1) 
0 GAH 


The transformation obtained reads: 


4a, 4a + 4; G+H\-™* 6a, 4a + 4; 
oF el ( ) oF Yo}: 
5, 6 5, 
2a + 6? 2a + 6° 
A variant with x and y, expressed as functions of a parameter is given as (2.33) 
in [3]. 


7 Transformations 14 and 15 


The substitution (9) would in two cases lead to results involving /t. To avoid the 
branch point at the origin, we set x = uv? and introduce the auxiliary variable: 


1 
v=sin (Arcsin) ; 


hence, u = v (3 _ 4v’). MapLE finds all roots in these two cases. 


7.1 C14—- (126) & (134) 
Polynomial, auxiliary functions and relevant roots: 


M = 256x3(1—x) (l—y +’) —27y?(1— yy? 9— 8x), 
G = 27—216v* + 576v* — 512v® + 1288, 
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16v3 (—8v7(1 — v?) + H 
H = (3-12v" + 8v*) /3(1—v?), ya a al a 
~ (3 —4v?)" (1 — 40?) 


Transformations: 


4a,4o + }; G + 1603H)\ 6a, 20 + 5; 
Fi ie -( , ) 2F "Yak . 
I. 27 2a 
6a + > 4a + 35 
All upper [lower] signs are taken together. A variant with x and y, expressed as 
functions of a parameter is given as (2.29) in [3]. 


7.2 C15 — (127) & (134) 
Polynomial, auxiliary functions and relevant roots: 


M = 256x (1—x)* (l1—y + y2)’ —27y2(1— y)? (1 + 8x)’, 


G = 3+ 88v- — 192u*— 128v8, H = (1+ 4v? — 8‘) /3(1—v), 
16v (1 — v?) (-8v (1 — v?)? + H) 
y — 
= (3 — 4v2) (1 — 402)? 
Transformations: 


do,4a+ 33, Gtlov(l—v’)H\_, Ga, 20 + 5: 
Fy a= 3 oF 7 %#|- 
2o + 3; da + 33 


All upper [lower] signs are taken together. 


8 Transformations C16 to C19 


This type is akin to the preceding one. In each case we introduce the auxiliary 
variable: 


1 1 1 
t = 4sin (57 + 3 Arcsin) sin (5 Arcsin) : 


it satisfies x = t* (3 — t) /4. After substitution, MAPLE can find roots. But now the 
origin is actually a branch point, and the plane has to be cut along the negative real 
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axis. The branch point may be avoided by taking x = u?. For brevity, we do not 
consider this option. MAPLE finds all roots in the cases C16 and C17 but not in the 
last two cases. 


81 C16 —- (126) & (118) 


Polynomial, auxiliary functions and relevant roots: 
M = 64x? (1— x) (4—3y)° —27y? (1— y) (9— 8x)’, 
G = 45 — 3017 + 121? — r¥, 


H = (3—1)(3-1’) 3(1 +1) G72), S = 9-61? + 61? — 2r%, 


2[3-1)' +7) S—(9-8x) H] Os 
yee i aes 
° 3 (18 — 12c? + 6r3 — 2x4)” ' 3(3—72)7 
Transformations: 
4a, 4a 4+ 4; ba 3a, 3a + 4; 
+f, x} = (1-17) OF, a Ae 
1 2 


4o,4a + 4; G-H\-* 3a, 3a + 5; 
2 (|= oF 7. Yo]: 
6a + 5: 18 4+ 5; 


8.2 C17 —- (127) & (118) 


Polynomial, auxiliary functions and relevant roots: 
M = 64x (1 — x)? (4—3y)? —27y? (1— y) (1 + 8x)*, 


G =5+8r+4+ 18r7 — 4173 — 717, 


H = (141) (1—4c+17) 3 (1+1) G—1), S = 14161 — 182? + 107° — 2%, 
2[G- (+0) S-(1+8x) A] -47 2-2) 
Yo = > VF 


3 (2+ 8r + 213 — 14)” 3(1—4r + 72) 
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Transformations: 


4a, 4a + 1; ae 3a, 3a + 4; 
Al [= (ary 2A a. 


2a + 2; 4a + 3; 


da, 4a +}; G-H\~™ 3a, 3a + 53 
oF; aoe =( 5) ) 2F; p20) * 


8.3 C18—- (126) & (137) 


Polynomial, asymptotic expression and auxiliary functions: 


M = 16x3 (1 —x) (16 — 16y + y*) —27y4 (1 —y) 9 — 8x)’, 


where ¢ € {1,i,—1,-i}, 


16x? 4/203 
yee we 
4 


3 3/3 
G = 27-187 —81°4+7r*, H = (3-17) ¥3t (2-1). 


MAPLE finds only the two roots corresponding to ¢ = +1,, viz. 


_ 4c (20? (2-1) tif] 
te ea ae 


Thus, two of the relevant roots are missed. The transformations obtained read: 


4a, 4a + 4; G+4itH \~™* 6a, 4a + 
oF} x)= oF, Yi l- 
1. 27 os 
6a + om 8a + 
All upper [lower] signs are taken together. A variant with x and y, expressed as 
functions of a parameter is given as (2.34) in [3]. 


Wl Ale 


8.4 C19 —- (127) & (137) 
Polynomial, asymptotic expression and auxiliary functions: 


M = 16x (1 —x)? (16 — 16y + y*)’ —27y4(1— y) (1 + 8x)’, 


Goursat’s Hypergeometric Transformations, Revisited 


yre 


G = 3—56r + 10217 — 487? +. 71’, 


16x! 


33 


~ bv2vt 


V3 


where ¢ € {1,i,—1,—-i}, 


H = (1—4t +1’) V3r(2—1). 


Again, MAPLE finds only the two roots corresponding to ¢ = +i, viz. 


y_= 


_ 4@-2) [27 Q-0) +H] 


(1+ 1)? 3-7) 
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and so again two relevant roots are missed. The transformations obtained read: 


al 


4a, 4a + 4; 
2a + 2: 


‘J 


G+4iQ-1H 


3 


ys] 


6a, 4a + 2; 
8a + i 


iJ 


All upper [lower] signs are taken together. 


9 Concluding Remarks 


Of the transformations mentioned in the introduction, eleven have not yet been 
investigated: four pairs and one triple. 

The pairs are (122) & (123), (124) & (125), (130) & (131) and (132) & (133). It 
turns out that in these cases eliminations lead only to linear transformations. 

For the triple (75), (76) and (77) we have analogues of (1) and its accompanying 
table. The result of the eliminations may be stated as follows: 


No. (75) (76) (77) 
(75) I 

(76) Q I 

(77) iL Q I 


So, further interesting transformations did not emerge. 
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Convolution Product and Differential and 
Integro: Differential Equations 


Adem Kaligman 


Dedicated to Professor Hari M. Srivastava 


Abstract In this paper, we consider partial differential equations with convolution 
term. Further, by using the convolution we propose a new method to solve the 
partial differential equations and compare the several properties before and after 
the convolution. In this new method when the operator has some singularities, then 
we multiply the partial differential operator with continuously differential functions 
by using the convolution to remove the singularity. We also study the existence 
and uniqueness of the new equations. In order to show numerical examples, the 
following types of problem will be considered: 


G(x, y) * P(D)u= f(x,y), 


where P(D) is a differential operator. For computational purpose the computer 
algebra package can be used to solve recurrence relations with associated boundary 
conditions. 


1 Introduction 


The partial differential equations (PDEs) is a very important subject, yet there is no 
general method to solve all types of the PDEs. The behavior of the solutions very 
much depends essentially on the classification of PDEs. 

It is also well known that some of the second-order linear partial differential 
equations can be classified as parabolic, hyperbolic, or elliptic; however, if a 
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PDE has coefficients which are not constant, it is rather a mixed type. In many 
applications of partial differential equations the coefficients need not necessarily be 
constant; in fact, they might be a function of two or more independent variables and 
possible dependent variables. Therefore the analysis to describe the solution may 
not be held globally for equations with variable coefficients that we have for the 
equations having constant coefficients. 

In the literature, there are some very useful physical problems in which their type 
can be changed. One of the best-known examples is the transonic flow, where the 
equation is in the form of 


2 2 2 
(1 = =) bax — bry + (: 2 ) dyy + f(b) =0, 


where u and v are the velocity components and c is a constant; see [4]. 
Similarly, partial differential equations with variable coefficients are also used in 
finance, for example, the arbitrage-free value C of many derivatives 


aC 5 ea: rere 
Ot 2 os? 


+ b(s, ao —r(s,t)C = 0, 
Os 


with three variable coefficients o(s,t), b(s,t), and r(s,t). In fact this partial 
differential equation holds whenever C is twice differentiable with respect to s and 
once with respect to T; see [30]. 

However, in the literature there was no systematic way to generate a partial 
differential equation with variable coefficients by using the equations with constant 
coefficients. Recently, Kiligman and Eltayeb in [20] studied the classifications of 
hyperbolic and elliptic equations with nonconstant coefficients and extended in [22] 
to the finite product of convolutions and classifications of hyperbolic and elliptic 
PDEs where the authors consider the coefficients of polynomials with positive 
coefficients. Thus, in [25], the same authors proposed a systematic way to generate 
PDEs with variable coefficients by using the convolution product. 


2 Convolutions 


The convolutions are important in the development of differential equation and 
difference equation. The classical definition for the convolution product of two 
functions f and g is as follows: 


Definition 2.1. Let f and g be functions. Then the convolution product f * g is 
defined by the equation 


(f *g)() = / f(e(x —1) dt 
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for all points x for which the integral exists, that is, an integral which expresses the 
amount of overlap of one function g as it is shifted over another function /. The 
discrete version of the convolution is given by 


(f * gm) =~ f(n)g(m =n). 


When multiplying two polynomials, the coefficients of the product are given by the 
convolution of the original coefficient sequences. Now if the convolutionh = f * g 
exists for all x, then / is a continuous function. 


The convolution operator differs from the other multiplication operator in that 
lx f # f and f « f # f*, for example, the square of the any number is positive 
for the ordinary function this also true, however, the convolution of a function f 
with itself might be negative. Now, let f, g, and h be arbitrary functions and a 
a constant, then convolution has many properties of ordinary multiplication. For 
example, 


f *(g eh) =(f *g)*h, 
fa(gth)=(f*g)+(f *h), 
a(f * g) = (af)* g = f * (ag), 
f*x0=0% f =0. 


ie F(t) dt dx = [e-oroa 


also gives a convolution. However, it is not true in general that f * 1 is equal to f. 
To see this, 


In more general 


t t 
(f * y=/ fir-w-1du= f f(t —u) du. 
0 0 
In particular, if f(t) = cost, then 
t u=t 
(cos *1) = i cos(t — u) du = sin(t — w| = sin0 — sint = —sinf. 
0 u= 
Of course now it is obvious that (f « 1)(t) # f(t). Similarly, it is not necessary 


that f * f is not negative. Thus, it follows easily from the definition that if f * g 
exists, then g * f exists and 


fee ees, 
Similarly, if (f * g)’ and f * g’ (or f’ * g) exist, then it can be shown that 


(f*g)=fx*g' (or f' xg). 
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That is, the derivative of a convolution satisfies a very important property of 
convolutions that derivatives of a convolution may be placed on either factor but 
not both. In the one-variable case, 


d d d 
fifa a Sagas 


where d/ dx is the derivative. More generally, in the case of functions of several 
variables, an analogous formula holds with the partial derivative: 


0 
fags haga part. 


A particular consequence of this is that the convolution can be viewed as a 
“smoothing” operation: the convolution of f and g is differentiable as many times 
as f and g are together. In fact, we can say that because of this rule, the convolutions 
that are important in the solutions to differential equations are often given by 
convolutions where one factor is the given function and the other is a special kernel. 

The area under a convolution is the product of areas under the factors, 


[. HW Flug —¥) au| 
[tof eo -war] a 
. | [_ fenan| [f= scour], 


Thus, if T is a linear operator then 


II 


13g « g)dx 


II 


dx 


T(f *g) =T(f)-T(g). 


Furthermore there is no algebra of functions that possesses an identity element 
for the convolution. The lack of identity is typically not a major inconvenience, 
since most collections of functions on which the convolution is performed can be 
convolved with a delta distribution or, at the very least, admit approximations to the 
identity. The linear space of compactly supported distributions does, however, admit 
an identity under the convolution. Specifically, 


freb=f 


where 6 is the delta distribution. 
We also note that the convolution is more often taken over an infinite range, 


(fxn @= / fet —ddr = / g(t) f(t —2) dz. 
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Of course we can ask the question whether this integral always exists. The answer 
for the question is negative. However, if we now let fg be locally summable 
functions and suppose that supp f © [a, b] then if G is a primitive of g and [c, d] 
is any interval, thus 


d 
i g(x —t)dx = G(d —t) -G(c—0). 


c 


This implies that the function i g(x — t) dx is bounded on the interval [a, b], and 
so f(t) c g(x — t) dx is a locally summable function. This proves that 


foe) b 
(f * 2)(x) = / fOe(x —1) dt = / fe(x —1) dt 


exists and further 


[reneres 7 ye POs - 1a Sa -[ roy cesar 


proving that f * g is a locally summable function if f has compact support. 
Similarly, f * g is a locally summable function if g has compact support, and in 
either case fxg=gxf. 

In the discrete form, the Cauchy product of two sequences a, and by, is the 
discrete convolution of the two sequences, thus the sequence c,, whose general term 
is given by 


n 
Ch = S> akbn-k- 
k=0 


Let f and g have the power series representations 


f(x) = So an (x —Xxo)" and g(x)= So dn (x — Xo)", 


n=0 n=0 


then 


f@)g&) = > eax — x0)", (1) 


n=0 


where 


n 
Ch = > agbn—x. 
k=0 


Equation (1) is known as the Cauchy product of the series for f(x) and g(x). 
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Note that the convolution does not only differ from the ordinary product; further, 
it also has many useful applications such as on the solution of the differential and 
integro-differential equations. 


Example 2.1. The integral equation 
t 
F(t) = 2cost -{ (t —t) f(t) dt 
0 


and the solution can be found by letting F(s) = L(f(t)), and on using L(t) = + 
in the convolution theorem, we can obtain 


F() = 2 - SF) 
N= 5 +1 3 S). 
Now solving for F(s) yields 


aC 2s 
(s? +1)? 5241. (s2 +1)?’ 


F(s)= 


and the solution is given by f(t) = 2cost — tf sint. 


Example 2.2. IfA, 4 > —1, then x4 xx! = BA+1, y+ ata Equivalently, 


Ri * fi = | gee In particular, 


2 xi ae 
xh H(s) = = f x4 dx. 


Further, if A, > —1 > A+ y, then 
x4 * xi = BAt+1,-A-p—- ine REL Sa pe te, 


where B is the beta function and H is the Heaviside function, respectively; see [16]. 


Some of the functions have an inverse element for the convolution, f (), which 
is defined by 


fas Se 


The set of invertible functions forms an Abelian group under the convolution. 
Further, the derivative of a convolution satisfies a very important property of 
convolutions that derivatives of a convolution may be placed on either factor but 
not both. This means that the derivatives of a function f can be expressed as 
convolutions, using the derivatives of the 6 distribution which is strange but useful: 


S47, Pjc4e, f So e7 
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Thus, if the mth-order linear differential equation has constant coefficients, we may 
write it as f * x = b by introducing the distribution 


f =8 + ay_8"—Y +--+ + 36 + a8” + 016! + a6. 
Further, if we have a function such that f * g = 6, we will obtain a special solution 
of the inhomogeneous equation as g * D. 


By using the convolution method several initial value problems (IVPs) can also 
be solved. For example, the unique solution to the initial value problem 


ay"(t) + by) + cy(t) = g(t), with y(0) = yo and y’(0) = y1 
is given by 
y(t) = u(t) + (h * g)(2), 
where u(t) is the solution to the homogeneous part of the equation 
au’ (t) + bu’ (t) + cu(t) = 0 with u(0) = yo and w’(0)= y, 
and h(t) has the integral transform such as Laplace transform and given by 


1 


H = ——____.. 
(s) as? +bs +c 


Then the general solution is y(t) = u(t) + v(t) = u(t) + (A * g)(t). In order to 
verify that the initial conditions are met, we compute 


y(0) = u(0) + v0) = yy +O = yo and y’(0) =u'(0)+v'(0) = y, +0 = yy. 
Example 2.3. By using the convolution method the following initial value problem 
y(t) + y(t) =tant, with y(0)=1 and y’(0) =2 
can be solved uw’ (t) + u(t) = 0, with u(0) = 1 and w’(0) = 2. Taking the Laplace 


transform it yields s*U(s) — s —2 + U(s) = 0. Then U(s) = (s + 2)/(s + 1) and 
it follows that u(t) = cost + 2sint. 


1 
Second, we observe that H(s) = — 4 and h(t) = sin ¢ so that 
s 


v(t) = (Ax g)(t) = i. sin(t — s) tan(s) ds = Exo In () 


1+ sins 


s=t 
; cos t 


— sin(t — »| isnt 


= cos(ft) In ( ) + sin(t). 


s=0 
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Therefore, the solution is 


t 
y(t) = u(t) + v(t) = cost + 3sint + cos(t) In () , 
1+ sin ¢ 


In practical applications it is very common to use delta sequences rather than the 
delta itself. Thus, we have the following definition in the literature; see [16]. 


Definition 2.2. A sequence 6, : R — R is called a delta sequence of ordinary func- 
tions which converges to the singular distribution 6(x) and satisfies the following 
conditions: 


(i) 6,(x) > Oforallx ER. 
[o.e) 
(ii) 5, is continuous and integrable over R with / bn (x) dx = 1. 
(iii) given any e > 0, = 


—E [ee 
lim +[ bn (x) dx = 0. 
CO € 


noo J_ 


n 
E le 2.4. Let 6,(xt) = —~.——.. Th 
xample et b,(xt) me en 


b b 

n 1 
6,(t) dt = dt = arctan(nb) — arctan(an)] . 

[ btnar= fo ata = = latotan(nd) — aretan(an] 

Now, if we let n — oo, then it follows that 6, is a delta sequence and converges 

to the Dirac delta function. Similarly show that all the following sequences are the 

delta sequences: 


1 
0,x <—5,, 


bn(x) = fn, -p <x <7, > 8(x); 
0,x> x 


un (x) = a > 8(x); 


sin(nx) 


€n(X) = sin c(ax) = — 6(x); 
Xu 
1 elnx _ eux 
An(x) = ——.— _ > 6a); 
UX 2i 
1 ix n 
Bn(x) = Ea > 6(x); 


21x 
1 ‘ ixt 
hy (x) = ae e'’ dt > 6(x); 
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1 sin[(n + ) x| 


2x sin (3x) 


My (x) = 


— d(x). 


The above sequences are also known as approximate identities for convolution oper- 
ation which are used in some situations such as numerical analysis to approximate 
the piecewise linear functions. 


Example 2.5. In general if we let @ be continuous and nonnegative, ¢(x) = 0 for 


all |x| > 1 and i o(x) dx = 1, if we set 6,(x) = nd(nx). Then one can show 
that 6, is a delta sequence. 


Thus, the above examples show that there are several ways to construct a delta 
sequence. The convolution operation can be extended to the generalized functions. 
If f and g are generalized functions such that at least one of them has compact 
support and if ¢ is a test function, then f x g is defined by 


(f * g,6) = (f(x) x g(y), 6 + y)) 


where x is the direct product of f and g, that is, the functional on the space of 
test functions of two independent variables given by every infinitely differentiable 
function of compact support; for further details and properties, we refer to [3] 
and [10]. The idea of the delta sequences can also be extended to the multiple- 
dimensional form; for that see [34]. By using the derivatives of the 6 distribution, 
then we obtain the following strange but very useful statements: 


f=t47, fates. fo Sar ez 


Note that one can study in the type of convergence and speed of convergence by 
using the delta sequences. 

In the case of functions of several variables, an analogous formula holds with the 
partial derivative 


0 
OX; 


Deeps 


(fF *)@) = > 


OX; , 


A particular consequence of this is that the convolution can be viewed as a 
“smoothing” operation: the convolution of f and g is differentiable as many times 
as f and g are together. In fact, we can say that because of this rule, the convolutions 
that are important in the solutions to differential equations are often given by 
convolutions where one factor is the given function and the other is a special kernel. 

In the literature, there are several important partial differential equations which 
are of the form 


P(D)u = f(x, y). 
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In order to solve these equations, one might consider the following cases: 


1. The solution u(x, y) is a smooth function such that the operation can be 
performed as in the classical sense, and the resulting equation is an identity. Then 
u(x, y) is aclassical solution. 

2. The solution u(x, y) is not smooth enough so that the operation cannot be 
performed but satisfies as a distribution. 

3. The solution u(x, y) is a singular distribution; then, the solution is a distributional 
solution; see Kiligman [22]. 


In particular, let us try to solve the linear second-order partial differential 
equations as follows: 


Aux, + buxy + Cuyy + dux + euy + fu= G(x, y) 


under boundary conditions 


u(x,0) = fi(x) * fo(x), u(O, y) = wily) * way) 


d d 
ux(%,0) = 7 (Ai@)* AO), wy Oy) = ay (wi(y)*wo(y)), and u(0,0) = 0, 


where the symbol * is the convolution [8] and a,b,c,d,e, and f are constant 
coefficients. 
Now consider the equation 


aux, + 2buxy + Cuyy + F(x, y,u, uy, Uy) = 0 (2) 


where a,b,c,d,e, f are of class C?(Q) and 2 C R? is the domain and (a,b,c) # 
(0,0,0) and the expression auy, + 2bux) + Cuyy is called the principal part of 
Eq. (2), and since the principal part mainly determines the properties of the solution, 
it is well known that 


1. If b? — 4ac > 0, Eq. (2) is called a hyperbolic equation. 
2. If b? — 4ac < 0, Eq. (2) is called a parabolic equation. 
3. If b? — 4ac = 0, Eq. (2) is called an elliptic equation. 


If this is true at all points, then the equation is said to be hyperbolic, parabolic, 
or elliptic in the domain. Later we generalized the classification of hyperbolic 
and elliptic equations by using the convolution method where we assume that the 
nonconstant coefficients are polynomials; see [22]. 

Now if we have the partial differential equations which are in the form of 


P(D)u= f(x) 


then if we multiply the differential operator with a function by using the convolution, 
that is, 


(Q(x) * P(D))u= f(x). 
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In particular if we consider O(x) = 6,(x), that is, the delta sequence converges 
to Dirac delta 5, that new equation is equivalent to the original equations; see [20]. 
Question: Now if we multiply the differential operator by a function, what will 
happen to the classification? That is a new classification problem of the 


(O(x,t) * *P(D))u = f (x,t). 


However the classification theorem guarantees that every second-order linear 
PDE with constant coefficients can be transformed into exactly one of the above 
forms. 

Further, in the literature there was no systematic way to generate partial 
differential equations by using the equations with constant coefficients; most of 
the partial differential equations with variable coefficients depend on the nature of 
particular problems. 

The classification depends upon the signature of the eigenvalues of the coefficient 
matrix. 


1. Evuiptic: The eigenvalues are all positive or all negative. 

2. PARABOLIC: The eigenvalues are all positive or all negative, save one that is 
zero. 

3. HYPERBOLIC: There is only one negative eigenvalue and all the rest are positive, 
or there is only one positive eigenvalue and all the rest are negative. 

4. ULTRAHYPERBOLIC: There is more than one positive eigenvalue and more than 
one negative eigenvalue, and there are no zero eigenvalues. There is only limited 
theory for ultrahyperbolic equations (cf. Courant and Hilbert [5]). 


On the other side there are some very useful physical problems where its type 
can be changed. One of the best-known examples is the transonic flow, where the 
equation is in the form of 


2 2 2 
(: 7 “) ha (: : ) bsy + £G) =0 


where u and v are the velocity components and c is a constant (see [4]). Similarly, 
partial differential equations with variable coefficients are also used in finance, for 
example, the arbitrage-free value C of many derivatives 


aC “: eo: t) PC 
Ot 2 ~~ ds? 


aC 
+ b(s, tT) — 


3s —r(s,t)C =0, 


with three variable coefficients o(s,t), b(s,t), and r(s,t). In fact this partial 
differential equation holds whenever C is twice differentiable with respect to s and 
once with respect to T; see [30]. 

However, in the literature there was no systematic way to generate partial 
differential equations with variable coefficients by using the equations with constant 
coefficients; most of the partial differential equations with variable coefficients 
depend on the nature of particular problems. 
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Question: How do we generate a PDE with variable coefficients from the 
PDE with constant coefficients? In order to answer the above questions we extend 
the classification of partial differential equations further by using the convolution 
products. 

For example, in the following diffusion equation, 


Uy = Uxx + 6(x — a)k (u(x, f)), 


where 0 < x < 1, 0 < a < I, with zero boundary and initial conditions. All 
we know is that this is used to model physical scenarios where the energy that is 
being put into the system is highly spatially localized. Question: Is the solution 
of such PDE possible? In a classical way or in another way (delta function is not 
real function)? Or maybe the solution of such PDE exists in a normal sense (delta 
function is a limit of the so-called delta sequences, which are sequences of ordinary 
functions). 
For example, if we consider the wave equation in the following example, 


lyr — Uxx = G(x,t), (x,t) € Ri, 
u(x,0) = fix), ur(x,0) = gia), 
u(0,t) = fot), ux(0,t) = galt). 

Now, if we consider multiplying the left-hand side of the above equation by the 
nonconstant coefficient O(x, 1) by using the double convolution with respect to x 
and ¢, respectively, then the equation becomes 

O(x,t) * * (Up — Uxx) = G(x,t), (t,x) € R2, 
u(x,0) = fix), ur(x,0) = gi), 
u(0,t) = fo(t), ux(0,t) = go). 

Thus, the relationship between the solutions’ partial differential equations with 
constant coefficients and nonconstant coefficients was studied in [22]. Note that in 
particular case, if lim Q,,(x,t) = 6(x,t), then it will be an approximate identity 

noo 
which plays a significant role in convolution algebra as the same role as a sequence 
of function approximations to the Dirac delta function that is the identity element 


for convolution.Further, delta functions often arise as convolution semigroups. This 
amounts to the further constraint that the convolution of 6, with 6,, must satisfy 


bn ** > 5m = bn+m 
for all n,m > 0. Thus, the convolution semigroups in L! that form a delta 


function are always an approximation to the identity in the above sense; however, the 
semigroup condition is quite a strong restriction. In fact semigroups approximating 
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the delta function arise as fundamental solutions or Green’s functions to physically 
motivated elliptic or parabolic partial differential equations. 

Note that there is no general method that can solve all types of the differential 
equations; each might require different methods and techniques. 

Now let us consider the general linear second-order partial differential equation 
with nonconstant coefficients in the form of 


A(X, y)xx + D(X, Y)Uxy + CCX, Y)Uyy + d(x, y)ux + E(x, yy + F(X, yu = 0 
and almost linear equation in two variables 
auxx + buy, + Cuyy + F(x, YU, Ux, Uy) = 0, (3) 


where a, b,c, are polynomials defined by 


n m n m n m 


a(x, y) = Y > dapx"y?, b(x, y) —> Y> benxéy?, c(x, y) — Se ab 


p=la=1 c=1 7=1 1=1 k=1 


and (a, b,c) € (0,0, 0) and where the expression auy, + 2buxy +cuyy is called the 
principal part of Eq. (3), since the principal part mainly determines the properties of 
the solution. Throughout this paper we also use the following notations: 


n m nr m n m 


lamnl = >> >> [aap | Jbmnl = >> >- [ben]. and len = lee 


p=la=1 t=17=1 1=1 k=1 


Now in order to generate new PDEs, we convolute Eq. (3) by a polynomial with 


single convolution as p(x)** where p(x) = = pix', then Eq. (3) becomes 


i=l 
p(x) ** [a(x, y)uxx + D(X, yxy + C(X, yyy + F(X, y,U, Ux, Uy)| = 0, (4) 


where the symbol x** indicates single convolution with respect to x, and we shall 
classify Eq. (4) instead of Eq. (3) by considering and examining the function 


D(x, y) = (p(x) ** B(x, y))? — (p(x) ** a(x, y)) (PQ) # ey). 5) 


From Eq. (5), one can see that if D is positive, then Eq. (4) is called hyperbolic; if 
D is negative then Eq. (4) is called elliptic; otherwise, it is parabolic. 

First of all, we compute and examine the coefficients of the principal part of 
Eq. (4) as follows: 


m n m 


Ay (x.y) = p(x) ** a(x, y) = So pix! YOY aapxy?. 


r=1 B=la=1 
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By using the single convolution definition and integration by parts, thus we obtain 
the first coefficient of Eq. (4) in the form of 


n m m 


ati+l yB 


7 Pidoapi!x 
Ax.y)= ID ((a + 1)((@ + 2)---(a +i + 1))’ 


p=li=la=1 


Similarly, for the coefficients of the second part in Eq. (4), we have 


nomom i]xbtitl yn 


_ Diben 
Bixyy= OI (€ + 1I)(E + 2)--(E +1 +1) 


j=lt=1i=l 


Also the last coefficient of Eq. (4) is given by 


n om om k+i+ly/ 


_ Picgii!x y 
Ci(x,y) = yeas (& + 1k +2) +74 DY 


1=1k=1i=1 


then one can easily set up 
Di (x,y) = B(x, y) — Aix, y)Ci(x, y). (6) 


Then there are several cases, and the classification of partial differential equations 
with polynomial coefficients depends very much on the signs of the coefficients; 
see [8]. In fact, this analysis can also be carried out for the convolutional product 
with respect to the *” as well as the double convolution. 

Now we demonstrate how to generate a PDE with variable coefficients by using 
the convolutions. For example, in particular we can have 


2 x? Vitey $2 XO ytdgy +2 #7 xt yr uyy = f(x,y) ** g(x yy). (1) 
The first coefficients of Eq. (7) is given by 
* 1 
Ai(x, y) = x3 #* x’y>? = yf (x — 09367 dd = a ® (8) 
0 


Similarly, the second coefficient is given by 


1 
B = ae aes —— 4 7 9 
1X, y) = x7 XP Tag? (9) 


By the same way we get the last coefficients of Eq. (7) 


Ci(x, y) = x3 #* xty? = —y?x8, (10) 
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By using Eqs. (6), (8), (9), and (10), we obtain 


1 
D(x, y) = “sane (11) 


We can easily see from Eq. (11) that Eq. (7) is an elliptic equation for all (xo, y). 
In the same way, if we multiply Eq. (5) by polynomial with a single convolution 


as h(y)** where h(y) = > y/, then Eq. (5) becomes 


j=l 
h(y) *? [a(x, y)uxx + b(x, y)uxy a c(x, y)uyy + F(x, YU, Ux, Uy) | =0, (12) 


where the symbol *” indicates single convolution with respect to y, and we shall 
classify Eq. (12) as. First of all, let us compute the coefficients of Eq. (12). By using 
the definition of single convolution with respect to y and integral by part, we obtain 
the first coefficient of Eq. (12) as follows: 


Oe OL Ce apa s i 
WX, VY) = AY) *® AX, Vy) = : , 
45 4 & (B+ D(B+2..-B +7 +0) 
and the second coefficient of Eq. (12) is given by 
nm jixSyrtitl 


BEY) =O) PON 5) D> eats. Gar aD): 


j=l n=1 i=1 
Similarly, the last coefficient of Eq. (12) is given by 


n n m i+j+1 


jixky 
CG N= ho)" c= DDD Gada i FD 


j=ll=1 i=1 


Similar to the previous case, in particular, let us classify the following example: 
ye? x7? yu, ty! xy ey + y! *? xP ys = f(x,y) *” g(x,y). (13) 


The symbol *” means single convolution with respect to y. If we follow the same 
technique used above, then the first coefficient of Eq. (13) is given by 


1 
Ax(x,y) = y) #7 xy = Cea (14) 


the second coefficient of (13) is given by 


. 1 
BG, y) = 7’ 2 xy = TTT eal (15) 
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and the last coefficient is given by 


1 
C : sgt Wap 4aso) a 4 13° 16 
2(x,y) = yo * x" y Ton067 7 (16) 


Now on using Eqs. (6), (14), (15), and (16), we have 


1 


ipo 
2.) = —Tor9s0a007 


624 (17) 
We can easily see from Eq.(17) that Eq.(13) is an elliptic equation for all 
(x, yo). In this study first we consider linear partial differential equations with 
constant coefficients; then by applying the convolution, we can generate the partial 
differential equations having variable coefficients; and then we solve the new 
equation and compare the two solutions; see [9]. 

In the case of singular boundary problems, we consider the nonhomogeneous 
wave equation in the form 


teehee = sot _ costae! _ 5° cos(t) + 5 cost +f), 
f(0,t) = 6(t), f,(0,t) = 8'(t), 
FD) =6@),. 0H FQ), (18) 


Then we note that all the initial conditions have a singularity atx = ¢ = 0, 
(t,x) € Ri. It is easy to see that the nonhomogeneous term of Eq. (18) can be 
written in the form of the double convolution as follows: 


. : 1 1. 1 
sin(x + t) * xe*t! = —e*t! — — cos xe! — al cost + . cos(x + f). 


2 2 


Now, by applying the double Sumudu transform for the wave equation, then 


Fi, — Fyx = —3e* +", (x,1) € RY, (19) 
F(x,0) =e*+e*, F,(x,0) =e +e*, (20) 
F(0,t) = 2e’, F,(0,t) = 3e’. (21) 


By taking the double Sumudu transform for Eq. (19) and single Sumudu 
transform of Eqs. (20) and (21) with u, v as transform variables for x, t, respectively, 
on using Eqs. (5) and (6), after some little arrangements, we obtain 


u? [2—3u] (v+1) v? (2+3u) 3u2v? 


POY = Ga) 020) 2-7] 0) p27] 2) a) FY 


Now, we consider multiplying the left-hand side equation of (19) by a nonconstant 
coefficient x*¢+ * + where the symbol ** means a double convolution with respect 
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to x and t respectively, then Eq. (19) becomes 


xt? * * (Fy, — Frx) = —3e"*", (x,t) € R2, (22) 
F(x,0) =e*+e*, F,(x,0) =e” +e", (23) 
F(0,t) = 2e’, F,(0,t) = 3e’. (24) 


Similarly, we apply the double Sumudu transform technique for Eq. (22) and 
single Sumudu transform for Eqs. (23) and (24); we obtain 


F = u’[2 — 3u](v + 1) v?(2 + 3u) 
ae ee er ee ee 
3 


~ Qu — 2wW) (1 — v) [2 — v2] > 


Now, by taking double inverse Sumudu transform for both sides of Eq. (25), we 
obtain the solution of Eq. (22) as follows: 


17 
Fi (x,t) = a 


a) : : : 
ent t2x -_ ett t2x 4 el tx + Del t2x 


3 Integro-Differential Equations 


Consider the following example: 


Example 3.1. Find the solution of the integro-differential equation 
y"+2y’-y=h(t), YOH=HA, yO=B, 


for arbitrary constants A and B and arbitrary function h(t) = (f * g)(t). 


Solution. When we take Laplace transforms 
[s°?¥Y — As — B] + 2[sY — A]—Y = F(s)G(s) 
and solve for Y, the result is 


F(s)G(s) As+B+2A 
s?+2s—1 s?+2s—1 0 


Y(s) = 


To find the inverse transform of this function, we first note that 


1 1 1 1 > 
| es a ee eens Os ra = —e™ sinhV21. 
| =i fess} : lat ve 
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Using the convolution on the first term of Y(s) now yields 


, A(s+1)+(B+A 
y= (f * ew SNE Ear : G : vere ‘ 
-_ Ast+(B+A 
~ A i (f * g)(we"™ sinh V2(t — u)du + eT L! ae 


II 


7 i ( f *g)(we"™ sinh /2(t — u)du 


A+B 
+e‘ (4 cosh V2t + = sinh vx) . 


The particular modified form of the above example is the so-called Hermite’’s 
equation of order n in the following equation: 


y” —2xy’—2ny = 0. 
Then by using the series solution method, we can obtain the solution 
2,404 
y(x) = 1-4x ra , 
The above example also indicates that the convolution method can also be used 


to solve the integro-differential equations in order to generate the equation with 
variable coefficients. For example, we consider the problem 


b 
ya=yo. yby=y. y(o)=0, y® (“) =d, (26) 


where p(x) is a polynomial and f and g are known functions. Then we can see that 
the right-hand side of Eq. (26) can be shown as the convolution. A particular case 
of the above Eq. (26) can be given as the well-known Bratu’s nonlinear boundary 
value problem 


u(t) + Ae“ =0, 1t € (0,1), 
with the boundary conditions 


u(0) =0, u(1) =0, 
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which has an analytical solution given in the following form: 


u(t) = —2In sn 7 P| 


cosh (5) 


where 6 is the solution of 9 = /2A cosh g (see [18]). 

It is also well known that the Bratu’s problem has zero, one, or two solutions 
when A > A,.,A = A, and A < A¢, respectively, where the critical value 1, satisfies 
the equation 1 = 4/24, sinh(@./4) and it was obtained in [1, 2] that the critical 
value A, is given by A. = 3.513830719. 


F(x) * P(D)y = (f *g)(t) = i; fpHeee 6282: 
Wasa sp, 7 Oy= 7. 


In order to model the real-world application, the fractional differential equations 
should be considered by using the fractional derivatives. There are many different 
starting points for the discussion of classical fractional calculus; see [14] and 
[32]. We also note that the convolution further can be used in the definition of 
the fractional integrals. For example, there are many different starting points for 
the discussion of classical fractional calculus; see [19]. One can begin with a 
generalization of repeated integration. If f(t) is absolutely integrable on [0, b), it 
can be found that [14, 32, 33]. 


t th 13 


[wf dina f af rea = G= i ba feoor " F(t) dt 
0 


0 0 0 


pr} * batay 


~ (n+ 1! 


where n = 1,2,..., and0 < ¢ < b. On writing ['(n) = (n — 1)!, an immediate 
generalization in the form of the operation /% defined for a > 0 is 


a _ = a—l 2 a—l 
T° fyo = Fe rw |" ti) fay dis = Fay! * f(t), O<t <b, (27) 


where I"(@) is the gamma function and 


we f= / ft — yn) dt 
0 
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is the convolution product of t%~! and f(t). Equation (27) is called the Riemann— 
Liouville fractional integral of order a for the function f(t). Similarly, by using the 
convolution we can also generate an ODE with variable coefficients from the ODE 
with constant coefficients; see [17]. 

Now if f(t) is expanded in block pulse functions, the Riemann—Liouville 
fractional integral becomes 


a i a—l peer Oh 1 a—l 
NO = Felt LO = 8 Fe Ut # dn} 
Thus, if t%~! * ¢,,(t) can be integrated and then expanded in block pulse functions, 
the Riemann-—Liouville fractional integral is solved via the block pluse functions. 
Thus, we note that Kronecker convolution product can be expanded in order to 
define the Riemann—Liouville fractional integrals for matrices by using the block 
pulse operational matrix as follows: 


t 
1 a-l Res 
Fay [C—O mlt dh & Fodbn(D 
0 
where 
1& &3 tee Em 
a O01 &... &n-1 
r= (=) eee ee 
m}) I'(a+2) ; . 
000 -. 
0000 1 


(cf. [19]). Further a particular consequence of this is that the convolution can be 
viewed as a “smoothing” operation: the convolution of C and g is differentiable as 
many times as C and g are together. Thus, if we have a differential operator having 
singularity, then convolution can be used for regularization. 

An important feature of the convolution is known that if f and g both decay 
rapidly, then f * g also decays rapidly. Further, the convolution is also a finite 
measure, whose total variation satisfies the inequality 


If * sll SIFT Mall 


then we have the following theorem: 
Theorem 3.1. Let the differential equation P(D)u = f(x) have a solution, and if 
g is an arbitrary function having bounded support, then 


lg * P(D)I| S IIgll- PCDI. (28) 


has also a solution. 


The proof of the theorem was held in [17]. Further note the above theorem suggests 
that if the original equation has a solution, then the new equation also has a solution; 
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the relations and the comparisons between the solutions were studied in [17]. 
However (28) does not indicate how to find the solution. In order to find the solution 
explicitly, we have to follow some of the other techniques such as in the following 
theorem: 


Theorem 3.2. The general differential transformation for nonlinear nth-order 
BVPs, 


y™ (x) =e * (y(x))” (29) 


is given by 


kin yy ky m 
Yan+k)= ee —s > ys ye ce ~ I] Y(ki—kj-1) | ¥(k—kim) 
i=2 


km=0 km—1=0 k\=0 


We note that by applying the convolutional derivative to Eq. (29), then we easily 
obtain 


yt) (x) = Ame « y" (yn. 
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Orthogonally Additive: Additive Functional 
Equation 


Choonkil Park 


Dedicated to Professor Hari M. Srivastava 


Abstract Using fixed point method, we prove the Hyers—Ulam stability of the 
orthogonally additive—additive functional equation 


x x 
f(F +r) +4 (G +2) = /@+ /0)+ FO 
for all x, y, z with x L y, in orthogonality Banach spaces and in non-Archimedean 
orthogonality Banach spaces. 


1 Introduction and Preliminaries 


In 1897, Hensel [23] introduced a normed space which does not have the 
Archimedean property. It turned out that non-Archimedean spaces have many 
nice applications (see [12, 31,32, 39]). 

A valuation is a function | -| froma field K into [0, oo) such that 0 is the unique 
element having the 0 valuation, |rs| = |r|-|s|, and the triangle inequality holds, i.e., 


Ir +s] < |r| + |s|, Vrs € K. 
A field K is called a valued field if K carries a valuation. Throughout this paper, we 


assume that the base field is a valued field; hence, call it simply a field. The usual 
absolute values of R and C are examples of valuations. 
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Let us consider a valuation which satisfies a stronger condition than the triangle 
inequality. If the triangle inequality is replaced by 


Ir + s| < max{|r|, |s|}, Vries € K, 


then the function | - | is called a non-Archimedean valuation, and the field is called a 
non-Archimedean field. Clearly |1| = |—1| = 1 and |n| < 1 for alln € N. A trivial 
example of a non-Archimedean valuation is the function |-| taking everything except 
for 0 into 1 and |0| = 0. 


Definition 1.1 ((38]). Let X be a vector space over a field K with a non- 
Archimedean valuation | - |. A function || - || : X — [0,00) is said to be a 
non-Archimedean norm if it satisfies the following conditions: 


(i) ||x|| = Oif and only if x = 0 
Gi) [\rxl| = Ir|llxl| @ e K,x€ xX) 
(iii) The strong triangle inequality 


Ix + yl] < max{||x], yb. Vx.yeXx 


holds. Then (X, || - ||) is called a non-Archimedean normed space. 
Definition 1.2. 


(i) Let {x,} be a sequence in a non-Archimedean normed space X. Then the 
sequence {x,,} is called Cauchy if for a given e > 0 there is a positive integer 
N such that 


llXn — Xml <e 


foralln,m > N. 

(ii) Let {x,} be a sequence in a non-Archimedean normed space X. Then the 
sequence {x,} is called convergent if for a given « > O there are a positive 
integer N and an x € X such that 


llXn — xl] <€ 


for alln = N. Then we call x € X a limit of the sequence {x,,} and denote by 
limy—+o0 Xn = X. 

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed 
space X is called a non-Archimedean Banach space. 


Assume that X is a real inner product space and f : X — R is a solution of 
the orthogonal Cauchy functional equation f(x + y) = f(x) + f(y), (x,y) = 0. 
By the Pythagorean theorem f(x) = ||x||* is a solution of the conditional equation. 
Of course, this function does not satisfy the additivity equation everywhere. Thus 
orthogonal Cauchy equation is not equivalent to the classic Cauchy equation on the 
whole inner product space. 
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G. Pinsker [44] characterized orthogonally additive functionals on an inner 
product space when the orthogonality is the ordinary one in such spaces. K. 
Sundaresan [54] generalized this result to arbitrary Banach spaces equipped with 
the Birkhoff—James orthogonality. The orthogonal Cauchy functional equation, 


f(x +y) = f(x) + fY), xty, 


in which is an abstract orthogonality relation, was first investigated by S. Gudder 
and D. Strawther [22]. They defined | by a system consisting of five axioms 
and described the general semicontinuous real-valued solution of conditional 
Cauchy functional equation. In 1985, J. Ratz [51] introduced a new definition of 
orthogonality by using more restrictive axioms than of S. Gudder and D. Strawther. 
Moreover, he investigated the structure of orthogonally additive mappings. J. Ratz 
and Gy. Szab6 [52] investigated the problem in a rather more general framework. 

Let us recall the orthogonality in the sense of J. Ratz; cf. [51]. 

Suppose X is a real vector space with dim X > 2 and is a binary relation on 
X with the following properties: 


(O;) totality of L for zero: x 1 0,0 L x forall x € X; 

(Oz) independence: if x, y ¢ X — {0}, x 1 y, then x, y are linearly independent; 

(O3) homogeneity: if x, y ¢ X,x L y, thenax L By foralla, B € R; 

(O4) the Thalesian property: if P is a 2-dimensional subspace of X¥,x € P and 
A € Ry, which is the set of nonnegative real numbers, then there exists 
yo € P such that x L yp and x + yo LAx — yo. 


The pair (X, L) is called an orthogonality space. By an orthogonality normed 
space, we mean an orthogonality space having a normed structure. 
Some interesting examples are 


(i) The trivial orthogonality on a vector space X defined by (O,), and for nonzero 
elements x, y € X, x L y if and only if x, y are linearly independent. 
(ii) The ordinary orthogonality on an inner product space (X, (-,-}) givenby x L y 
if and only if (x, y) = 0. 
(iii) The Birkhoff—James orthogonality on a normed space (X, || - ||) defined by 
x L y if and only if ||x + Ay|| = ||x|| for all A € R. 


The relation L is called symmetric if x L y implies that y L x forall x,y € X. 
Clearly examples (1) and (ii) are symmetric but example (iii) is not. It is remarkable 
to note, however, that a real normed space of dimension greater than 2 is an inner 
product space if and only if the Birkhoff—James orthogonality is symmetric. There 
are several orthogonality notions on a real normed space such as Birkhoff—James, 
Boussouis, Singer, Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles, 
and Diminnie (see [1,3,7, 14, 28]). 

The stability problem of functional equations originated from the following 
question of Ulam [56]: Under what condition does there exist an additive mapping 
near an approximately additive mapping? In 1941, Hyers [24] gave a partial 
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affirmative answer to the question of Ulam in the context of Banach spaces. In 1978, 
Th.M. Rassias [46] extended the theorem of Hyers by considering the unbounded 
Cauchy difference 


IF + y)— FO) — FOI S ell? + Ilyll?) (e > 0, p € [0, 1). 


The first author treating the stability of the quadratic equation was F. Skof [53] 
by proving that if f is a mapping from a normed space X into a Banach space Y 
satisfying 


If@ +y) + f&—y)-—2f(%) -2fO)|l < € 


for some ¢ > 0, then there is a unique quadratic mapping g : X — Y such that 


If) - g@)ll < 5. 


P. W. Cholewa [8] extended the Skof’s theorem by replacing X by an abelian group 
G. The Skof’s result was later generalized by S. Czerwik [9] in the spirit of Ulam— 
Hyers-—Rassias. The stability problem of functional equations has been extensively 
investigated by some mathematicians (see [10, 11, 16-19, 25,29, 43, 47-50]). 

R. Ger and J. Sikorska [21] investigated the orthogonal stability of the Cauchy 
functional equation f(x + y) = f(x) + f(y), namely, they showed that if f isa 
mapping from an orthogonality space X into a real Banach space Y and 


Ifa+y-f&O)-fOI se 


for all x,y € X with x | y and some € > 0, then there exists exactly one 
orthogonally additive mapping g : X — Y such that 


16 
If) -e@ll < Se 


forallx <€ X. 
The orthogonally quadratic equation 


f+ y)+ fe—y) =2f(x)+2f), xly 


was first investigated by F. Vajzovi¢ [57] when X is a Hilbert space, Y is the 
scalar field, f is continuous and | means the Hilbert space orthogonality. Later, 
H. Drljevié [15], M. Fochi [20], M.S. Moslehian [35, 36], and Gy. Szabé [55] 
generalized this result. See also [37,40]. 

Let X be a set. A function d : X x X — [0, ov] is called a generalized metric 
on X if d satisfies 


(1) d(x, y) = Oif and only if x = y; 
(2) d(x, y) = d(y,x) forallx, y € X; 
(3) d(x,z) < d(x, vy) + d(y,z) forall x,y,z e€ X. 
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We recall a fundamental result in fixed point theory. 


Theorem 1.1 ([4,13]). Let (X,d) be a complete generalized metric space and let 
J: X — X beastrictly contractive mapping with Lipschitz constant a < 1. Then 
for each given element x € X, either 


OS nd x) = 06 


jor all nonnegative integers n or there exists a positive integer Ng such that 


(1) d(J"x,J"t!x) <0, YWn=no; 
(2) the sequence { J" x} converges to a fixed point y* of J; 
(3) y* is the unique fixed point of J in the set 


Y={yeX | d(J"x, y) < oo}; 


1 
(4) diy, y*) < Tot Jy) forally €Y. 


In 1996, G. Isac and Th.M. Rassias [26] were the first to provide applications of 
stability theory of functional equations for the proof of new fixed point theorems 
with applications. By using fixed point methods, the stability problems of several 
functional equations have been extensively investigated by a number of authors (see 
[5, 6, 30, 34, 41,42, 45]). 

This paper is organized as follows: In Sect. 2, we prove the Hyers—Ulam stability 
of the orthogonally additive—additive functional equation (1) in orthogonality 
spaces. In Sect. 3, we prove the Hyers—Ulam stability of the orthogonally additive— 
additive functional equation (1) in non-Archimedean orthogonality spaces. 


2 Hyers—Ulam Stability of the Orthogonally 
Additive—Additive Functional Equation 


Throughout this section, assume that (X,L) is an orthogonality space and that 
(Y, ||.||y) is a real Banach space. 

In this section, applying some ideas from [21, 25], we deal with the stability 
problem for the orthogonally additive—additive functional equation 


Df(x.9.2= f(F+y) +f (F+2)-/@- fO)- fO =0 


for all x, y,z € X with x L y in orthogonality spaces. 
If f is a mapping with Df (x, y,z) = 0, then 


f(F+y)+F4(F) = f+ £0) 
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and so f (x + y) = f(x) + f(y) forall x, y € X with x L y, and 
f(G)+(G +2) =/@+/@ 

and so 


fAa+D = fx) + fC 


for all x,z € X. That is, f is orthogonally additive and additive. 


Definition 2.1. A mapping f : X — Y is called an orthogonally additive—additive 
mapping if 


f(F+y)tF(G+2=/@)+/0)+ £O 


for all x,y,z € X withx L y. 


Theorem 2.1. Let g : X* — [0, 00) be a function such that there exists ana < 1 
with 


x y Z 

a9 < 2 (5. Pte) =) 1 

9(x, y,2) = 209 | 5,555 (1) 
forall x,y,z € X withx L y. Let f : X > Y be amapping satisfying 

IDF, y¥.Dlly <9Q.¥.o (2) 


for all x,y,z € X with x 1 y. Then there exists a unique orthogonally additive— 
additive mapping L : X — Y such that 


a 


| f(x) — L@&)|ly T=0" (x, 0,0) (3) 
forallx € X. 
Proof. Putting y = z = 0 in (3), we get 
x 
lar (5) - feo], < o@.0.0 (4) 
for all x € X, since x L 0. So 
1 1 
| f(x) - 7 F Ox) ~ 79 (2x, 0,0) < ag(x, 0, 0) (5) 
Y 


forall x € X. 


Orthogonally Additive: Additive Functional Equation 765 


Consider the set 
S:={h:xX > Y} 
and introduce the generalized metric on S: 
d(g,h) = inf{u € Ry : gx) —h@)lly < we (*,0,0), Vx € X}, 


where, as usual, inf ¢ = +o. It is easy to show that (S, d) is complete (see [33]). 
Now we consider the linear mapping J : S — S such that 


1 
Je(x) = 58 2x) 


forallx <¢ X. 
Let g,h € S be given such that d(g,h) = e. Then 


|g) —h@)lly < ¢ @, 0,0) 


for all x € X. Hence 


< ag (x, 0,0) 


1 1 
Jets) — 2hGoIly = [5 2x) — hm 
Y 


for all x € X. So d(g,h) = e implies that d(/g, Jh) < ae. This means that 
d(Jg, Jh) < ad(g,h) 
forallg,heS. 


It follows from (6) that d( fi Jf) < a. 
By Theorem 1.1, there exists a mapping L : X — Y satisfying the following: 


(1) Lisa fixed point of J, ie., 
L (2x) = 2L(x) (6) 
for all x € X. The mapping L is a unique fixed point of J in the set 
M = {g €S:d(h,g) < oo}. 


This implies that L is a unique mapping satisfying (7) such that there exists a 
lL € (0, oo) satisfying 


| f(x) — L(x) lly < we (x, 0,0) 


forallx € X; 
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(2) d(J" f, L) > 0asn — oo. This implies the equality 


lim sf (2”x) = L(x) 


noo 2! 


for all x € X; 
(3) d(f,L) < ay Jf), which implies the inequality 
d(f.L) < ——. 
This implies that the inequality (4) holds. 
It follows from (2) and (3) that 


‘ 1 n n n 
IDL, y. Dlly = Jim = IDF Q"x,2"y,2" lly 


N pl 


Qn 


1 
< lim —@(2"x,2”y,2"z) < lim 
noo 2” n—>oo 


g(x, y,2 =0 


for all x, y,z € X with x L y. Hence 


L(F +x) +L (5 +2) =L@)+L0)+ LO 


forall x,y,z €¢ X withx L y.So L: X — Y is an orthogonally additive—additive 


mapping. 
Thus, L : X — Y is a unique orthogonally additive—additive mapping 
satisfying (4), as desired. Oo 


Corollary 2.1. Assume that (X,L) is an orthogonality normed space. Let 0 be a 
positive real number and p a real number withO < p < 1. Let f : X > Y bea 


mapping satisfying 
IDF, ¥. Dy < ACMI? + Iyll? + llzll?) (7) 


for all x,y,z € X with x 1 y. Then there exists a unique orthogonally additive— 
additive mapping L : X — Y such that 


Il f(x) — L@)lly < 


spl 


forallx € X. 


Proof. The proof follows from Theorem 2.1 by taking 


(x,y,z) = A(Ixll? + Ilyll? + llzll?) 
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for all x,y,z € X with x | y. Then we can choose a = 2?~! and we get the 
desired result. Oo 


Theorem 2.2. Let f : X — Y be amapping satisfying (3) for which there exists a 
function y : X? — [0,00) such that 


a 
g(x, y,2) < 59 (2x, 2y, 22) 


for all x,y,z € X with x 1 y. Then there exists a unique orthogonally additive— 
additive mapping L : X — Y such that 


1 
| f(x) — Lx) |ly < j=" (x,0,0) (8) 
forallx € X. 

Proof. Let (S,d) be the generalized metric space defined in the proof of Theo- 


rem 2.1. 
Now we consider the linear mapping J : S — S such that 


J g(x) := 2g (5) 


forallx <¢ X. 
It follows from (5) that d(f, Jf) < 1. So 


ihipe = 
l-a 


Thus we obtain the inequality (9). 
The rest of the proof is similar to the proof of Theorem 2.1. Oo 


Corollary 2.2. Assume that (X,L) is an orthogonality normed space. Let 0 be a 
positive real number and p a real number with p > |. Let f : X — Y bea 
mapping satisfying (8). Then there exists a unique orthogonally additive—additive 
mapping L : X — Y such that 


II f(x) — L@)lly < 


[|x|]? 
2? -2 


forallx € X. 
Proof. The proof follows from Theorem 2.2 by taking 
9(x, y, 2) = O(lx[l? + [ly ll? + Hell?) 


forall x,y,z ¢€ X withx Ly. 
Then we can choose a = 2!~? and we get the desired result. Oo 


768 C. Park 


3 Hyers—Ulam Stability of the Orthogonally 
Additive—Additive Functional Equation in 
Non-Archimedean Orthogonality Spaces 


Throughout this section, assume that (X, L) is a non-Archimedean orthogonality 
space and that (Y, || - ||y) is a real non-Archimedean Banach space. Assume that 


|2| # 1. 

In this section, applying some ideas from [21,25], we deal with the stability prob- 
lem for the orthogonally additive—additive functional equation Df(x, y,z) = 0, 
given in the previous section, in non-Archimedean orthogonality spaces. 


Theorem 3.1. Let g : X* — [0, 00) be a function such that there exists ana < 1 
with 


x y Z 
’ > < 2 (5. Pa =) 
9(%,¥:2) < [2lee (5.555 
forall x,y,z € X withx L y. Let f : X > Y be amapping satisfying 
IDF@, y.Jlly <9Q.¥.o (9) 


for all x,y,z € X with x 1 y. Then there exists a unique orthogonally additive— 
additive mapping L : X — Y such that 


a 
If) — L@)lly < La (x, 0,0) (10) 
forallx € X. 
Proof. Putting y = z = 0 in (10), we get 
x 
lar (5) - foo], < e@.0.0 (1) 
for all x € X, since x L 0. So 


1 
a 


< aj 2%? o 0) < ag(x,0,0) (12) 
Y 


|e - 5700 


forallx € X. 
Let (S, d) be the generalized metric space defined in the proof of Theorem 2.1. 
Now we consider the linear mapping J : S — S' such that 


1 
IE(x) = 38 2x) 


forall x € X. 
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It follows from (13) that d(f, Jf) < a. Thus, we obtain the inequality (11). 
The rest of the proof is similar to the proof of Theorem 2.1. Oo 


Corollary 3.1. Assume that (X,L) is a non-Archimedean orthogonality normed 
space. Let @ be a positive real number and p a real number with 0 < p < 1. Let 
ff : X — Y bea mapping satisfying (8). Then there exists a unique orthogonally 
additive—additive mapping L : X — Y such that 

[2/0 


| f(x) — L(x)lly < PP —|2| 


[|xII? 

forallx € X. 

Proof. The proof follows from Theorem 3.1 by taking 
9(x, y, 2) = O(lxll? + [ly ll? + Mell?) 


for all 
Then we can choose a = |2|!~? and we get the desired result. oO 


Theorem 3.2. Let f : X — Y be a mapping satisfying (10) for which there exists 


a function y : X* — [0,00) such that 


a 
g(x, y,.2< py? 2% 222) 


for all x,y,z € X with x 1 y. Then there exists a unique orthogonally additive— 
additive mapping L : X — Y such that 


1 
| f@) — L@)lly < ia" (x, 0, 0) (13) 
forallx € X. 


Proof. Let (S,d) be the generalized metric space defined in the proof of 
Theorem 2.1. 
Now we consider the linear mapping J : S — S such that 


Jg(x) := 2g (5) 


forall x € X. 
It follows from (12) that d(f, Jf) < 1. So 


d(f,L)< a 
l-a 


Thus we obtain the inequality (13). 
The rest of the proof is similar to the proof of Theorem 2.1. oO 
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Corollary 3.2. Assume that (X,L) is a non-Archimedean orthogonality normed 
space. Let @ be a positive real number and p a real number with p > 1. Let f : 
X — Y bean odd mapping satisfying (8). Then there exists a unique orthogonally 
additive—additive mapping L : X — Y such that 


[2/6 


| f(x) — L(x)lly < 2-2)" 


lll? 


forallx € X. 


Proof. The proof follows from Theorem 3.2 by taking 


9(x, y, 2) = O(Ixll? + [ly ll? + Hell?) 
forall x,y,z € X withx L y. 
Then we can choose a = |2|?~! and we get the desired result. Oo 


Acknowledgements This work was supported by Basic Science Research Program through 
the National Research Foundation of Korea funded by the Ministry of Education, Science and 
Technology (NRF-2009-0070788). 


References 


— 


. Alonso, J., Benitez, C.: Orthogonality in normed linear spaces: a survey 7. Main properties. 
Extracta Math. 3, 1-15 (1988) 
2. Alonso, J., Benitez, C.: Orthogonality in normed linear spaces: a survey / J. Relations between 
main orthogonalities. Extracta Math. 4, 121-131 (1989) 
. Birkhoff, G.: Orthogonality in linear metric spaces. Duke Math. J. 1, 169-172 (1935) 
4. Cadariu, L., Radu, V.: Fixed points and the stability of Jensen’s functional equation. J. Inequal. 
Pure Appl. Math. 4(1), Art. ID 4 (2003) 
5. Cadariu, L., Radu, V.: On the stability of the Cauchy functional equation: a fixed point 
approach. Grazer Math. Ber. 346, 43-52 (2004) 
6. Cadariu, L., Radu, V.: Fixed point methods for the generalized stability of functional equations 
in a single variable. Fixed Point Theory Appl. 2008, Art. ID 749392 (2008). 
7. Carlsson, $.O.: Orthogonality in normed linear spaces. Ark. Mat. 4, 297-318 (1962) 
8. Cholewa, P.W.: Remarks on the stability of functional equations. Aequationes Math. 27, 76-86 
(1984) 
9. Czerwik, S.: On the stability of the quadratic mapping in normed spaces. Abh. Math. Sem. 
Univ. Hamburg 62, 59-64 (1992) 
10. Czerwik, S.: Functional Equations and Inequalities in Several Variables. World Scientific 
Publishing Company, New Jersey (2002) 
11. Czerwik, S.: Stability of Functional Equations of Ulam—Hyers—Rassias Type. Hadronic Press, 
Palm Harbor (2003) 
12. Deses, D.: On the representation of non-Archimedean objects. Topology Appl. 153, 774-785 
(2005) 
13. Diaz, J., Margolis, B.: A fixed point theorem of the alternative for contractions on a generalized 
complete metric space. Bull. Amer. Math. Soc. 74, 305-309 (1968) 


wo 


Orthogonally Additive: Additive Functional Equation 771 


14. 


15. 


16. 


17 


18. 


19. 


20. 
21. 


22. 


23. 


24. 


25. 


26. 


27. 
28. 


29. 


30. 


31. 


32. 


Diminnie, C.R.: A new orthogonality relation for normed linear spaces. Math. Nachr. 114, 
197-203 (1983) 

Drljevi¢é, FR: On a functional which is quadratic on A-orthogonal vectors. Publ. Inst. Math. 
(Beograd) 54, 63-71 (1986) 

Eshaghi Gordji, M.: A characterization of (o,t)-derivations on von Neumann algebras. 
Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys. 73(1), 111-116 (2011) 


. Eshaghi Gordji, M., Bodaghi, A., Park, C.: A fixed point approach to the stability of double 


Jordan centralizers and Jordan multipliers on Banach algebras. Politehn. Univ. Bucharest Sci. 
Bull. Ser. A Appl. Math. Phys. 73(2), 65-74 (2011) 

Eshaghi Gordji, M., Khodaei, H., Khodabakhsh, R.: General quartic-cubic-quadratic functional 
equation in non-Archimedean normed spaces. Politehn. Univ. Bucharest Sci. Bull. Ser. A Appl. 
Math. Phys. 72(3), 69-84 (2010) 

Eshaghi Gordji, M., Savadkouhi, M.B.: Approximation of generalized homomorphisms in 
quasi-Banach algebras. An. Stiint. Univ. Ovidius Constanta Ser. Mat. 17(2), 203-213 (2009) 
Fochi, M.: Functional equations in A-orthogonal vectors. Aequationes Math. 38, 28-40 (1989) 
Ger, R., Sikorska, J.: Stability of the orthogonal additivity. Bull. Polish Acad. Sci. Math. 43, 
143-151 (1995) 

Gudder, S., Strawther, D.: Orthogonally additive and orthogonally increasing functions on 
vector spaces. Pacific J. Math. 58, 427-436 (1975) 

Hensel, K.: Ubereine news Begrundung der Theorie der algebraischen Zahlen. Jahresber. 
Deutsch. Math. Verein 6, 83-88 (1897) 

Hyers, D.H.: On the stability of the linear functional equation. Proc. Nat. Acad. Sci. U.S.A. 27, 
222-224 (1941) 

Hyers, D.H., Isac, G., Rassias, Th.M.: Stability of Functional Equations in Several Variables. 
Birkhauser, Basel (1998) 

Isac, G., Rassias, Th.M.: Stability of y-additive mappings: Applications to nonlinear analysis. 
Internat. J. Math. Math. Sci. 19, 219-228 (1996) 

James, R.C.: Orthogonality in normed linear spaces. Duke Math. J. 12, 291-302 (1945) 
James, R.C.: Orthogonality and linear functionals in normed linear spaces. Trans. Amer. Math. 
Soc. 61, 265-292 (1947) 

Jung, S.: Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis. 
Hadronic Press, Palm Harbor (2001) 

Jung, Y., Chang, I.: The stability of a cubic type functional equation with the fixed point 
alternative. J. Math. Anal. Appl. 306, 752-760 (2005) 

Katsaras, A.K., Beoyiannis, A.: Tensor products of non-Archimedean weighted spaces of 
continuous functions. Georgian Math. J. 6, 33-44 (1999) 

Khrennikov, A.: Non-Archimedean analysis: quantum paradoxes, dynamical systems and bio- 
logical models. In: Mathematics and its Applications, vol. 427. Kluwer Academic Publishers, 
Dordrecht (1997) 


. Mihet, D., Radu, V.: On the stability of the additive Cauchy functional equation in random 


normed spaces. J. Math. Anal. Appl. 343, 567-572 (2008) 


. Mirzavaziri, M., Moslehian, M.S.: A fixed point approach to stability of a quadratic equation. 


Bull. Braz. Math. Soc. 37, 361-376 (2006) 


. Moslehian, M.S.: On the orthogonal stability of the Pexiderized quadratic equation. J. Differ- 


ence Equat. Appl. 11, 999-1004 (2005) 


. Moslehian, M.S.: On the stability of the orthogonal Pexiderized Cauchy equation. J. Math. 


Anal. Appl. 318, 211-223 (2006) 


. Moslehian, M.S., Rassias, Th.M.: Orthogonal stability of additive type equations. Aequationes 


Math. 73, 249-259 (2007) 


. Moslehian, M.S., Sadeghi, Gh.: A Mazur-Ulam theorem in non-Archimedean normed spaces. 


Nonlinear Anal. TMA 69, 3405-3408 (2008) 


. Nyikos, P.J.: On some non-Archimedean spaces of Alexandrof and Urysohn. Topology Appl. 


91, 1-23 (1999) 


772 C. Park 


40. Paganoni, L., Ratz, J.: Conditional function equations and orthogonal additivity. Aequationes 
Math. 50, 135-142 (1995) 

41. Park, C.: Fixed points and Hyers—Ulam-Rassias stability of Cauchy—Jensen functional equa- 
tions in Banach algebras. Fixed Point Theory Appl. 2007, Art. ID 50175 (2007) 

42. Park, C.: Generalized Hyers—Ulam-Rassias stability of quadratic functional equations: a fixed 
point approach. Fixed Point Theory Appl. 2008, Art. ID 493751 (2008) 

43. Park, C., Park, J.: Generalized Hyers—Ulam stability of an Euler-Lagrange type additive 
mapping. J. Difference Equat. Appl. 12, 1277-1288 (2006) 

44. Pinsker, A.G.: Sur une fonctionnelle dans l’espace de Hilbert. C. R. (Dokl.) Acad. Sci. URSS, 
n. Ser. 20, 411-414 (1938) 

45. Radu, V.: The fixed point alternative and the stability of functional equations. Fixed Point 
Theory 4, 91-96 (2003) 

46. Rassias, Th.M.: On the stability of the linear mapping in Banach spaces. Proc. Amer. Math. 
Soc. 72, 297-300 (1978) 

47. Rassias, Th.M.: On the stability of the quadratic functional equation and its applications. Studia 
Univ. Babes-Bolyai Math. 43, 89-124 (1998) 

48. Rassias, Th.M.: The problem of S.M. Ulam for approximately multiplicative mappings. 
J. Math. Anal. Appl. 246, 352-378 (2000) 

49. Rassias, Th.M.: On the stability of functional equations in Banach spaces. J. Math. Anal. Appl. 
251, 264-284 (2000) 

50. Rassias, Th.M. (ed.): Functional Equations, Inequalities and Applications. Kluwer Academic 
Publishers, Dordrecht (2003) 

51. Ratz, J.: On orthogonally additive mappings. Aequationes Math. 28, 35-49 (1985) 

52. Ratz, J., Szab6, Gy.: On orthogonally additive mappings JV. Aequationes Math. 38, 73-85 
(1989) 

53. Skof, F.: Proprieta locali e approssimazione di operatori. Rend. Sem. Mat. Fis. Milano 53, 
113-129 (1983) 

54. Sundaresan, K.: Orthogonality and nonlinear functionals on Banach spaces. Proc. Amer. Math. 
Soc. 34, 187-190 (1972) 

55. Szab6, Gy.: Sesquilinear-orthogonally quadratic mappings. Aequationes Math. 40, 190-200 
(1990) 

56. Ulam, S.M.: Problems in Modern Mathematics. Wiley, New York (1960) 

57. Vajzovié, F.: Uber das Funktional H mit der Eigenschaft: (x, y) = 0 => H(x + y)+ H(x—- 
y) = 2H (x) + 2H(y). Glasnik Mat. Ser. III 2(22), 73-81 (1967) 


Part V 
Special and Complex Functions 
and Applications 


Alternating Mathieu Series, Hilbert—Eisenstein 
Series and Their Generalized Omega Functions 


Arpad Baricz, Paul L. Butzer, and Tibor K. Pogany 


Dedicated to Professor Hari M. Srivastava 


Abstract In this paper our aim is to generalize the complete Butzer-Flocke—Hauss 
(BFH) §2-function in a natural way by using two approaches. Firstly, we introduce 
the generalized Omega function via alternating generalized Mathieu series by 
imposing Bessel function of the first kind of arbitrary order as the kernel function 
instead of the original cosine function in the integral definition of the (2. We also 
study the following set of questions about generalized BFH {2,-function: (i) two 
different sets of bounding inequalities by certain bounds upon the kernel Bessel 
function; (ii) linear ordinary differential equation of which particular solution is the 
newly introduced §2,,-function, and by virtue of the Caplygin comparison theorem 
another set of bounding inequalities are given. 

In the second main part of this paper we introduce another extension of BFH 
Omega function as the counterpart of generalized BFH function in terms of the 
positive integer order Hilbert—Eisenstein (HE) series. In this study we realize by 
exposing basic analytical properties, recurrence identities and integral representa- 
tion formulae of Hilbert—Eisenstein series. Series expansion of these generalized 
BFH functions is obtained in terms of Gaussian hypergeometric function and some 
bridges are derived between Hilbert—Eisenstein series and alternating generalized 
Mathieu series. Finally, we expose a Turan-type inequality for the HE series h,(w). 
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1 Invitation to 2 -Function and Alternating Mathieu Series 


The complex-index Euler function €,(z) is defined by [6, Definition 2.1] 


r 1 ZU 
es | “wIdu sw eC; zEC\R, 
Ti ¢ ef +1 


where €, denotes the positively oriented loop around the negative real axis R™, 
which is composed of a circle C(0; 7) centered at the origin and of radius r € (0, 7) 
together with the lower and upper edges C; and C2 of the complex plane cut along 
the negative real axis. 

The complex-index Bernoulli function 8, (z) is given by [4, Definition 2.3(a)] 


T'(a + 1) ee 
201i ee = 1 


Bq (z) = 


v “du, aeC;zeC\R. 


Here, €, denotes the same shape integration contour as above with p € (0,27). 
For the connections between these two functions by way of their Hilbert transforms 
€* (z) and 87 (z), the interested reader is referred to [4]. 

Almost twenty years ago, in their investigation of the complex-index Euler 
function F,(z), Butzer, Flocke and Hauss [6] introduced the following special 
function: 


1 


Qw) =2 /  PhowciGwds. wer 
0+ 


which they called the complete Omega function [4, Definition 7.1], [6]. On the 
other hand, in view of the definition of the Hilbert transform, the complete Omega 
function S2(w) is the Hilbert transform #|e~*], (0) at 0 of the 1-periodic function 
(e~"*), defined by the periodic continuation of the following exponential function 
[4, p. 67]: 


e Ix] <5;wecC, 


that is, 


H(e~"]1(0) == PV / e™ cot(rru) du = 2(w), we C, 


where the integral is to be understood in the sense of Cauchy’s principal value (PV) 
at zero. The highly important role of the Omega function in deep considerations and 
generating-function description of the Euler and Bernoulli functions was pointed 
out rather precisely by Butzer and his collaborators in their recent investigations 
[4-6]. There is also a basic association of the Omega function (2(x) with the 
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Eisenstein series for circular functions and Hilbert—Eisenstein series introduced by 
Hauss [23]. For this matter as well as for some related open conjectures, see the 
work by Butzer [4, Sect. 9]. Further integral representations have been derived for 
the complete, real argument Omega function. So we mention the result by Butzer, 
Pogany and Srivastava [8, Theorem 2]: 


2 ba t dt 
Q(x) = — ~ sinh (5) i cos (=) ree E xeR. (1) 
0 


Tomovski and Pogany [46, Theorem 3.3] proved that 


2 ie t 
Q(x) = 24 — sinh (3) pv [ sinh (=) tantdt, xeR. (2) 
a 


Also, for the sake of completeness, we mention the Pogany-—Srivastava integral 
representation [39, p. 589, Theorem 1]: 


Pine a an (:) [ sin? (Slval ) — [Vu] cos (xlvil) ae 3) 


(47? u + x7)? 


for all x € R. Here [a] stands for the integer part of some real a. Secondly, 
bounding inequalities have been established for §2 (x) Butzer, Pogany and Srivastava 
[8, Theorem 3]: 


1 3)x? + 827 1 3x? + 8x? 

—s sinh o log SG)x* + 82° < §2(x) < paaes sinh e log eT OR” . 
I 2 3x2 + 20? 2 €(3)x? + 20? 
The above inequalities are valid for x > 0, and for x < 0, the opposite inequalities 


hold true. Here (3) = 1.20205690... stands for the celebrated Apéry’s constant. 
Thus, the Omega function behaves asymptotically like 


("6") (= 75) 
—lo e — log -e 
m ~ (3) 


Applying the Caplygin comparison theorem [9, 10,34], Pogany and Srivastava [39] 
obtained a bilateral bounding inequality for (2 function, by means of a linear 
ODE given earlier in [8]. Finally, different types of bounding inequalities were 
established by Alzer, Brenner and Ruehr; DraS¢ci¢ and Pogany; Mortici; Pogany, 
Srivastava and Tomovski; and others for the so-called generalized Mathieu series 
(see [41] and the references therein). Employing also the Caplygin comparison 
theorem, Pogany, Tomovski and LeSkovski [41] established very recently a set of 
bilateral inequalities for the real parameter complete $2 function considering the so- 
called alternating generalized Mathieu series’ bounds; see [41] and the exhaustive 
companion references list. 


Ni 
/N 
2) 

s 
/N 

wily 
cad 
| 
8 
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The Omega function possesses an elegant and useful partial fraction representa- 
tion [4, Theorem 1.3], [5, Theorem 1.24]: 
Q(2 e()"!2 
ea ST ween: (4) 


sinh(w) n? + w? 


On the other hand, the generalized Mathieu series was introduced by Guo [21] in 
the form 


2 
0S Ya es v>l,r>0, 


2 2)\v 
n21 (n +e) 


posing the problem as to whether there is an integral representation for S,(7). The 
problem was solved by Cerone and Lenard [14, Theorem 1], who gave the integral 
representation 


oo v—4 
a/ t 
= 3(rt) dt, r>0O,v>1. 


Sy = 3 Jy-3 
Y Gry-7F@)do ef =1 


In [40] Pogany, Srivastava and Tomovski proved that the alternating generalized 
Mathieu series 


n-1 
1. pe SO. (5) 


2 2)v 
n21 (n ve ) 
posses the integral representation formula 


2 loo) alkier 
S\(r) = ras 3(rt) dt, r>0,v>0, (6) 


Gyre 4 wei 


where J, stands for the Bessel function of the first kind of order a. Obviously, letting 
here v — 1, which, in view of the following relationship [1, p. 202, Eq. (4.6.4)]: 


} 2 
J_1(z) = 4/ — cosz, 
2 UZ 


leads us easily to the integral representation (1). A number of other fashion integral 
representations for S>, S> and for S3 have been presented by Choi and Srivastava in 
[15, pp. 865-866, Theorem 3, Corollary 2]. The background of the relation (6) is 
very interesting. Namely, consider the classical Gegenbauer’s formula [19] (see also 
[20, p. 712], [47, p. 386, Eq. 13.(6)]): 


eee 2a(2B)"T'(u + 5) 
qf eet (Bx) = (7) 
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which is valid for all Re{jz} > —1, Re{a} > | Im{B}}. Setting a =n, Ww =v— ; 
and 8 = r in(7), multiplying this relation with (—1)"—! and then summing up with 


respect ton € N, we clearly arrive at (6). But, noting (4) and Sect. 4 below, 


mQ(2MxX) _ 5) = of cos(xr) ai 


sinh(z x) e +1 


(8) 


the integral representation only being valid for w = x real therefore now follows 
(1) when we replace 27x + x. 
Let us now introduce a new generalized Omega function, namely, S2,,(-), defined 


in terms of 
2,,(2 is 
TN ay pee ae. (9) 
sinh(zw) 


an extensive counterpart of (8). 

In order to apply the foregoing results of Pogany, Srivastava and Tomovski [40], 
we here need to restrict ourselves to w = x € R. Thus, (6) gives an analytic 
definition in matters of (9) as 


p—2 lee) pr-!/2 t 

(On eee sinh (5) f Jy3 (= ) ar j= 0Gy, 
T(v) x72 2} Io +1 Qn 

(10) 


where x 4 0,v > 0. In what follows, we call 2, the complete generalized BFH 
Omega function of the order v. 


2 Bounds for 2, by Using Results on J, 


The main purpose here is to establish a bounding inequality of 2, in terms of 
J,,. Rearranging the integral representation (10) of the complete generalized BFH 
Omega function of the order v, we deduce 


sae 00 yv-1/2 wi 
| Q,(x | < -3 sinh (5 yf iat oq 13(= ) dt 
FO)|xP2 ee — 
+3 2-3 p- 1/2 
J,_3(t)} dt. 11 
~ TO) T(v) |x|2-! 1 sin (3 ) ie e2nt/x 4 1 +1 | v3 ) ( ) 


Now, we are confronted with the problem of bounding | J, | by certain sharp bound 
on the positive real half-axis. Firstly, we will inspect the appropriate bounds’ 
literature. Fortunately, there are numerous suitable bounds for the modulus of the 
Bessel function of the first kind, like Hansen’s, valid for positive integral order 
Bessel function [22, pp. 107 et seq.], [47, p. 31] 
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lJo(t)| < 1, |J-@| < reN,teR; (12) 


1 
ie 
von Lommel extended [33, pp. 548-549], [47, p. 406] this results to 


1 
ul <1, |Jpri@l < a w>od,teR. (13) 
Simple, efficient bounding inequality was proved by Minakshisundaram and Szasz 
[35, p. 37, Corollary]: 


1 lay : 
lJ (x)| < Paes) (4) ; xeR; (14) 


obviously, this bound reduces Hansen’s for uw = 0. 

More sophisticated bounds were given by Landau [31], who gave in a sense best 
possible bounds for the first kind Bessel function J,,(x) with respect to v and x, 
which read as follows: 


\Ju(x)| < bow 3, by = V2 sup Ai(x), (15) 
xER+ 
|J(x)| < ex alee cL = sup x!/3 Jo(x), (16) 
xER 


where Ai(-) stands for the familiar Airy function 


Ai(x) = 4 [F(ss2er3} + Jyjs{20c/3)°7}). 


In fact Krasikov [30] pointed out that these bounds are sharp only in the transition 
region, i.e. for x around j,,,1, the first positive zero of J, (x). 

In his recent article Olenko [37, Theorem 1] established the following sharp 
upper bound: 


a 3a? 
sp VEC <br fp? + 2, + Mm do, w>O0, (17) 
x20 Lb 10u 


where a is the smallest positive zero of the Airy function Ai(x) and by is the 
Landau constant in (15). For further reading and detailed discussion, consult [37, 
Sect. 3]. 
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Krasikov also established a uniform bound for |J,,|. Let 7 > —1/2, then 


4(42? — (2u + 1)(2u + 5)) 


EEGs Gra? A) 


=: &, (0), (18) 


for all 
t>1Vr 4023, A:= Qu t+ DQu +3). 


The estimate is sharp in certain sense, consult [30, Theorem 2]. Moreover, Krasikov 
mentioned that (18) provides sharp bound in the whole oscillatory region; however, 
in the transition region, this estimate becomes very poor and should be replaced with 
another estimate. Having in mind Krasikov’s discussion, we propose to combine 
Krasikov’s bound with Olenko’s one. This approach was used by Srivastava and 
Pogany in [45]. Let us denote 7 s(x) the characteristic (or indicator) function of 
a set S, that is, ¥s(x) = 1 for all x € S and ys(x) = O otherwise. Since the 
integration domain coincides with the positive real half-axis, we need an efficient 
bound for |J,,(¢)| on (0, A], A > VA-+A2/3/2. Therefore, we introduce the 
bounding function 


d 
Ol < Hl) = FE Xoas) + R(t) (1— xe. @)), (19) 


where, by simplicity reasons, our choice would be 
A, =4(A+ (4 1)*"), 


because §,(¢) is positive and monotonous decreasing for t € 4((A + A7/?), 00), 
compare [45, Sect. 3]. Moreover, we point out that for A,, we can take any 5(A + 
(A +)23), 1 >0. 

Next, Pogany derived a different fashion bound for |J,,|, when the argument of 
the considered Bessel function is coming from a closed Cassinian oval from C. To 
recall this result, we need the following definitions. Let us denote D,, = {z: |z| < n} 
the closed centered disc having diameter 27, while the open unit disc D = {z: |z| < 
1} and the closed Cassinian oval [38] 


. » l-A 
Cpa i= te I = inal S dna a} » AE(0,1). 


The famous von Lommel theorem “J,,(z) has an infinity of real zeros, for any 

given real value of v”, [47, p. 478], ensures the existence of such j,;. Thus [38, 

Theorem 1] 
[z|" Alz|? 

J < = ee A€ (0,1), uw >0,z7€ Cua. 

|Jn(2)| PPA  ) ae (0,1), 4 >0,z€ yy 


(20) 
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Here we mention the inequality [25, p. 215] 


|Ju(t)| < t>0,u20. (21) 


te y 
esl aenl 
2#T'(y + 1) 4(u + 1) 
Note that Watson [47, p. 16] originated back to Cauchy a weaker variant of this 
inequality (the exponential term contains —t*/4), for integer order ju, see [11, p. 
687], [12, p. 854]. 

Ifantis—Siafarikas improved (21) for the domain ¢ € (0, j,i), > —1 in the 
following form [25, Eq. (3.15)]: 

tH ie a 

Ju(t) < —————~ exp} — - : 22 

0) <SrGah P\ aq@ah  2@+D +2 ve 

It is worth to mention Sitnik’s paper [43], in which he reported stronger but more 

complicated bounds involving Rayleigh sums of negative powers of Bessel function 

zeros; his results concern Bessel function bounds inside the open unit disc 

Interesting upper bound was established also by Lee and Shah for complex variable, 

integer order Bessel function J;,(t); see [32, p. 148]. Finally, we refer to Cerone’s 

book chapter [13, Sect. 2] for an inequality accomplished by bounds on a CebySev 

functional. 


Theorem 2.1. The following bounding inequalities hold true: 


a. Forallx > 0,v— a =reéENo, we have 


1 


n+ bor(V2— Dr + Dine +2) (2 
VIFG+ De wan (3). em 


I2, 43001 < 
where Sap stands for the Kronecker delta, while 


(-1)""! 
n(p) = a me Re{ p} > 0, 


n21 


denotes the Dirichlet Eta function. 
b. For all x > 0,v > 5, it is 


iia 7 4a = sik (5) (24) 
2 


c. Let us denote by, cy the Landau constants given in (15), (16). Then for all x > 0, 
we have 


bw? r(v+h 1 
wea ne ry) sinh (5). v>3, 
|2,,(x)| < (vy) P= 3)3 b ae) 
cy23 n’-3 rT (v + +4) ( 4. 1) 
Ee 6 n 6 sinh ( ) p> a1 
Dv) x76 : 1 
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d. Let do be the Olenko coefficient in (17). Then 


x>0,v>3. (26) 


oV2n"F nv) (:) 
sinh a)? 


xl 


d 
|S2,(x)| < 
Proof. a. Consider the integral [20, p. 349, Eq. 3.411.3] 


[o-e) a-—l 
IF (a, B) = i ae dt = B-* (a) (a), min (Re{a}, Re{B}) > 0. 


Applying Hansen’s bound (12) to the Bessel function J, 3 (t) appearing in (11), we 
conclude 


2” 1" 3[1 + 89, -3(V2— DI r 1 2x 
V5 . gt ees 
|§2,(x)| < Foy x= sinh (5) IF (» + x ) x>0. 


Substituting r = v — 3 € No and reducing the previous bound, we arrive at (23). 

b. & c. & d. Similarly to the case a, estimating [J,-3 | with the aid of the bounds 
(14), (15), (16) and (17), we derive appropriate respective specifications. For the 
four consequent bounding inequalities (24), (25) and (26). Observe that (25) consists 


from TWO upper bounds. Oo 


Remark 2.1. We point out that von Lommel’s extension (13) of Hansen’s bounds 
(12) will give substantially more general but in form equivalent bound upon £2, (x); 
therefore, it is not necessary to consider this case separately. 


Obviously, being the integration domain for {2,,(x) the positive real half-axis, 
Krasikov’s bound itself is automatically eliminated as a candidate to be employed 
in estimating the Bessel function in the kernel of the integrand of §2,,(x). Therefore, 
instead of Krasikov’s, the synthetized Olenko—Krasikov bound ¥,,(¢) (19) shall we 
apply. The lower incomplete Gamma function y(s,@) [20, 8.350 1.] one defines 
truncating the integration domain of Eulerian Gamma function to [0, a], i.e. 


y(s,a) = / tle dt. 
0 


Also, the upper incomplete Gamma function or complementary incomplete Gamma 
function [20, 8.350 2.] is given by 


co 


I'(s,a) := I'(s)— y(s,a) = / tle de. 


a 


For both incomplete Gamma functions, Re{s} > 0, | arg(a)| < 7 —€«, € € (0,7). 
Let us remark that for certain fixed a, I’(s, w) is an entire function of s, while y(s, 7) 
is a meromorphic function of a with simple poles at s € Zo . 
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Theorem 2.2. Let v > 1,4 = 4v(v — 1) and let x be positive real. Then we have 
the following bounding inequality: 


3) 
2x2 do-y(v,22A 
|$2,(x)| < yen sinh (3) ov 3 2 
D(v) x’! 2 1} exp|=— An} 


2! fey) F (v + 4,2Ay) 


/m cosh (2 Aj) , 


+ (27) 


where A, = 5 A+A+ 1)/3) and 


R,_3 (Aj) = < hah heey =467 = 1}, x>A,. 


Proof. By (11) and (19), it follows that 


ts 2-3 x loo) pr—!/2 
2, < inh t) dt 
| (x)| T(v) x2v-1 om (5) / e2nt/x +1 Fi ) 
ety 2-3 x Aj t-! 
= sinh d ————-_ dt = FJ 
Toyx2t (5) of emlx 4 | ek 


+f IV 041) (=: 4). (28) 


Now, for the integral J;, we calculate in the following manner: 


Aj) tr! —Bt 1 Aj A 
n= f f= we ao | te FP af = _¥(@,BAd) (29) 
o Ite 8 1+ePAr Jy BY + e842) 


The fact that &,, decreases on [A,, 00) has been established already in [45, p. 199]; 
hence, 


R,-3(x) < R,_3(Aa) = _ [(A+Q+ D2?) -402-D], x > Aa. 


Accordingly, 


1 (© t?-2e72! 1 aera ee 
=> | ———— dt < song t’-2e 2! dt 
2 Ja, cosh (4r) 2cosh(5A a) 


B 
2 
_ 2 EP (vt 3,58 Aa) 
per ae 


(30) 
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in both integrals B := 2ax—!. Now, obvious transformations of (28), (29) and (30) 
lead to the asserted bound (27). oO 


Considering further bounds (20), (21) and (22) upon the Bessel function of 
the first kind, we see that only the bound (21) possesses the property of direct 
applicability since the integration domain of (0, oo) in defining §2,(x). Here, and 
in what follows, ,W, denotes the Fox—Wright generalization of the hypergeometric 
p, function with p numerator and g denominator parameters defined by (cf. e.g. 


[44], [45, p. 197, Eq. (7)]) 
spoon re %) 
(bq Ba) 


qd P 
ae €Rz,€=1,p; Bj; € Rij =1,¢; A:=1+) > fBr—) a; 20, 


baa ae 
WY 
(1, Bi)... (bq, Ba) 


+} = 3 Tee I’ (ae+am) xm 


m= = ITt= 1 PF (be+Bem) m 


where 


(=1 j=l 

and in the case of equality A = 0, the absolute convergence holds for suitably 
bounded values of x given by 

avS Te? T+" . 

j jai 

while in the case |x| = V, the condition 

q P 

P—-4q 
Re by — j >0 


suffices for the absolute convergence of the series » W% [x]. 
Next, we introduce the Kritzel function, which is defined for u > 0, p € R and 
v € C, being such that Re{v} < 0 for p < 0, by the integral 


ad u 
Zyw) = [ foe ide. (31) 
0 


For p = | the function (31) was introduced by E. Kritzel [29] as a kernel of the 
integral transform 


(Kes) w= fo Zp) flere 
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which was applied to the solution of some ordinary differential equations. The study 
of the Kratzel function (31) and the above integral transform was continued, for 
example, in the paper by Kilbas, Saxena and Trujillo [27], in which the authors 
deduced explicit forms of Z/ in terms of the generalized Wright function, or in the 
paper [2] by Baricz, Jankov and Pogany devoted among others to convexity property 
research and Laguerre- and Turan-type inequalities for the Kratzel function. 


Theorem 2.3. Let v > . Then for all x > 0, the following inequality is valid: 


|2.(x)| < 


2n?”-3 (4v — 2)"-? sinh (2) 


n?”—3 (4y — 2)"3 sinh (2) ' [« _1 
Pwyrw—Hxet 


Dv) Pv — 4) x7! 


Proof. By (11) and (21) we conclude the estimate 


47?"-3 sinh (3) 


|92,(x)| < 


Denoting 


lee) p22 
PO)ro = x74 i ems +] 


—1 _—y72 
0 pa-l e-yt 


Ia(a. By) = f ————— dt, 


eft + 1 


we estimate the value of this integral: 


J3(a@, B, y) 


the Fox—Wright function converges absolutely since A = 5 > 0. 


< 


/N 


[o-e) a-l 
al Pe Bt? ay 
2 Jo cosh (Bt) 


1 coed —1 —Bp—y72 
a t% le xt—yt dt 
0 


ex | 1) 


Zi” (E vav—2) . 


(=: Ja) 


tar 


(32) 
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On the other hand, considering the integral Jy = J4(a, 6, y), we can express it 
via the Kratzel function: 


fy 23 E ) (33) 
4=—a7Z5(>—].- 
yi \2/7 
Indeed, the substitution t~! + f results in Zh (u) = Is? thet Pout dt and 
1 a —;2—-8_ _~-(-2)_ Bt 
J4 = - pe MF dt = Se fs pil. 2V¥" dt, 
y? Jo 


so the relationship (33) is proved. 
Now, it remains to specify in both formulae (32) and (33) 


1 
4y—2’ 


2 
a=2v-1, fa. y= 
x 


because of 


47-3 sinh (2 2 1 
|2,(x)| < : (3) i (2»- ae ) 
POras a4 x 


4n?"—3 sinh (2) 2x 1 
=> I J4 2v— 1, —-,; 
PvP — 5) xv! x 


_ 273 (4v— 2)? sinh (3) wo] © 12) 
Dv) Pv — $) x27! 


/ 


NIs 


2"-3 _ 2-2 5 
= = 2 1 ce () V Aariad (= V4 2) ; 
PO) (y — 5)x7P * 


The proof is complete. Oo 


Remark 2.2. As a by-product of the proof of Theorem 2.3 we get a relationship 
between Fox—Wright generalized hypergeometric function ;W|-] and the Kritzel 
function Z/(-): 

: “ | 


To prove this result we can apply the same methods as in the previous proof. 


pZp(u) = vo] ma 
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3 Bilateral Bounds Deduced via the Caplygin 
Comparison Theorem 


Two-sided bounding inequalities for the complete Butzer-Flocke—Hauss Omega 
function by the Caplygin comparison theorem have been established for the first 
time by Pogany and Srivastava in [39, p. 591, Theorem 3]. Following this approach 
Pogany, Tomovski and LeSkovski devoted the whole article [41] to this subject, 
deriving a few sets of bilateral inequalities for the BFH Omega function via 
alternating Mathieu series, which is closely connected in their proper fraction 
representation. 

In this section we shall obtain some fashion bilateral bounding inequalities for the 
generalized BFH Omega function §2,,, adapting the Caplygin differential inequality 
procedure developed in [39, 41]. Firstly, we consider a linear nonhomogeneous 
ordinary differential equation, of which a particular solution is §2,,, mentioning that 
the case v = | has been extensively studied by Butzer, Pogany and Srivastava [8, 
pp. 1074-1075, Theorem 1]. 


Theorem 3.1. Forallv > 5, x ER, the generalized complete BFL Q2,,(x) function 
is a particular solution of the following ordinary differential equation: 


1 
y' = 5 coth (>) yr = sinh ($) a. 


where 


E x 

S, — |, 0, 
h(x) = nr) o= 

2n(2v — 1), x=0. 


Here Spar stands for the generalized alternating Mathieu series of order v + 1, 
while n(-) denotes the Dirichlet Eta function. 


Proof. Rewriting (9), we get 


Q,(x) = * sinh (3) 5,(5-). 


Differentiating this formula we obtain 


eae : cosh (5) 5,( x )- Vx y (—1)""!2n 


2 
2n* n21 (n? F (+) et 


TU x\ 1, x\~ (x vx ~ x 
= — coth sinh Se _ Sy+i ; 
2 2) a 2 Qn 2n? Qn 
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which is in fact equivalent to the asserted ordinary differential equation, because 
iim S, (€) =2n(Qv-1). 
—>0 
The proof is complete. Oo 


Consider the Cauchy problem given by 


y’= f(x,y) and y(xo) = yo. (34) 


For a given interval J C R, let xo € J and let the functions y, y € C!'(J). We say 
that g and w are the lower and the upper functions, respectively, if 


p(x) < f(x.g(x)) and y'(x) = f(x, ¥(x)) xed; 
p(xo) = W(x0) = yo- 


Suppose also that the function f(x, y) is continuous on some domain Z in the 
(x, y)-plane containing the interval J with the lower and upper functions g and 
w, respectively. Then the solution y(x) of the Cauchy problem (34) satisfies the 
following two-sided inequality: 


g(x) < v(x) < W(X), xeJ. 


This is actually the so-called Caplygin-type differential inequality or the Caplygin 
comparison theorem [9, 10, 34] (also see [3, p. 202] and [36, pp. 3-4). 

We divide into four steps the derivation of two-sided bounds: A. obtaining guard 
functions couple L(x), Ry (x) for S\4(x), B. fixing the domain J of solution and 
the initial condition g, (x9) = W.(x0) = yo, C. solving the boundary ordinary 
differential equations for lower and upper guard functions and finally D. considering 
the particular solutions g, (x), W(x). 


A. Keeping in mind the definition (9) of §2,,(x), the natural choice of domain is 
J = [0, 00). On the other hand, since §2,,(x) behaves near to the origin like 


2 
2,(x) = —n2Qv—-1)x(_+o()), x > 0, 
sa 
we pick up the initial condition of our Cauchy problem 


B. Let L,.(x), Ry (x) denote the guard functions for the generalized Mathieu series 
S,(x), x € J. By the arithmetic mean—geometric mean inequality, we have 


7 2!-F x E(u — 1) x>0 


S — 
wl) 9 Qu—1) x=0 


:= R(x), 
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and 


~ 2t 1 
S02 fo aepaae = Goya HO. 


Rewriting the fractional representation of the alternating generalized Mathieu 
series into 


§,(x) = 


| 

—\—-~ 
37] 

aes 
+1) -3 
se} Ll 
Sy! i) 
Els 


= 2n 2n = a . 
- Liga Lae = S,(x)-4 s.(5). 


n21 


we clearly deduce that 


a _ x in _ x “ 
Eye) = Lu)—4" Ry (5) < 5.) < Rulx)— 4 Ly (F) =: Bue). 
(35) 
Therefore, writing 4 = v + | throughout in (35), we get 
1 g(v) S(v) 1 


Ly4i(x) = Ry+i(x) = 


vil + x2) ~92v=1 xvtl : 2Y xvtl ~ v(4 + x2yy 7 


C. Following the lines of Theorem 3.1, the lower function’s ODE will be 


gi, — ; coth (5) QO, = 5 sinh (>) Roya (=) 
x pas ae ae es) 
>) ae x? 


’ 


=n”? sinh ( 


hence 


ee eas v-2 ae vv) 
Pie) = sinh (5) er a (q Shier " we =) 


The upper function’s ODE reads as follows: 


wi ; coth (5) w= 5 sinh (5) Tai (=) 


x poy). 2-1 gets 
(5) Qv-2 yv a (472 ai ? 
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accordingly, 


x qr? p f(v) 4v—1 772-3 
v(x) = sinh (5) Cy + + 
Wo@) 2 wv) DG? + 4921 
Here €(v),v € (3. 1) signifies the analytic continuation of the Riemann ¢ 
function by the widely known formula 


(v) 
to) = 


Re{v} > 0. 
D. Bearing in mind the asymptotics of lower and upper functions and that of {2,,(x) 
near to zero, we immediately get 


Pv (x) 4 


1 Wo) 
sinh (3) is as m(1—v) 


~w 


ao m(1—v) © sinh (3) ; 


2 
=—nQv-l=c 
a )= cy 


which determines the values of integration constants 


2 (2v —1) 4 
Co = — n(2v — 1) - ———_., 
ss x" m(1—v) 
pp 
= —7(2v—-—1 ——.. 
re el Lea) 


Thus, the proof of the following result is given. 
Theorem 3.2. Let v € (4, 1). Then for allx € J = R4, we have the following 
two-sided inequality: 


v(x) < 2y(x) < W(x), 
where 


4 


2 
g,(x) = sinh (5) = n(2v — 1) — = 


41,723 n-2 vf(v) 
7 (1—v)(x2 + 16n2)-! vy) xP 
_ (X\ 42 1 
W(x) = sinh (5) = n(2v —1) + 7) 
2 v C(v) 4142-3 
+ 220 —-ye (-ve2 44x) 


Here €(v), stands for the analytic continuation of the Riemann € function to v € 
1 


(5.1). 
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4 Hilbert—Eisenstein Series and Their Basic Properties 


4.1 In the sequel we give a brief introduction to certain important properties of 
the Hilbert—Eisenstein series. One of their bases is the Eisenstein theory of circular 
functions, founded by Gotthold Eisenstein [16] in 1847. They play an important 
role in number theory, especially their extension to elliptic functions; see, e.g. Weil 
[48, 49] and Iwaniec and Kowalski [26]. The series €,(w) defined for all w ¢ C \ Z 
and all integer r > 2 by 


1 
e-(w) = = +k’ 


keZ 


is called the Eisenstein series of order r. The €,(w) are normally convergent and 
represent meromorphic functions in C, are holomorphic in C \ Z and posses poles 
in k € Z (of order r and principal part (w — k)~"). Recall that a series 7, fi of 
functions f;: X t+ Cis normally convergent in X if to each point x € X there exists 
a neighbourhood U such that >>, | f;| < oo. If the series is normally convergent 
in X, then >> | f| converges compactly in X. The converse is valid for domains 
X =D CC, if all ff; are holomorphic in D. If such a series converges compactly 
in D, so does the series of its derivatives and, under weak assumptions, also the 
series of its primitives; see [42, pp. 92-95, 224]. 
For r = 1, the definition reads in Eisenstein’s principal value notation 


1 
20) = Dy Neos wtk 
ae ( 1 1 ) 
We oS wt+tk w—-k 
1 2w . 
== +) aa = 7 oot(xw), weC\iZ. (36) 
k21 


This partial fraction expansion of the cotangent function (due to Euler [17]), 
which is essentially the “alternating” generating function of the classical Bernoulli 
numbers By; := Bz(0) (B, (x) being the Bernoulli polynomials, n € No), namely, 


wow (-1)* 2k 
t= B ; <2, 
a) pz (Qkyr 7" pelssva 


is regarded by Konrad Knopp [28, p. 207] as the “most remarkable expansion in 
partial fractions”. 
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Differentiating the normally convergent series (36), observing that (cotw)’ = 
— sin? w, there follows 


‘ a> cot(xw) 


£2(w) = 63(w) = 


’ 


sin? (zw) sin? (tw) 


giving the surprising result [42, p. 303] 
€3(w) = €1(w) - €2(w). 
Eisenstein series’ two essential properties are [48, pp. 6-13] and [42, p. 303] 


(-1)""! 
(r — 1)! 
as well as their 1-periodicity in the sense that e,(w + k) = e,(w) for all w € C, 
keZ. 


Differentiating the Fourier series expansion of cotzw [18, p. 386 et seq.], 
namely of 


ew), r EN, 


e.(w) = —re+1(w), &,(w) = 


-1-2)°e""*, Im{w} > 0 
k21 
14+2 >> ek, Im{w} <0 


k<-l 


cotzmw =1 


iteratively, there follows that the ¢,(w) posses Fourier expansions in the upper and 
lower half-planes with period zr. 

The basis to the Hilbert—Eisenstein series also includes the background to the so- 
called “Basler” problem, an open question since 1690, namely, whether there exists 
a counterpart of Euler’s famous result on the closed expression for the Riemann Zeta 
function for even arguments, thus 


Bom 
(2m)! 


¢(2m) = (ape meN : 


to the case of odd arguments, namely, €(2m + 1). 


Theorem A (Counterpart of Euler’s formula for ¢(2™ + 1)). Form €N, there 
holds 


Bon +109) 


2 1) = (-1)"4" 2m+1 : 
SO Ome it 


Thus, the solution consists in replacing the Bernoulli numbers B>,, in Euler’s 
formula by the conjugate Bernoulli numbers By, , which are defined in terms of 
the Hilbert transform and were introduced by Butzer, Hauss and Leclerc in [7]. 
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Starting with the 1-periodic Bernoulli polynomials &, (x) defined as the periodic 
extension of &,(x) = B,(x),x € (0,1], one can—using Hilbert transforms— 
introduce 1-periodic conjugate Bernoulli “polynomials” 4~(x),x € R(x ¢ Zif 
n = 1) by 


B(x) := A(A, Oa), nen. 
These conjugate periodic functions (x) can be used to define the non-periodic 
functions B(x) in a form such that their properties are similar to those of the 
classical Bernoulli polynomials B,,(x). For details, see Butzer and Hauss [5, p. 22] 


and Butzer [4, pp. 37-56]. The conjugate Bernoulli numbers in question, the By, 41, 
are the By, .,(0)(= B3,,4,(1)) for which 


Zi 1 =m ~ 
Bom+i (5) = (4 _ 1) : Bymn41 C1) : 


Some values of the conjugate Bernoulli numbers are 


log2 
ee! m=0 
a 1 
7 1 log2 2 4 

Binei(5) =) an =2 han cot(zu)du m=1 , 

1 1 1 

11 f2 5 2 z 
— wootmrdu> | Pucotrdu2 [ uwcotmudu. m=2 

O-+ 3 Jo Ot 


Now, the indirect basis of the Hilbert—Eisenstein series is the Omega function £2(-). 
One arrives at it through the counterpart for the B(x) of the exponential generating 
function of the classical polynomials B,,(x), namely, 


a wx 
yB@) ==, w eC, |w| <20,xeR. (37) 
n! ev —1 


nZ0 


Theorem B (Exponential generating function of B, (3). For |w| < 22, there 
holds 


1 1 wx 
\> By z a: 
2) n! ev — 1 


nZ0 


The proofs of Theorems A and B are connected with the Hilbert transform 
versions of the Euler-Maclaurin and Poisson summation formulae established 
by Hauss [24] (see also [5, p. 21-29] and [4, pp. 37-38, 78-80]). Observe 
that Theorem B tells us that the Hilbert transform of (37) essentially results in 


multiplying we”* (e” — 1)! by the Omega function 2(w), taken at x = ‘ 
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4.2 The direct basis to what follows is the partial fraction expansion of S2(w), thus 
a Hilbert-type version of the basic partial fraction expansion of cot zw in (36). 
It reads, 


Theorem C (Partial fraction expansion of 2(w)). For w € C \ iZ, one has 


4 kk inh _4)k k 
Q(2xw) = — (e-™” —e™) a= I)'k _ sinh(rw) sa IF sen(k) 


2 2 F 
rend +k i w + ik 


Definition 4.1. The Hilbert—Eisenstein (HE) series h,(w) are defined for w € C\iZ 
andr € Nz by 


_ (—1)*sgn(k) 1 7 1 : 
br) 2 Gate (w + ik)’ =e Oy (<a aah"): os 


keZ k21 


and 


(— 1)‘sgn(k) _ ix Q(2nw) (-1 
mele 2 w + ik sinh mw te 


(39) 
keZ 


For w = 0, 6; (0) can, since sgn(0) = 0, be taken as 
—1)' sgn(k . 
51(0) = eS Soe) = aa log2. 
keZ\{0} 


Observe that the partial fraction expansion of (sinh zw)! follows by replacing w 
by iw and recalling sinh w = —isin iw in the well-known expansion 


4k 
oe ewe Se y. Weer: 


sin zw 


and (sinh zw)! also possesses the Dirichlet series expansion for the right half- 
plane (see, e.g. [18, p. 405 et seq.]) 


4 
——_ =27 > Paha Re{w} > 0. 
sinh zw = 


The case r = 1 of Definition 4.1 reveals that to achieve the Hilbert-type version of 
z(sinh zw), that is, h;(w), one multiplies it (or its partial fraction expansion) by 
the complete Omega function §2(27w) and i. The counterparts of the corresponding 
properties of ¢,(w) read 
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Proposition 4.1. There holds forw € C \iZandr € No, me N 


bo” (w) =(-1)” (1) Or+m (w), (40) 
where 


r'(r+m) 


(r)m = T(r) 


=r(irt+l1)---r+m—-1), (r)=1, 


stands for the Pochhammer symbol (or shifted, rising factorial); moreover, 


1 
br(w) = aa byw), =r EN, (41) 
as well as 
h-(w)+h-(wt+i=w'—-Wwti)”. (42) 


Proof. Here the differentiability properties follow readily from Definition 4.1, and 
the i-periodicity-type formula we conclude from 


eo 1)* sgn(k) 2c 1)*! sen(k—1) +4 mn 3 (—1)*"! sgn(k—1) 


wien OWE)” (w+ik)" wa ny 
7 N-1 (-1)* sgn(k) 1 1 (-1)"t! (-1)¥ 
At (wtih wr wtih wti(N + DP wi) 
Letting N — oo, we immediately arrive at (42). oO 


Theorem 4.1. The HE series 6,(w) possesses for x € Randr € N the integral 
representation 


_ 2i(-1)"* fe we! | pr-2 
h(x) = Fr / a] sin ( 5 w+ xu) du. (43) 


Specifically, we have for r = | and 2, 


61 (x) = 2i / 7 en du (44) 
0 


and 


ho(x) = 2i / av a du. (45) 
0 
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Proof. Beginning with the representation 


3 (—1)*sgn(k) | ay (—1)‘-!2kw 


baw) = (w+ ik)? “we + AP oe 


we try to express the fraction 2kw(w? + k*)~? as a Laplace transform, thus via 


= Lulu sinovad](o) = [eM a sin(oru) d 
——, u sin(w u)](s e *“u sin(wu) du. 
(w? + s?)? 0 
Now, this transform is correct for Re{s} > | Im{w}|. But for the needed s = k EN, 
this inequality requires that | Im{w}| = 0, so that w must be real, i.e. w = x. 
Noting 


1 
—] k-1 .—ku _ : 
pm ) . eu +1 


k21 
one has 


ho(x) = 21 0-1) ft e~*" uy sin(xu) du = 2i fp Sew, (47) 
0 


e“ +] 
k21 + 


where, being | sin(xu)| < 1, the interchange of sum and the integral is legitimate. 
This proves (45). 

Repeated r — 2-fold differentiation of h.(x) with respect to x according to (40), 
that is, (41), delivers 


ee 2i(-1)"_ d’-? if sin(xu) - 


I(r) dx’? e+] 


i(—1)" [o.e) r—1 =) 
= ue} i = sin (- w+ xu) du, 
T(r) Jo et +1 2 


which is (43), for all r € No. 

It remains the case r = 1, which has to be considered separately. In turn, 
we have to connect the Hilbert—Eisenstein series 4; (z), which converges in the 
sense of Eisenstein summation (but does not converges normally), and the normally 
convergent HE series h,(z), 7 = 2, which is termwise integrable. Thus, 


k 
[ near = 2, sent) [<> 


(= (—1)‘sen(k) Sen(®) (= (—1)‘sgn(k) 
=), p 2) ss) a 


eZ, 


kel, 


: (—1)* : 
= a — h(x) = 2ilog2 — h(x). 


keN 
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On the other hand, the legitimate integration order exchange in (47) leads to 


x CO u x 
/ ho(u)du = 2i [ —— +f sin(xu) ax| du 
0 0 e&+1 (Jo 
; social °° cos(xu) 
= 21 — du —- du 
9 e+ 9 e+ 


lo. e) 
= 2i log2 — 2 ] ane 
0 e+] 


du. 


The rest is clear. oO 


At this point let us recall integral representations which have been derived for 
the complete, real argument Omega function {2(x). Among others we mentioned 
in Sect. | the results by Butzer, Pogany and Srivastava (1); consult [8, Theorem 2], 
by Pogany and Tomovski (2), and see [46, Theorem 3.3] and the Pogany-Srivastava 
integral representation (3) [39, p. 589, Theorem 1]. 

However, having in mind Theorem C and the differentiability property (41) in 
conjunction with Theorem 4.1, we now obtain a new integral representation formula 
for the complete §2 function and its derivatives via the rth order Hilbert—Eisenstein 
series h,. 


Theorem 4.2. For x € Randr €N, there holds true 


1 © Re {k,(x; 
Q(x) —— i e {k, (x; u)} du, (48) 
2 1 0 e+] 
where 
Ky (x3 u) — (eltt2)3 = (-1)’ ets) (1 + *) . 
Nu 
Proof. Theorem C in conjunction with (44) implies 
2 [o,@) 
Q(Qxx) = — sinh(xrx) if OI oc (49) 
Nu 9 e+1 


actually, by replacing (27x +t» x), we reobtained the integral expression (1). 
Differentiating this formula r times with respect to x, we get by virtue of 
property (41), 


. 2<31¢ a xu\ du )™ (. x\\e-™ 
en) = ™ > (") tf cos (+) a “t . {sinh (5)} : (60) 


m=0 
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Differentiating the integral m times with respect to x, we get 
_ d mt Xu du 1” i u™ xu -xu 
i: — cos ( ) = / (c's + (-1)"e"*) du. 
0 dx Qn/ e!+1 2Qry" Jo eX +1 
On the other hand, 


fsinn (5) = — (c# -(-1yrme"#) . 


Replacing both derivatives into (50), after suitable reduction of the material and 
summing up all terms inside the integrand, we arrive at the expression 


1 pe iw) x iu) x iu : 
(iy) — (+#)% — ¢_yyr a(t #) 5 a 
2%) = ae [| (eFC 94) (14 2) 
(rece) ia) 
+(e (-1)"e ) = ea, 
which is equivalent to the statement. Oo 


We mention that the HE series §,(w), or better still w” h,(w), posses a Taylor series 
expansion, the coefficients even involving the Dirichlet Eta function values n(2k + 
1), where the Dirichlet Eta function 


n(s) = SoD TR, Refs} > 0. 
kel 


Indeed, 
Theorem 4.3 ([4, p. 83, Theorem 9.1]). For w € C, |w| < 1 andr €N, one has 
whi(w) = 21 Y\(-1)k n(2k + 1) wk! 
k>0 


and 


, 2k 

w" h,(w) = 2i(-1)"! » (-1)* ( n(2k + 1) wk lh 

r-1 
k>[r/2] 


Thus, §,(w) is holomorphic in C \ iZ. 
4.3 Let us briefly consider some connections between the h,(w) and alternating 
Mathieu series S,.(w). 
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Firstly, according to Proposition 4.1 (or evaluating 2(w) directly from its 
definition), having in mind (5) again, we have 


(—1)*-12k — 
ho(w) ue GP pRB? = 2iwSatw) 
As to the next step, 
oa Cloke = 30") 
ea oe 
k21 


“ (—1)*12k 
S3(w) = 
icra (w2 + k2)3° 


Although the two look incomparable, see nevertheless Theorem 5.1 in Sect. 5. 

For further systematic connections between S,.(w) and h,(w), see Sect. 5. 
4.4 We finally turn to a counterpart of the function §2,(w) introduced in (9). In 
regard to h,(w) we have seen that 


m2 (27w) — 
sinh(zw) “a 


We define a new function, 2, (-), Say, in terms of the HE series ,(w) as follows. 
This answers a conjecture raised in [4, p. 82]. 


Definition 4.2. For all w € C \ iZ and for all r € N, the extended Omega function 
&2,(-) of positive integer order r is the function which satisfies equation 


1&2, (2nw) : 
sinh(tw) nD): 
In fact, the new special function 
&,(w) = -= sinh (=) 6, (=). weC\iZ, reN (52) 


is the positive integer order counterpart of the function §2,(-), defined already in 
terms of the alternating generalized Mathieu series S,,(-): 


m2, (2nw) -r (-—1)*12k 


sinh(zw) (k2 + w2)” = S,(w), 


studied in [8] and here in Sect. 2 and Sect. 3, even for v € Rx. 
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Connecting Definition 4.2 and Theorem 4.1, we clearly arrive at the integral 
representation of the real variable alternating extended Omega function, recalling 
the integral expression for the Eta function 


co yr 
= —— du. 
ner) = [oa 


Theorem 4.4. For anyr € N one has for x € R 


2(-1y""!_—” x co yl pp —2 xu 
——_— sinh ( ) sin ( m+ ) du. 
aI (r) 27 Jo ef +1 2 2a 


Moreover, in the same range of parameters we have the estimate 


2,(x) = 


|2,(x)| < = nr) sinh (5)| (53) 


Remark 4.1. We recognize that the bound in the inequality (53) for 2,(x) is the 
same fashion result as the bound (24) achieved for the generalized BFH (2,(w). 


5 Some Bridges Between {2,(w), 2, (w), S, (x) and h,(w) 


5.1 The alternating Mathieu series (5) 


4 (-1)""!2n 
Sy(w) = = >0,w>O0, 
(w) dX, (n2 + w)” id 


and the Hilbert—Eisenstein series (38) 


(—1)* sgn(k) ; 
r(w) = ) aa C\iZ,reN 
+ (w) 2 Ww + iky wéeC\iZ,re 


are intimately connected by (39), and relationship (9), e.g. we have seen in the 
previous section that 


ho(w) = 2iw Sow). 


However, higher-order alternating Mathieu and HE series do not coincide, but there 
is a close connection between them: 
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Theorem 5.1. For all w > 0,r € No there holds true 


p(w) = »S 3 r\ (Oe (—w’)! Siw). (54) 
re re m pay ad 


0<m<r j= r+m+1 
r—m=1(mod 2) 2 


Proof. Beginning with Definition 4.1, one transforms 


(-1)* : r r—m mM (3],\r—m 
B00) = Dig De in | (OD — win 


k>1 m=0 


1 2-1) "k r m r—m r-—m— 
=1) Gia > (7)= (—1) 0+ D2. (2) 1)/2 


k21 0<m<r 
r—m odd 


(r—m—-1)/2 /-—m—1 
: r = “1 pe]-2) S 
=1 (") PS ( ; Jew Ww! §,_ 5 (w); 


O0<m<r j=0 
r—mM O 
changing the summation order, we get the asserted expression. Oo 


The next few low-order particular cases, coming after h2(w), are 
h3(w) = —5w7i S3(w) + 21 So(w), 
ba(w) = —8w3i S4(w) + 4wi S3(w). 


The opposite question also arises, that is, how can we express alternating genera- 
lized Mathieu series via a linear combination of Hilbert—Eisenstein series of up to 
the same order? Collecting formulae for 5 ;(w) in terms of S j(w), 7 = 2,3,4 and 
solving it with respect to Mathieu series S j(w), we get 


Saw) = —— baw), 


Si = bo(w) + = h3(w), 


i i 


S4(w) = Tae ho(w) + Tow? 


i 
h3(w) + <5 ba(w), ete. 
8w 
As an immediate consequence of Theorem 5.1, we get by means of Definition 4.2 (of 
the HE series) the following connection between the generalized complete positive 
integer order BFH Omega function {2,.(w) and its counterpart 2,(w). 
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Theorem 5.2. Let the situation be the same as in previous Theorem 5.1. Then we 
have the following representation: 


7 ij"! is r rat as 
2,(w) = * = | eae (—w?)! 2; (w). 
0<m<r »_ rtm+l 
r—m=1(mod 2) a) 


Proof. Transforming representation (54) by Definition 4.2, (52) from one and 
Theorem 5.1 from another side, we derive 


2. =—E son(3) 6(2) 


(r—m—1)/2 ; fama 
Ey (YP ror 
O0<m<r j=0 m J 


r—m odd 


x - sinh (5) Si (=) , 


2,-j) 


which is equivalent to the assertion. Oo 


Now, for w > 0 it is not hard to compile the formulae: 


22(w) = aid sinh (5) So (=) = 2w 22(w), 


» sinh (%) {255 (2) — sues, (22)} 


223(w) — 5w? 23(w) 


2.) = oan (2) {5.(2) -20°8(Z)} 


= 4w {23(w) — 2w* Q4(w)} . 


23(w) 


II 


We point out that both Theorems 5.1 and 5.2 ensure a good tool for further 
bilateral bounding inequalities upon 92,(w). N amely, we establish in Sects. 2 and 3 
numerous two-sided bounding inequalities for the generalized BFH Omega function 
Q;(w), 7 EN. 


5.2 In the following, we study a series representation of the Hilbert—Eisenstein 
series in terms of the Gaussian hypergeometric function 2 Ff. For the values w of 
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the argument coming from the open unit disc D := {w:|w| < 1}, we have the 
following expansion: 


se) =i SP (4 BY” ve (1- FZ) | 


k21 
— (—1)* —r rein (Wh 
— 2 kr E(FJe-e (F) 


oat wy (-1)* ye -1/d-(Ci tre t+ J) (ey. 
rae kr eee T(r)j! ik 
If r is either even or odd, we have more specific further results. 


Theorem 5.3. For all |w| < 1 andr € N, we have 


: 2 (—1)"! r—tior 
Hor—1(w) => 2i(—1) paral oF; : 
2 


k21 


moreover, 


hor (w) = 4wri(-1)’ 


kartt 3 
k21 


en ae oe 
Fi 


w2 
a . 


2 


Corollary 5.1. For all |w| < 1 andr €N, there hold 


| k-1 
hor—1(w) = 2i(-1)" dX oat cos (@r — 1) arctan x) ; (55) 
and 
—] k-1 
ho, (w) = 2i(—1)" +o aay sin (27 arctan -) ; (56) 


k21 


Proof. By applying formulae 


w 
= _ cos ((2r — 1) arctan z) 


1 
wee 
(1+ 5) 
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and 
k si a 
pa i ped mh sin (2° arctan -) 
oF; 3 k2 = w2 r 
2 
2rw (: + =) 
we immediately conclude the asserted results (55) and (56), respectively. oO 


Setting r = 2 in the formula (56), we achieve the companion series representa- 
tions to h3(w) (51), that is, 


a yr CDE TK =’) 
ba(w) = 8iw ) > ae 
k21 


5.3 We introduce Dirichlet’s Beta function as the series 


(-1)' 
B(s) = DL Ok+ IF Qk+ 1°" Refs} > 0. 


We are now interested in a specific Hilbert—Eisenstein series, precisely in b(4). 
Since 


2 (-1) * 1)! 
»(3)=() or ae, kD +) 


(F) t+en9 6-4, 


we have 


bin (3) (1+ (-1)’*#) BQ + p)-1 
b (4)6,.() (A+ ED") BO) = NIG + GD) BG) = 1 


Now, choosing v = 2r—1, w = 2s —1; r,s EN, it follows 


bar+2s—2 (4) 
Hor 1 (+) Has—1 (4) 


5.4 Finally, observe that the function 


+13, rnseEN. 


B(2r +28 —2) = | 


2u-1 


CO 
w> F(2u)bo,(iw) = 2 [ “ sey Sinh(ovn) du 
0 
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is logarithmically convex on (0,00) for w € R \ Z. This can be verified by using 
the classical Hélder-Rogers inequality for integrals or by using the fact that the 
integrand is logarithmically convex in jz and the integral preserves the logarithmical 
convexity. Consequently for all j4;, j42 > 0, we have 


P(r + H2)9%, 45 iw) < PQ )b2., (iw) P (213) b 2p, (iw) 
and choosing 4; = m — | and 2 = m + 1, we arrive at the Turan-type inequality 


2m(2m + 1) 


h5,,(iw) < (Om —)Qm—2) Hom—2(W) H2m+2(w), 


which holds for all m € {2,3,...} andw € R \ Z. 
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Properties of the Product of Modified 
Bessel Functions 


Arpad Baricz and Tibor K. Pogaény 


Dedicated to Professor Hari M. Srivastava 


Abstract Discrete Chebyshev-type inequalities are established for sequences of 
modified Bessel functions of the first and second kind, recognizing that the sums 
involved are actually Neumann series of modified Bessel functions J, and Ky. 
Moreover, new closed integral expression formulae are established for the Neumann 
series of second type, which occur in the discrete Chebyshev inequalities. 


1 Introduction 


Modified Bessel functions of the first and second kind J, and K, are frequently 
used in physics, applied mathematics, and engineering sciences. Their product J, K, 
is also useful in some applications. We refer, for example, to the papers [23, 24] 
about the hydrodynamic and hydromagnetic (in)stability of different cylindrical 
models, in which the monotonicity of x % P,(x) := I,(x)K,(x) for v > 1 is 
used. See also the paper of Hasan [12], where the electrogravitational instability 
of non-oscillating streaming fluid cylinder under the action of the self-gravitating, 
capillary, and electrodynamic forces has been discussed. In these papers the authors 
use (without proof) the inequality 


P,(x) < 4 
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for all v > 1 and x > 0. We note that the above inequality readily follows from the 
fact that x > P,(x) is decreasing on (0, co) for all v > —1. More precisely, for all 
x > Oandv > 1 we have 
P,(x) < lim P,(x) = x<t. 

For different proofs on the monotonicity of the function x t+ P,(x), we refer to 
the papers [2, 19,21]. It is worth to mention that the above monotonicity property 
has been used also in a problem in biophysics (see [11]). Moreover, recently 
Klimek and McBride [17] used this monotonicity to prove that a Dirac operator 
(subject to Atiyah—Patodi—Singer-like boundary conditions on the solid torus) has 
a bounded inverse, which is actually a compact operator. In [13, 14] van Heijster 
et al. investigated the existence, stability, and interaction of localized structures 
in a one-dimensional generalized FitzHugh-Nagumo-type model. Recently, van 
Heijster and Sandstede [15] started to analyze the existence and stability of radially 
symmetric solutions in the planar variant of this model. The product of modified 
Bessel functions P,, arises naturally in their stability analysis, and the monotonicity 
(see [7, 15]) of v + P,(x) is important to conclude (in)stability of these radially 
symmetric solutions. 

In this paper, motivated by the above applications, we focus on Chebyshev- 
type discrete inequalities for Neumann series of modified Bessel functions J, and 
K,, of the first and the second kind, respectively. Moreover, we deduce integral 
representations formulae for these Neumann series appearing in newly derived 
discrete Chebyshev inequalities in the manner of such results given recently by 
Baricz, Jankov, Pogany, and Siili in a set of articles [4—6, 22] for the first-type 
Neumann series. 

According to the established nomenclatures in the sequel, we will consider first- 
type Neumann series introduced in [4] as 


ME (2) = Do bn Lvtn() and J) := DO tn Kvtn(2)- (1) 


n21 n21 


In the next section our aim is to present the Chebyshev-type discrete inequality in 
the terminology of Neumann series (1) and its closed form integral representation. 
In this goal we introduce a second-type Neumann series 


Gi) = x Ln Ty4n(Z) Kytn (z) : (2) 


n21 


Our main derivation tools include Cahen’s Laplace integral form of a Dirichlet series 
[8, p. 97] (see the exact proof in Perron’s article [20]), the condensed form of Euler— 
Maclaurin summation formula [22, p. 2365], and certain bounding inequalities for 
I, and K,; see [3]. 
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Throughout [a] and {a} = a — [a] denote the integer and fractional part of a real 
number a, respectively. 


2 Discrete Chebyshev Inequalities 


We begin with the discrete form of the celebrated Chebyshev inequality reported 
(in part) by Graham [10, p. 116]. Here, and in what follows, let z be a nonnegative 
discrete measure, (7) = [,,n € N. Assuming f, g are both nonnegative and 
same (opposite) kind monotone, then 


Yo en f(r) Yo ong) < ©) lel Don fs), (3) 


n21 n21 n21 


where ||{z||; stands for the appropriate £;-norm. Let us signify throughout 


IN° wll c= Donn, a eR. 


n21 


Now, let us recall some monotonicity properties of modified Bessel functions. Jones 
[16] proved that J,,(x) < J,,(x) holds for all x > 0 and vy; > v2 > 0, while 
Cochran [9] and Reudink [25] established the inequality 0/,(x)/dv < 0 for all 
x,v > 0. With other words, the function v  J,(x) is strictly decreasing on (0, co) 
for all x > 0 fixed. 

Moreover, as it was pointed out by Laforgia [18], the function v  K,(x) is 
strictly increasing on (0, 00) for all x > 0 fixed. 

Finally, recall that recently in [7, 15] it was proved the function v  P,(x) is 
strictly decreasing on (0, 00) for all x > 0 fixed. 

Having in mind these properties, we can see that modified Bessel functions of 
the first and second kind J,, K, and also their equal order product P, are ideal 
candidates to establish discrete Chebyshev inequalities of the type (3). 

Our first main result is the following theorem. 


Theorem 2.1. Let v,n > 0 and let wt be a positive discrete measure on N such 
that ||2\|1 < 00, not necessarily the same in different occasions. Then the following 
assertions are true: 


(a) For all fixed x € Jp := (2e7! lim sup, _,., m[n!", 00), we have 

ONY (x) Jy) 2 [lela OY, @)- (4) 
(b) For all fixed x € J, := (0,2e7!/ lim sup, _, 0 nn!” , it holds 

Nell, Bea (ew) S MY (x) G00), (5) 


whenever ||N°-°—))+ ul], < 00, where (a)4+ = max{0, a}. 
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(c) Moreover, for all fixed x € Jy and ||N°~’—)+ ul], < 00, we have 


E(x) GM (x) > [lls GLK (x). (6) 
Proof. We apply the Chebyshev inequality (3) by choosing (a) f = I,,g = Ky, 
(b) f = 1,,g = 1,K,, and (ec) f = K,, g = 1, Kj. In the cases (a) and (c), the 
functions f and g are opposite kind monotone, and thus we immediately conclude 
(4) and (6), respectively. Moreover, in the case (b) both f and g decrease, which 
imply the derived inequality (5). 

It remains only to find the x-domains of the inequalities. 

Observe that ||/||} < oo suffices for the absolute and uniform convergence of 
the Neumann series SJ}; (x). This has been established by Baricz et al. in the proof 
of [4, Theorem 2.1] for all x > 0 and v > —1. Moreover, in the same paper [4] 
the authors proved that 3), (x) converges absolutely and uniformly when 7 > 0 and 
x € Jo. Now, by using the inequalities [3, p. 583] 


x\¥ x2 
(5) e40FD 
r(v +1) , 


I(x) < v>-I,x>0, 


and [4] 


Di" 
K,(x) < —- Pn), n>0,x>0, 
x 


applied to the summands of 6,/",(x), we obtain 


1 Xx aed an —py—1 
|S,4,| < (5) e 4(v+2) = Mn: (7) 


Observe that the convergence of the right-hand-side series, that is, ||N’7~’~! ju||) < 
oo, ensures the convergence of the second kind Neumann series Gy (x) for all 
v,n,x > 0. This together with the additional requirement || /1||; < oo yields 


max {[|/4[]1. IN" pili} = INT pull. < 00. 


Finally, let us consider the series Bin (x) which ensures the convergence of both 
left-hand-side Neumann series in (5). By virtue of the above listed upper bounds for 
I,, I, and K,,, we conclude that 


Gra (x) = bs nly t n(x)Ly t n(x) Ky t n(X) 


n21 


1 x\” 2( Lo +ats) Ln xe\" 
4 \v427 2 
~ ey (5) :  Limeaalz)> ® 


n21 


where the bounding power series converges for all x € Jj. 
Combining all these estimates, we arrive at the asserted inequality domains. O 
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3 Integral Form of Related Second-Type Neumann Series 


Our next goal is to prove integral representations for the second-type Neumann 
series 


Gi (x), Gha(x) and GHK(x), 


vn 


which appeared in Theorem 3.1. This will be realized on the account of procedure 
introduced by Pogany and Siili in [22] and further developed and promoted by 
Baricz et al. [4-6]. 


Theorem 3.1. Let 1 € C!(R+), wy = (fn)nen such that lim sup, 4 |Mn|!/" < 
1. Then, for all x > 0 and v,n > —3/2, we have the integral representation 


al a) (t+ v4 4) 
G(X) a —f [; (7 (1 ss 1) Ti4v (x) Kat) 


1 
| Ee Vara, (9) 
Dr (s+v+35) 


where 
d 
Oo, :=1 —. 
F + ihe 


Proof. First, we recall the following integral representation [26, p. 79]: 


Qi-yv v 1 
I(x) = : vol d- t2)"-2 cosh(xt)dt, x >0,v>-—I1/2, (10) 


Ja T(v + 0 


and the integral representation formula referred to Basset [26, p. 173] 


oe 2"T (n+ +) 7 cos(xt) 


x>0n>-1/2. (ll 
Vax" (1+ 02)"42 aan a 


Applying (10) and (11) to 6,",(x), we conclude 


© (1 — 12)" cosh(xt) cos(xs) 


6H (x)= 
vin) (1 +5212 
a (atntt) (i=? V 
xe (tn a / ) dtds . (12) 
n2=1 r(n+v+35) Lee? 


814 A. Baricz and T.K. Pogany 


The inner sum we recognize as the Dirichlet series 


pinT (n+ +3) ( +) 
D t,s) = ee OX —n In ——~ ; 13 
o(t.s) dX acemrer aes: as (13) 


which parameter In(1 + s?)(1 — t7)~! is obviously positive on (t,s) € (0,1) x Ry 
independently of x. Also, the power series (13) has the radius of convergence 


1 
lim sup |, |!/"’ 


n—>Co 


PDo = 


and then Do(t, s) is convergent for all (¢, s) € (0, 1) x R+, being pp, = 1 according 
to the assumption of the theorem. 

Thus, by Cahen’s Laplace integral formula for the Dirichlet series [8, p. 97] and 
by the condensed Euler—Maclaurin summation formula [22, p. 2365], we get 


Ml (1 —1?\" P(zt+n+5 
Dey in a / ( :) me ae (tn aden 
1-t l+s Dr (z+v+4) 


(14) 


Substituting (14) into (12) we get 


a“ Zr (z+tnt+ 
6,!(x) = — ans (c+n+3) 
(c+v+3) 
w+v— 
<(f rG ” 1—t? cosh(xt) cos(xs) Fala 
i Lee Uae) ye 
Denote 


oa aay a ck a h(xt 
J(o) := i / ae SOE SOSS) 55. 
0 Jo 1+ 5s? 1+ 5s? (1+ s2)7vt! 
Now, having in mind (10) and (11), we deduce 
1 re (1-1? \* cosh(xt) cos(xs) 
J(a) da = ditds 
[ocraa= ff (3) (+94 


ic [ (1 — t?)* cosh(xt) cos(xs) 


ad + g2yetn—-v +1 


dtds 


II 


It Ta+l) 


— 2 F@ tga ed ttt Ratt 4): 
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that is, choosing a > w+ v — 5 we have 


1\ «x 8 P(w+v+t5) 
J +u-— — ZF Ty (X) Kyan(X). 
(» 5) Dw F weg dy mene Ketal 


Hence 


xv" lg +v4i 
mere ed aes aa) 
2 


r 1 
x 0-5 H(s) Uns 2) dt ds, 
r(st+v+3) 


which is equivalent to the asserted double integral expression (9). oO 


Theorem 3.2. Let w € C!(R+), uly = (Ln)nen. Then, for all x € J,,v,n > 
—3/2, there holds 


xen Mg +u+3 
Ginx) = =n [; (7 a 2) hts) Ket) 


r(t+n+3) 


ee (Mota (s+n+ 2) dt ds. 


(15) 
Dr (s+v+3) 
Moreover, for x € Jog, v > —1,n > —3/2, we have 
xvon I] g C(t+vt+3 
w= fl [5 2) Tp4v(x) Kr4n(x) 
PQtn+}) 
S)Ksay(~)P (styn+t 
se | COR 1 a) | aa, (16) 
lr (st+v+3) 


Proof. We follow the proof of (9) to get the integral representations. It remains only 
to remark that the Dirichlet series Dj (t, 5) associated with ein (x) satisfies 


nl nen CO" (ntnt+4) (1-2\" 
IDs) < DL r(n+v+3) 1+? 
n21 2 


n § _ p\t 
go [x] etd , Hn Ixle 1-1 , 
on 7) nutvtl/2 2 1+ g2 
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so x has to be from J;. Similarly it can be concluded that for the Dirichlet series 
D>(t, 5) associated with een (x) holds the estimate 


[Hall Kner + vr (nt+n4+4) f1-?\" 
[Dats < YO - “| a eee 
(n+v +4) l+s 


n21 


n 
2 
24 (a ) Sint 1/2 m( 2 1-0 
2 
|x| we Ixjle l+s 
of which convergence requirement causes x € Jo. oO 


4 Indefinite Integral Expressions for Second Kind 
Neumann Series 6 ,", (x) 


In this section our aim is to establish indefinite integral representation formulae 
for the one-parameter second kind Neumann series of the product of two modified 
Bessel functions of the first kind P,,. First of all, observe that P, is a particular 
solution of the homogeneous third-order linear differential equation 


x? y"" (x) + 3xy” (x) — (4? + 4x? — Dy’(x) — 4xy(x) = 0. (17) 
To see this, let us recall that J, and K,, both satisfy the differential equation 
x? " 2 2 SS 
y" (x) + xy'(x) — @ + v*)y(x) = 0 


and consequently 


x71" (x) = (x? + v1, (x) — x(x) (18) 
and 
x? K" (x) = (x? + v?)Ky(x) — xKi (x). (19) 


Applying these relations we obtain 
x? PY (x) = 2(x? + v?) Py (x) — xP! (x) + 2x71) (x) Ki (x). 


Now, differentiating both sides of this equation and applying again the above 
relations, we arrive at 


x? P(x) + 3xP" (x) — (4v? + 4x? — 1) Pi (x) — 4xP,(x) = 0. 
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Repeating this procedure twice in view of (18) and (19), we can show! that 
actually [ : and K : are also particular solutions of the third-order linear differential 
equation (17). 

Now, let us show that /?, J, K,, and K? are independent being the Wronskian 
W[I?, I, Ky, K?] 4 0 on R. After some computations we get 


PQ). LOG) KH) 
WU? Dy Ky. Ki](x) = | (12(0))) v0) Kv (x) (K2(x)) 
(12(x))" Ui) K(x)” (K2(x))" 


/ 


II 


—F(Iv) Kv (2) + hi) Kv) + Dra) Kv) + ful) Kosi) 


= 2(Iy(X) KS (x) — (0) Ky(x))° = 2W3[ly, Kull) = — #0, 


where we used the fact that W[J,, K,](x) = —1/x. 
Thus, by the variation of constants method, we get the desired particular solution 
of the nonhomogeneous variant of (17), that is, 


x? y""(x) + 3xy"(x) — (40? + 4x? — Dy'(x) — 4xy(x) = f(x), (20) 


where f is a suitable real function. Hence, bearing in mind (18), the general solution 
reads as follows 


y(x) = 12 (x) + erty (x) Kv (x) + 03 K2 (x) 


= af tf (t)(Iv(x) Kv (t) — Iy(t)Ky(x)) de. 
1 


‘It is worth to mention here that the above procedure for modified Bessel functions is similar of the 
method for Bessel functions applied by Wilkins [27]. See also Andrews et al. [1] for more details. 


More precisely, Wilkins proved that the Hankel functions (H, py and (H®)’, as well as J?+Y7?, 
where J,, and Y, stand for the Bessel functions of the first and second kind, are particular solutions 
of the third-order homogeneous differential equation [1, p. 225] 


x? yp” (x) £3xy" (x) + 4 4x? — 40) y’(x) + 4xy(x) = 0. 


The above result was used to prove the celebrated Nicholson formula [1, p. 224] 
8 co 
J? (x) + Y2(x) =F i Ko(2x sinht) cosh(2vt)dt, 
mw” JO 


which generalizes the trigonometric identity sin? x + cos? x = 1. 
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Choosing the constants c;, c2, and c3 to be zero, the particular solution y, of the 
nonhomogeneous ODE (20) becomes 


yp(x) = -4 tf (t)(Iv(x) Kv(t) — I(t) Kv)’ de. (21) 
Now, by using (17) we have 
x? PM (x) + 3x P(x) — (4(n + v)? + 4x? — 1) Pl (x) — 4x Pr4(x) = 0 


and multiplying with the weight jz, and summing up on the set of positive integers 
N, transformations lead to the nonhomogeneous third-order linear differential 
equation 


x? (BK (x))” + 3x (G4(x))” — (4v? + 4x? — 1) (G40)! — 4x GK) 


= 4) 0 n(n + 20) lnInpo(®) Krav) = Hy (x), (22) 


n21 


where $),/;(x) stands for the second kind equal parameter Neumann series of 
modified Bessel functions associated with the Neumann series 6y';,(x). 


Theorem 4.1. Let uw € C'(R4), Why = (Un)nen such that lim sup, _, 45 |Hn|!/" <1 
and |\N~! ull) < 00. Then for all v > —3/2 and x > 0, we have 


6,4 (x) =—4 if . u$9,!%,(u)(Iv(x) Kv(u) — Iy(u) v(x) du, (23) 


where $y; (x) possesses the integral representation 


co lt] a 
Hs) = -{ i ay (lieu) K,+)(x)) Os (s(s + 2v)(s))dt ds. (24) 


Proof. The integral representation (24) of the associated second kind Neumann 
series of Bessel function §,/,(x) can be obtained by using the integral expression 
(9) in Theorem 3.1, just putting 7 = v for the weight function Ww, > 4n(n+2v) in, 
when 


lim sup |4n(n + 2v),|!/" = limsup |, |'/" <1. 
00 


noo n 


After that by straightforward application of (21) with f(x) = ,',(x), we deduce 
the desired integral expression (23). oO 
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Mapping Properties of an Integral Operator 
Involving Bessel Functions 


Saurabh Porwal and Daniel Breaz 


Dedicated to Professor Hari M. Srivastava 


Abstract The purpose of the present paper is to study the mapping properties of an 
integral operator involving Bessel functions of the first kind on a subclass of analytic 
univalent functions. 


1 Introduction 


Let A denote the class of functions f of the form 
[o) 
f@Q=z+ > agz*, (1) 
k=2 


which are analytic in the open unit disk U = {z € C: |z| < 1} and satisfy the 

normalization condition f(0) = f’(0) — 1 = 0. Further, we denote by S the 

subclass of A consisting of functions of the form (1) which are also univalent in U. 
For 1 < B < 3/2 andzé U, let 


N(B) = }feArRe(1+ 222) < Bh. 
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This class was extensively studied by Uralegaddi et al. [9] (see also [4, 6, 7]). 

Recently, Breaz [2] studied the mapping properties of an integral operator on the 
class N(B). This result was generalized by Porwal [5]. 

Several authors such as ([1,3]) studied the various integral operators involving 
Bessel functions. Motivating with their works we have attempted to study the 
mapping properties of an integral operator involving Bessel functions of the first 
kind. 

The Bessel function of the first kind of order v is defined by the infinite series 


yp orgy"? 
MO = Dair@+ vty’ 


n=0 


where J” stands for the Euler gamma function, z € C and v € R. Recently, Szasz 
and Kupan [8] investigated the univalence of the normalized Bessel function of the 
first kind g, : U — C, defined by 


(-1)"z"t! 


4ni(v + 1)(v +2)...v +n) 2) 


[o,@) 
go) = VT+ eFC) = c+ 
n=1 


Baricz and Frasin [1] have obtained the sufficient conditions for the univalence 
of the various integral operators involving Bessel functions of the first kind. 

In the present paper, we are mainly interested in the integral operator of the 
following type which involves the normalized Bessel function of the first kind: 


Fry Vl es = { T](&2) ai (3) 
i=1 


More precisely, we would like to obtain sufficient conditions for Fy, .....v,,01,...,0, (2) 
to be in class N(6). In particular, we obtain simple sufficient conditions for some 
integral operator which involve the sine and cosine functions. 

To prove our main results we shall require the following lemma due to Szasz and 
Kupan [8]. 


Lemma 1.1. Let v > (—5 + V5)/4 and consider the normalized Bessel function 
of the first kind g, : U — C, defined by g,(z) = 2° (v + 1)z!-"/7. J, (z'/”), where 
J, stands for the Bessel function of the first kind. Then the following inequality holds 
forallz<¢U: 


(4) 


7i@ |. vu t2 
gy(z) ~ 4v2 + 1004+ 5° 
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2 Main Results 


We study the mapping properties for the integral operator defined by (3). 


Theorem 2.1. Let n be a positive integer number and let v1,V2,...,Vn > 
(4). Consider the functions gy, : U — C, defined by 


fy; (z) = WT; Ae Iz“/? 7, (z'/?), (5) 


Let v = min{vj, v2,...,V,} and a, @2,...,Q, be positive real numbers. More over 
suppose that these numbers satisfy the following inequality: 


2+0 dé 3 
Peden Oe 
Geis 2 


Then the function Fy)... vj.014,...a, (Z) 1 U — C defined by (3) is in N(j), where 


2+0v 
© Apes. wel 


Proof. First, we observe that, since for alli € {1,2,...,}, we have gy, € A, ie., 
&v,(0) = g),(0) —1 = 0, clearly Fy, ,01,...0, € A, ie., 


= 
| 


F,, sod Ly OE] eset 6 O) =F sisi Varia (0) — 1 =O, 
On the other hand, it is easy to see that 
v i Vy aty z a va 
rs Ce (22) and ete tt tty @) = S- a; ( Bip) -1) 
_ —_ , i=1 ee a Vp Ql] y-+-5Qp (z) i=1 8v; (z) 
or, equivalently, 


i Vy OL, £ ” z " z ” 
te eT — cS 2 = a (S22) 41- Yaw. (6) 


VY] ye0esVyp QL] +n Sv; (2) i=l 


Taking the real part of both sides of (6), we have 


FF’ n ' n 
Red 1 fg iimatatanite®) = Dare | Ot 4 1— <a; ). 
= 8v; (2) : 


Pi sitis Vy 1 yn (z) F i=l 
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Now by using the inequality (4) for each v;, where i € {1,2,...,”}, we obtain 
F’ (z) n ze’ (z) n 
Re 1 + Zz Vises. Vy] 4.5 An — a;Re Vi at 1 _ Ql 
fi decal Vy QL] 5-05 (z) 2 8; (z) d, 


n 


iy 2 n 
< \oa; (1+ ———__ ] + [1- oa 
; ( woes) ( = 


i=1 


n v; 49 
=1+%'o,(—_—""" 
se (Gt 100; =) 


i=1 


2+0v 
<1 i 
races? aa 


for all z € U and v,vy,...,¥,) > (-5 + V'5)/4. Here we used that the function 
@: ((-5 + V5)/4, 00) > R, defined by 


x+2 
OO) = 424 10x45’ 
is decreasing, and consequently for alli € {1,2,...,}, we have 


v; +2 2 v+2 
4v?+10v,+5  4v2+100+5° 


Because 


2+v 
T21 
= eae? aa 


we have F,, jens Vp Ql] 5-+.5Qn (2) € N(p), where 


2+v 
= ” 
BS Tes iON ag Ee a 


Thus, the proof of Theorem 2.1 is established. Oo 


Choosing a, = a) = -:: = a, = a in Theorem 2.1, we have the following 
result: 


Corollary 2.1. Let the numbers v,v\,...,Vy, be as in Theorem 2.1 and let 
Q1,02,...,Q, be positive real numbers. Moreover, suppose that the functions 
&v, € A defined by (5) and the following inequality: 


(2+ v)na 


6 = 1+ ——_.. 
© ues 
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Observe that 1 (z) = ./zsin ./z and g_1/2(z) = zcos ./z. Thus, taking n = 1 
in Theorem 2.1 or in Corollary 2.1, we immediately obtain the following result. 


Corollary 2.2. Let v > (—5 + /5)/4 and a > 0 be a real number. Moreover 
suppose that these numbers satisfy the following inequality 


Q+va 3 


1l<l <s. 
© Feed 100 45 2 


Then the function F,_ :U — C, defined by 


i= 7 Gokz 


(2+ v)a 
4v2 4+ 10v +5" 


is in N(n), where 


n=l 


In particular, if 0 < a < 11/5, then the function F\/2,. : U — C, defined by 


Fi/2,0(z) = [ (24) dt, 


is in N(¢), where € = 1+ 5a/22. 
Moreover, if 0 < a < 1/3, then the function F_\j24 : U — C, defined by 
F_1j2,9(2) = i. (cos ty dt, is in N(A), where 4 = 1 + 3a/2. 
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Poincaré a-Series for Classical Schottky Groups 


Vladimir V. Mityushev 


Dedicated to Professor Hari M. Srivastava 


Abstract The Poincaré a-series (2 € RR") for classical Schottky groups are 
introduced and used to solve Riemann—Hilbert problems for n-connected circular 
domains. The classical Poincaré 6 -series is a partial case of the a-series when a 
vanishes. The real Jacobi inversion problem and its generalizations are investigated 
via the Poincaré q@-series. In particular, it is shown that the Riemann theta function 
coincides with the Poincaré a-series. Relations to conformal mappings of the 
multiply connected circular domains onto slit domains and the Schottky—Klein 
prime function are established. A fast algorithm to compute Poincaré series for disks 
close to each other is outlined. 


1 Introduction 


The 65-series of Poincaré associated to the classical Schottky groups is used in 
the constructive theory of analytic functions in multiply connected domains. Such 
objects of multiply connected domains as the harmonic measures [26, 29, 36], the 
Abelian functions [1, 4, 8,9, 18], the canonical conformal mappings [6, 11, 16,31], 
the Christoffel-Schwarz formula [13—-15, 17,35], and the Bergman kernel [21] 
can be constructed by the Poincaré series. These objects can be also considered 
on the Schottky double. The Poincaré series have applications to extremal poly- 
nomials [5], to the generalized alternating method of Schwarz [25, 27], and to 
composites [38]. The above objects are ultimately constructed for arbitrary circular 
multiply connected domains [21, 31, 35, 36] via the uniformly convergent Poincaré 


V.V. Mityushev (><) 

Department of Computer Sciences and Computer Methods, Pedagogical University, 
ul. Podchorazych 2, Krakow, 30-084, Poland 

e-mail: mityu @up.krakow.pl 


G.V. Milovanovié and M.Th. Rassias (eds.), Analytic Number Theory, Approximation 827 
Theory, and Special Functions, DOI 10.1007/978-1-4939-0258-3__33, 
© Springer Science+Business Media New York 2014 


828 V.V. Mityushev 


6-series [28]. The method of construction is based on Riemann-—Hilbert problems 
and functional equations (without integral terms) [26, 29, 36]. It is worth noting that 
investigations based on the absolute convergence have geometrical restrictions on 
the location of the circular holes [39]. 

It was noted in [26, 29] that a method of functional equations [26, 29] yields 
more general series than the classical 6,-series of Poincaré. In the present paper, 
such series, called the Poincaré w-series (shortly, the a-series), are systematically 
discussed. Here, a is a constant vector from R”. If @ vanishes, we arrive at 
the classical Poincaré series. The Schottky—Klein prime function [10] and its 
a-prime counterpart are introduced similar to the Poincaré a-series. Riemann— 
Hilbert problems are solved in terms of the a-series. In order to simplify the 
presentation, the special Riemann—Hilbert is considered. Its solution is the theta 
function of Riemann. Hence, it can be applied to the Jacobi inversion problem and 
its generalizations [41,42]. A fast algorithm to compute Poincaré series is described. 
At the end of the paper we discuss some open problems stated by Crowdy [8]. 


2 Poincaré Series for Classical Schottky Groups 


Consider mutually disjointed disks D; = {z € C : |z—ax| < rg} in the complex 
plane C and the multiply connected domain D, the complement of the closed disks 
|Z —ax| < rx to the extended complex plane C = C U {oo} (see Fig. 1). Consider 
the inversion with respect to the circle |z — ax| = rx 


2 


r 
Zi = —# 4 gp, 
£— ak 


Introduce the composition of successive inversions with respect to the circles 


* 


* - {-* 
Z(kpkp—1.k1) “= (iit) . (1) 


O) 
O 


D 
w 
Fig. 1 Multiply connected 
domain D with circular 
inclusions D; 
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In the sequence k,,k,...,k, no two neighboring numbers are equal. The number 
p is called the level of the mapping. When p is even, these are Mobius transforma- 
tions. If p is odd, we have anti-M6bius transformations, i.e., Mobius transformations 
in z. Thus, these mappings can be written in the form 


yj(2) = (ej2+b,) /(cjz+4;), p € 2Z, (2) 
yj @ = (e;Z+b;) /(cjz+ d;), p€e2Z+ 1, 


where the normalization e;d; — b;c; = 1 is taken. Here, we introduce the identical 
mapping with the level p = 0 


yo(Z) := z, 
n simple inversions (p = 1) 
V1@) 2= Zr) +++ Yn@ = Says 
n? —n pairs of inversions (p = 2) 
Yn+1(Z) = Zy2> Yn+2(Z) = Zi3ys-++> Yn?) = Zn nt) 


triples (p = 3) 


Yn2-41 (2) = Za» Yn2-42(Z) *= 2122); 


and so on. The set of the subscripts j of y; is ordered in such a way that the level 
p is increasing. The functions (2) generate a Schottky group K. Thus, each element 
of XK is presented in the form of the composition of inversions (1) or in the form of 
linearly ordered functions (2). All elements y; of the even levels generate a subgroup 
€ of the group K. The set of the elements y; of odd level K\E is denoted by O. 

Let H(z) be a rational function. The following series is called the Poincaré 65- 
series: 


A(z) := D> Alyji@Mejz+ 4;)? (3) 


yje€ 


associated with the subgroup €. It was proved in [28] that the series (3) converges 
uniformly in every compact subset not containing the limit points of K and poles of 
Hy; (z)]. Moreover, (3) is an automorphic function of the weight (—2): 


62(z) = Oa[y;(2)M(ejz+ dj). (4) 
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Using the inversions (1) instead of (2), we can write (3) in an extended form. First, 
following [28] introduce the series 


@3" (2) = H® - > Hci)’ + 3 > Akinal@im ©) 


k=1k#k 


2y, DE Fol enwy + 


k=l ky tk on #ky 


and 


OP (2) = H@) + a A [zig] @Gy)' + » De Fle] lve)” (6) 


k=1 ki #k 


+ a > > Aoki) gk) ates 


k=1 ki Ak ko Ak, 


The Poincaré 9-series (3) can be written in the form 


1 
(2) = 5 ()"@+ OP). (7) 
Let a, (kK = 1,2,...,n) be real numbers from the segment [0, 277). Introduce 
the multi-index a = (a, @2,...,@,) and the series 


AL (z; a)= A(z)— > oF Agel). + s y ge *) A lz el Zberw). 


k=1 kk 


n 
= ye Orr ela) Fs (8) 


k=1 ki Ak ko Ak, 


2 YY 2ia * * Y 2i(ap—a, * * 
OY (a) = H+ > eA) + > Do ee) Leh yl hist)’ 


k=1 k=1 kk 
n 
2i (p04, HorK, ) ) 
+ DE DE er A wl ae) + (9) 
k=1 Fk koXky 


and 


Ox(za) = ; [oe a) + OP (z; a] : (10) 
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We call the series (8)—(10) by the a-series. The series (8)—(10) uniformly converge 
in every compact subset not containing the limit points of K and poles of H[y; (z)] 
[34]. If a = (0,0,...,0), we arrive at the classic Poincaré series (3). 


3 Riemann-Hilbert Problem 


To find a function w(z) analytic in D and continuously differentiable in D U 0D 
with the following Riemann—Hilbert boundary condition [36] 


Im jem win | =6. Koga Ft. 869) 


It is assumed that the function y(z) is normalized at infinity: 
(co) = 1. (12) 


Let a function g(z) be a primitive of w(z), i.e., g’(z) = W(z). Then g(z) satisfies 
the Riemann-Hilbert boundary condition: 


Re [e' p(t)] =cz, |t—ay)=rp, k =1,2,...,n, (13) 
where cz are undetermined constants. In order to prove it, we consider the 
parametrization of the circle |f — ax| = rx, with the natural arc parameter s € 
[0, 27 7r,) 

is 
t(s) = ag +r, exp (=) . (14) 
rk 
One can see that the derivative can be written in the form 
t—a 
t'(s) =i ——. (15) 
rk 
Differentiation (13) on s yields 
Rele“ y(t)t'(s)] = 0,  |t —ag| = re, k =1,2,...,n. (16) 


Using (15) we arrive at the boundary value problem (11). 
It follows from (12) that g(z) is analytic in D except at the infinite point where 
it satisfies the hydrodynamic normalization at infinity [24]: 


e@ =ctm+ Ot St... (17) 
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The function g(z) is multivalued in D. More precisely, it is represented in the 
form [36] 


g(2) = z+ Golz) + >) e!* Ax In(z — ax), (18) 
k=1 


where o(z) is single-valued analytic in D and Ax are undetermined real constants. 
The logarithm In(z — a;) is defined in such a way that it is analytic in the complex 
plane except a cut connecting the points z = a, and infinity. It is assumed that the 
cut does not cross |z— dm| < rm form #4 k. The term e’% A; has such a form 
since the increment of the function Re[e~'* g(t)] along |t — a, | = r~ must vanish 
because of (13). The problem (13) is discussed for multivalued functions as well as 
for single-valued functions when all A, = 0. 

Consider the Banach space F(“(L) consisting of functions Hélder continuous on 
Lyapunov’s curve L endowed the norm 


lol] = suplo()| + sup leon] = oC6)I (19) 
te 


1 2EL \t —_ ty|# 


where 0 < yw < 1. Analytic functions considered in the present paper can be 
continuous or continuously differentiable in the closures of the analyticity domains. 
The space HL) consists of those functions which have Hélder continuous 
derivative of the kth order belonging to H'“(L). Let 022 be the boundary of 
a domain 2 not necessary connected. Introduce a space H"({2) consisting of 
functions analytic in (2 and Hélder continuous in the closure of §2 endowed the 
norm (19). The space H({2) is Banach, since the maximum principle for analytic 
functions implies that the norm in H';(2) coincides with the norm in H“ (02). 
One can consider H{(S2) as a closed subspace of H(“(dS2). The space alee) (2) 
is introduced in the same way as a subspace of 3(““) (QQ). Therefore, the boundary 
value problems (11) and (13) are considered in the spaces ae ) (D) and oe ) (D), 
respectively. 


Lemma 3.1 ([12]). The problem (13), (17) for single-valued functions has a unique 
solution up to an arbitrary additive constant. 


Let € = u + iv denotes a complex variable on the complex plane with slits I, 
(k = 1,2,...,m) lying on the lines: 


— sina, u+ COSA, V = Cx, (20) 


where c; are the same as in (11). Let D’ denote the complement of all the segments 
I, to C. The conformal mapping ¢(z) = u(z) + iv(z) from D onto D’ satisfies the 
boundary value problem (13), (17). It follows from Lemma 3.1 that the conformal 
mapping ¢(z) coincides with the unique solution g(z) of the problem (13), (17) up 
to an additive constant. 
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Lemma 3.2. The problem (13), (17) for multivalued functions represented in the 
form (18) has (n + 1) R-linear independent solutions. 


Proof. One independent solution is a constant and other n independent solutions 
are produced by the terms e’“ A; In(z — ax) in the representation (18). Another 
proof follows from the relation between the problems (13), (17), and (11), (12). The 
winding number (index) of the problem (11), (12) is equal to n [19,31]. Hence, it 
has n R-linear independent solutions. The (x + 1)th solution is a constant obtained 
by integration of (11). 


Remark 3.1. According to [19] the winding number x of the problem (11) is equal 
to (n + 1). The number of R-linear independent solutions is equal to x, and the 
inhomogeneous problem corresponding to (11) is always solvable. The condition 
(12) reduces the number of R-linear independent solutions to 7 that is in agreement 
with the above conclusion. 


The problem (13) for multivalued functions can be reduced to the R-linear 
problem [31]: 


P(t) = GE(t) — C7! OR (t) + eM ex + eM E, In Se, on 
le Ge) = rey h = 1,2,.002505 


where 9; (z) is analytic in |z—a,| <r, and continuously differentiable in |z—ax| < 
rx and real constants & are undetermined. 


Lemma 3.3. (i) Let p(z) and ¢&(z) be solutions of (21) with arbitrarily fixed real 
constants &,. Then p(z) satisfies (13). 

(ii) Let y(z) be a solution of (13) and real constants §&, are arbitrarily fixed. 
Then there exist such functions 0(z) that for each k = 1,...,n the R-linear 
conditions (21) are fulfilled. 


Proof of the first assertion is evident. It is sufficient to multiply (21) by e?” and 
to take the real part. 

Conversely, let y(z) satisfies (13) and a real constant &; is fixed. The function 
e iy (z) can be uniquely determined up to an additive real constant from the 
simple Schwarz problem for the disk |z — ag| < rx [19,36] 


t—adak 


2Im [e'* g(t) = Im Jerse — & In , |t-—ac| =r. (22) 


It follows from the latter boundary condition that the function g; (z) belongs to the 
spaces a (CD) except at a point z = a;, where Im In(¢ — ay) = arg(t — a,x) has 


a discontinuity. 
The lemma is proved. oO 
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Differentiate (21) on s along the circles |f — ax | = r; and divide the results by 
t’(s) calculated with (15) 


et és 


r 
wo = wore (E) VeO+—*, [tmayl = re, = 125-040, 
=H " 
(23) 
where y(z) = g'(z) and Wx (z) = g(z). Therefore, the Riemann—Hilbert problem 


(11) is reduced to the R-linear problem (23). 
4 Functional Equations 


The R-linear problem (23) can be reduced to functional equations. Following [31, 
36] introduce the function 


a 
vel) — oe (2) Yn (zh) — 
acs =a m \ Zn) a 
m m 


m#k m#k 
P(z) := le—ap| Sry. K=1,2,..0.7 
2 lm ar elem Em 
(z) - al ) Vv (2 )- , zed, 
3 Z— am " me m=1 <— am 
analytic in |z — ag| < rg (K = 1,2,...,m) and D. Calculate the jump across the 


circle |t — ax| = rx 
A, := ®t (1) - ©"), |t — ax] = re, 


where ®* (t) := lim; ep ® (z), D (t) := limz+; zep, P (z). Application of 
(23) gives A, = 0. It follows from the principle of analytic continuation that }(z) 
is analytic in the extended complex plane. Moreover, (co) = | yields (co) = 1. 
Then Liouville’s theorem implies that 6(z) = 1. The definition of ®(z) in |z—a,z| < 
rz yields the following system of functional equations: 


lm fe ¥ elimé 
We (z) = es e2ien ( ) Win (a) +1+ — 
inh Z—am ek Pie (24) 
lZz—ax| < re, Ken 12 an 


Let wx(z) (kK = 1,2,...,m) be a solution of (24). Then the function y(z) can be 
found from the definition of ®(z) in D 
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n 2. = —_—___ n Om 
W@) = So ian (=) Vin (zs) +140 SS z€ DUAD. (25) 


m=1 m=1 


Consider inhomogeneous functional equations with a given element f € 
Ha(Up_, Dx): 


r 
vale) = Yo e%™ (-) Ym (2h) + £@Qsle— el Se, KAZ, 
Z—am 
m#k 

(26) 
Theorem 4.1 ([36]). The system (26) has a unique solution for any circular mul- 
tiply connected domain D. This solution can be found by the method of successive 
approximations convergent in the space H4(UR_, Dx), i.e., uniformly convergent in 
every disk |z— ax| < rk. 


The system of functional equations (24) can be decomposed onto (n+ 1) systems: 


Dee = =e es 
Mey _ iam rm () ( * ) 
Z= e SS m Zz +1, Z— ak <r ’ 
We (z) ( ) (m) | k| k (27) 


m#k sail 
k =1,2,...,n 

and 

© tm VO(e\+ 2 

WO (2) = itm (7) Yin (zf )+— &, z—ax| < rk, 

Om y, Z— am im) + gy Par al SM og 

m#k 
k =1,2,...,n, 


where 6), = 1 — dex and 6¢x is the Kronecker symbol. The unique solution of (24) 
can be represented in the form 


Ve) = WW + D& YW}. (29) 


£=1 


The functions ¥%;(z) can be constructed by two methods. First, they can be 
obtained by iterations applied to (24); second, by iterations applied separately to 
(27) and to (28) and further their linear combination (29). For any fixed Wx (z), these 
iterations yield a series (in general conditionally convergent) with two different 
orders of summations. It follows from Theorem 4.1 that the result will be the same 
since we construct the same unique solution of (24) by two different methods. It 
is worth noting that (29) is a C-linear combination of the basic functions because 
& € Rforé = 1,2,...,n. 
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We now apply Theorem 4.1 to (27). Let w € D be a fixed point not equal to 
infinity. Introduce the functions 


bm = WO Odt +omWin)s [e— aml < tm, m=1,2,...,2, (30) 
Wm) 


and 


0) == 322" [in (Zn) On (Hin): BD 


m=1 


The functions w(z) and @¢,,(z) analytic in D and in D,,, respectively, and 
continuously differentiable in the closures of the domains considered. One can see 
from (30) that the function ¢,,(z) is determined by w,,(z) up to an additive constant 
which vanishes in (31). The function w(z) vanishes at z = w. Investigate the function 
(z) on the boundary of D. It follows from (31) and t = t(Q,) (|t — ae| = re) for 
each fixed k that 


c(t) = —e7!% g (t) — bx (wis) — %(t), (32) 


where 


no= Celina) bm} 8 


m#k 
Using the relation [36] 


ara in Sy 
x | n)| =- (=) I (Zm)> — aml > tm G4) 


calculate the derivative 


n a ees 
Wi(z) =— > gen (.) : (<5), (35) 


aa Z—am 
Application of (24) yields 
Vie) = 1- Wy). (36) 
Then (32) and (30) implies that 


e %* w(t) = —e!% g (t) — be (wis) +e fae [Ox (t) —t +d], |t-—ax| =r, 
(37) 


Poincaré a-Series for Classical Schottky Groups 837 


where d; is a constant of integration. Calculation of the real part of (37) gives 
Re [e!* (w(t) + 1)] = pe, |t —ax| = re, (38) 


where p, is aconstant. Comparing (38) with (13) and using Lemma 3.1 we conclude 
that the conformal mapping D onto D’ has the form 


~(z) = z+ w(z) + constant, (39) 


where w(z) is calculated by (31). Application of the method of successive approxi- 
mations to (27) and integration terms by terms of the obtained uniformly convergent 
series yield the exact formula: 


Pk(Z) = de +z— De go (Ze Mey) + Ds ye eek) (2) Weak) 
ki Fk kk kok, 


2i (Ak, —Ok, FAK) (>* * 
=) Dd 2 Gy Mia) Ps - lanl Stes 
kik ka Fk k3 Ako 
(40) 


Using (31) and (40), we write the function (39) up to an arbitrary additive 
constant in the form 


n n 
G@ = z— Dey — Wig) + DD MO Clay — Maw) GAD 
k=1 k=1 ky xk 


n 
_ 2i (ap, +O) (Se sats 
ye Dee Te Beni) — Weeakig) T 


k=l ky Ak ko Xk} 


Differentiation of the latter uniformly convergent series term by term yields the 
a-series (8) with H(z) = 1: 


wv) =|]- yes Ga) zs >. > gene ay (42) 
k=1 


k=1 ky Fk 


Rr 
=, Die Oe ay) Pe 


k=1 ki Ak ko Ak, 


A similar method can be used to construct a (z) satisfying (28) and to construct 


n ee ‘ 
: I'm eite 
wz) = > e2itm (=) yo (75) + ——, zeEDvuOD. (43) 

m=1 <— Am ode 
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ia n e2! (a aK, ) 


yO (g) = —— — ein ~— — %y ie 3 _ | Het) 


ja k=1 ky £k Zleyk) ~ 


eZ! (OAK, +OK, ) 


Dy a an 


k=l ky Pk kok, “kakik) ~ Fe 


Therefore, the general solution of the Riemann—Hilbert problem (11) has the 
form 


¥@ = VPO+ I & WO), (45) 
t=1 
where yw) (z) is given by (42) and W(z) by (44). 
Integration of (45) from w to z yields 
g(z) = @(z) + > & 6 (z) + constant, (46) 
(=1 


where ((z) has the form (41). The function ¢(z) can be written explicitly as 
follows: 


GO) = eit In = ew iae a i (47) 
way — ak 
(k) 
ia 2i (axa, ) Zak) ~ Ue 7 ke 
> aL 
k=1 kik Zkik) — 4k 


_ ein - > eke, FOR, ) Jy 2) Zkokik) Zikakik) — Fk ORI 


k=l ky Fk lo Fk Wekrkiky ~ Ake 


It is worth noting that separation of the terms with z and w in (47) can fail to 
converge [31]. 

In order to compare (46) and (18), we note that the conformal mapping (z) 
coincides with z + @(z) up to an additive constant. Hence, 


n 


y e'% A, In(z— az) = >. E, OC), zeED. (48) 
k= 


£=1 


Substitution of (47) into (48) can yield relations between the constants A; and &. 
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5 Schottky—Klein Prime Function 


The Schottky—Klein prime function was described in [1, 6, 8-11]. Following 
formulae (5)-(7) from Sect. 2, we represent the Schottky—Klein prime function in 
terms of the uniformly convergent products for arbitrary circular multiply connected 
domains and introduce the a-prime function. 

Let ¢ and w be fixed points of (D U dD)\{oo}. The following functions were 
introduced in [31,36] (see formulae (40) and (41) in [31]): 


wo(z, 6,w) = In] | pj (z.6,), (49) 
j=l 
where 

f— yj; (z) ye 
= 

yuj(z,b,w) = (50) 
c—yj@) 
—— TT f ; € O. 
f-y@ © 


The multipliers j1;(z,¢,w) in (49) are arranged in accordance with the increasing 
level of y;. The infinite product (49) converges uniformly in the variable z in every 
compact subset of (D U dD)\({oo}, {f}, {w}). The justification of these assertions 
is based on the application of Theorem 4.1 from Sect. 4 to the functional equations 
studied in [28, 31, 36]: 


ge) =— D> E (zé,)) — Om (win) +In— s, Je—a| <r, k= Ayo. 


m#k > 
(51) 
Instead of (51) we can apply Theorem 4.1 to the following functional equations: 


* * <=¢ 
Pk (Z) = E (z.5) — Qm (wn) + In yee lz—ax| <re, kK =1,...,n. 
m#k 


(52) 
This justifies introduction of the function 


wi(z, fw) = In] | v/(z,. 6), (53) 


j=l 
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where 
C-Vi@ se og 
c=yy? YS ™ 
v;(z, 6, w) = (54) 
c—yj@)  , 
ees fy, €0. 
fy) 


Similar to (10) we introduce the function 


ad a C= yy) 
o(z,6,w) = 7 lool, 6,w) + a1 (z, 6, w)] = ; = 8 Faas a (55) 


Hence, the following infinite product is correctly defined for z not equal to ¢, w, and 
infinity: 


C= plz) 
Qa6w= YT] 2——~—. (56) 
gece 


Therefore, we can introduce the function of two variables: 


z—yvjQ) €-y;@ 
z—yj) $-— yi) 


S@O = C-9LE2zIL&wEO=C-d [] (57) 


vj €E\{yo} 


This is the famous Schottky—Klein function presented in the form of uniformly 
convergent product. More precisely, the uniform convergence is proved for £2 (€, z, z) 
in the variable ¢ in every compact subset of (D U dD)\({z}, {oo}) and for 2(z, f, €) 
in the variable z in every compact subset of (D U 0D)\({¢}, {co}). The uniform 
convergence in the variable (z,€) in subsets of C? could be proved by refined 
investigations of the corresponding functional equations [28, 31, 36]. 

Similar to (8)—(10) one can introduce a-prime functions 


S@EaM=(-2 [|] pris, — VI) § — Vj) as 
vj €E\ G0} z—yj@) 6-7; @) 
where p is odd and 
Sj(H) 2= Oy — Op, +++ + OK, — Ok, (59) 
The correspondence between j and (kp, kp-1,--- ,k1,k) in (59) is established via 


; : : : gee: 
the numeration of the elements of €, i.e., via the relation y;(z) = Like pk pi kik)" 
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6 Schottky Double 


The Schottky double $ is obtained from two equal multiply connected domains D 
and D = D glued along the circles |t — ax| = rg (k = 1,2,...,n). Analytic 
functions in a domain of S are those functions which are analytic on D U dD in z 
and analytic on DU dD in Z with the condition (t) = &(f) on the joint part of dD. 
Hence, the Schottky double S is a compact Riemann surface of genus (n — 1) [42]. 
Let t, be a fixed point on the circle |f — ax| = rg anda’ C D bea simple smooth 
curve connecting the points ¢, and t, (k = 1,2,...,n—1). Introduce the symmetric 
curve a’ oe D connecting the points ¢; and ¢, and the closed curve a, = a’ U a’ k 
on 8. Let by, denote the clockwise oriented circle |t — a,| = r,. The curves a, 
and by (k = 1,2,...,2 — 1) form a homology basis for 8, and any cycle on § is 
homologous to a linear combination of a; and b;, with integer coefficients. 

The harmonic measure @,¢(z) of the circle |t — ag| = r¢ relative to the multiply 
connected domain D is a function harmonic in D continuous in D U 0D which 
satisfies the Dirichlet problem: 


aog(t) = dex, lt — ax| = re (k= 1,2,...,”), (60) 


where 5, stands for the Kronecker symbol. The harmonic measures were con- 
structed in [26, 29, 36] in terms of the Poincaré 63-series (3). Let @¢(z) be a 
multivalued function harmonically conjugated to w,(z). The functions we(z) = 
e(z) tide(z) (€ = 1,2,...,2—1) analytic in D are called the normalized Abelian 
integrals of first kind in D. The differentials dwe(z) generate the linear space of the 
Abelian differentials of first kind and dwe(z) (€ = 1,2,...,n — 1) form the basis 
of this space. Each differential dw,(z) takes pure imaginary values on dD. Hence, it 
can be analytically continued into D in the topology of the Schottky double by the 
symmetry principle. Moreover, dw¢(z) is single valued on 8. 
The periods of the Abelian differentials 


[ dem =2f dwn (t), Bin = [ dwelt) 1,255 =1) 
aK a’. bx 


form two matrices. The second one has the form iB, where B = {Bry} is a real 
negatively determined matrix. Following [42] we consider the real Jacobi inversion 
problem. Let w, (t) denote the limit values of the Abelian integral on the curve a/, 
when z tends to f € a; from the right side of the curve a’. The function w, (¢) is 
multivalued. We fix any of its branch in the simply connected domain D\ (et ai, ) 
where it is single valued. Given constants e, (kK = 1,2,...,n—1). To find the points 
Zm (m = 1,2,...,2—1)in DU OD satisfying the relation 


n—1 n—1 


1 
Y > Im we (Zn) = ek — 5 Bax + ye im Wy (t)dwm(t) (k =1,2,...,2—1). 
m=1 m#k a 

(61) 
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Here, = means equality modulo B-periods. The generalized real Jacobi inversion 
problem has the form [42] 


n—-1 


S> Im wen) = =f, y(t)dWm(t) (k =1,2,...,n—1), (62) 


m=1 


where y(f) is a given Holder continuous function except at a finite number of points 
where finite step discontinuities are possible. 

Let A(t) be a given Hélder continuous function on dD satisfying the condition 
|A(t)| = 1. The Riemann-Hilbert problem 


ImA()w(t)] =0, t € aD, (63) 


was solved in terms of the a-series [26,29, 36]. Let the functions A(t) from (63) and 
y(t) from (62) be related by formula 


A(t) = expliy(t)]. (64) 


We now consider the particular case (11) of the problem (63) and the corresponding 
generalized Jacobi inversion problem (62). We have 


10k py t—akz 


e 
A(t) = ——,, y(t) = a —arg 
t—adk 


; F |t—ax| = rx (k =1,2,...,n). (65) 
k 


The branch of the argument corresponds to the chosen branch of the logarithm 
In(t — ax) from Sect.3. Each nontrivial solution of the problem (11) has exactly 
n — 1 zeros Zm (m = 1,2,...,n — 1) in D U dD which solve the generalized 
Jacobi inversion problem (62) with y(t) given by (65). The a-series (42) is a solution 
of (11). 

The conditions & = 0 by (48) imply that all A; = 0 in the representation (18). 
Hence, this case corresponds to the problem (13), (17) in a class of single-valued 
functions. The unique solution of this problem is given by (41). This function is the 
conformal mapping of the domain D onto the slit domain D’ with the normalization 
(17). The function y (z) given by (42) is the derivative of this conformal mapping. 
Hence, it cannot have zeros interior the domain D. Therefore, all the zeros z,, (m = 
1,2,...,” — 1) of ¥(z) which solve the generalized Jacobi inversion problem (62) 
lie on the boundary dD. This observation can be useful to numerical solution of the 
Jacobi inversion problem on the Schottky double. 

We now briefly explain where does disappear the Jacobi inversion problem in 
solution to the general Riemann—Hilbert problem by the method [26, 34] 


RefA(g(t)] = f(t), t € aD. (66) 
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Let the winding number x of the nonvanishing Hélder continuous function A(t) be 
nonnegative. Application of the factorization method [19] to (66) reduces it to the 
partial problem: 


2x 


Re[e"** (t)] = h(t) + Do psBs(t), t € aD. (67) 


s=1 


A constructive factorization of the coefficient A(t) is performed by the Schwarz 
operator constructed in [26,34] by the classical 0-series. Here, the known functions 
h(t), Bs(t) are expressed in terms of A(t) and f(t), the constants a, in terms of 
A(t), and px are undetermined real constants. If x < 0, the sum ae in (67) 
disappears and additionally the function w(z) must have zero at infinity of order 
|x|. It is worth noting that differentiation of the homogeneous boundary conditions 
(67) (h(t) = B;(t) = 0) yields (11). This is the reason why the special Riemann— 
Hilbert (11) is important. Further solution to the problem (67) repeats solution to 
the problems (13) and (11) by the use of the a-series with careful tracking of the 
arbitrary constants pz, and single valuedness conditions for the function w(z). The 
method by Zverovich [42] contains an additional step which can be treated as the 
factorization of the coefficients e~'** in (67) in order to reduce (67) to the Schwarz 
problem: 


Re &(t) =h(t), t € aD, (68) 


and further application of the Schwarz operator to (68). This factorization of e~!%* 
can be treated as solution to the boundary value problem (11). It is reduced to the 
Jacobi inversion problem solved by the theta function of Riemann. Therefore, the 
crucial point of the method [42] is an effective construction of the theta function of 
Riemann (not a multidimensional theta series, but its composition with the Abelian 
integrals). Such an effective construction of the theta function is described in this 
paper by solution to the homogeneous problem (11) in terms of the a-series. One 
can see that this step is redundant because the problem (67) can be directly solved 
in terms of the a-series [26, 34]. 


Remark 6.1. It is assumed in the theory of boundary value problems [19] that 
Riemann-Hilbert problems for a simply connected domain 2 have been solved up 
to a conformal mapping of (2 onto the unit disk. The construction of conformal 
mappings is a separate problem frequently pure numerical. The same point of 
view can be accepted for multiply connected domains. It is known that any 
multiply connected domain can be mapped onto a circular one [23]. For instance, 
the Schwarz—Christoffel formula for multiply connected domains bounded by 
polygons and its particular cases for slit domains were deduced in [12, 31, 35]. 
Effective numerical methods for conformal mappings were developed by many 
mathematicians (see [17,24] and works cited therein) that supports the above point 
of view. However, the direct scheme [34] to solve Riemann—Hilbert problems for 
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special multiply connected domains can be developed in the form of the generalized 
alternating method of Schwarz [25, 27, 36]. For instance, a boundary value problem 
for multiply connected domains bounded by nonoverlapping ellipses was solved 
in [30]. 


7 Fast Algorithm 


Though the complete solution of the Riemann—Hilbert problem for an arbitrary 
circular multiply connected domain was written explicitly in terms of the a- 
series, many mathematicians apply the standard absolutely convergent scheme to 
the Poincaré series in partial cases and use direct methods of computation to the 
Poincaré series [39]. Perhaps, it is related to the fact that even absolutely convergent 
Poincaré series are slowly convergent for closely spaced disks. We suppose that 
modifications of the iterative functional equations can increase the convergence. In 
the present section, we discuss such a modification proposed in [37] to construct a 
basic solution of the problem (11). For brevity, we consider the classical Poincaré 
series when a, = 0 (k = 1,2, 3) for three equal disks (r, = r). 

Consider an auxiliary problem for two disks. Let the domain G be the comple- 
ment of two disjoint disks |z — a,| < r (k = 1,2) to the extended complex plane. 
The quadratic equation 2) = 20) with respect to z has two roots 


ai+a,  a2—a) re +s 
Z2 = = = 2 69 
12 5 5 waar (69) 
aj+a  a-a re +r3 
21 = =F 1 -2____,, 
” 2 2 la2 —a,|? 
The complex potential 
1 
Wio(z) = (70) 


£— £12 Z— 221 


describes the flux between the disks when the difference uw; — uz of the potentials on 


the boundaries of the disks is equal to 
4r2 
be V he laa—ay/? 
, (71) 


i+ ji 


Jan—ay |? 


uy — uy = In 
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The main idea of the fast method is based on the decomposition of the complex 
flux w(z) onto ys(z) and Wo(z) where the singular function w3(z) has the form 


Ws(z) = Wi2(z) + Yis(2), (72) 


where W%3(z) is introduced similar to (70) (the subscript 2 is replaced by 3). 
A solution of the boundary value problem (11) for 7 = 3 is looked for in the form 


W@) = Wo) + Ws), zeD, (73) 


where ws(z) is given by (72). The boundary value problem (11) becomes 
t—adak 
—— [Yot) + Ws] =0, |t-axg] =r, k = 1,2,3. (74) 


Introduce the functions analytic in |z— a, | <r 


0 fork = 1 
Wi3(z) fork = 2, 
fil = 3 (75) 
Wi2(z) fork = 3. 
One can see that 
— am 
Im Wo(t)=0, |t-—a,|=r (m=1,2) 
r 
and 
t—dm 
Im ———W3(t) =0, |t-—an| =r (m= 1,3). 
r 
Then (74) can be written in the form 
t—ada, 
Im : oO + A) =0, \t-al=r, k =1,2,3. (76) 


The boundary value problem (76) is reduced to the R-linear problem 


r 


2 
Wo(t) = We(t) + ( ) Vat) — f(t), |t-axl =r, kK =1,2,3. (77) 


t—dk 
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Fig. 2. Streamlines of the 
complex flux y(z) computed 
in the sixth order 
approximation around three 
disks with the centers at 


a = “7,02 = 5 
a3 = aK e— 37! of the radius 
0.49 


ami 
e3”', 


The problem (77) can be reduced to the following system of functional equations 


(see Sect. 4): 


ee 
Wel) = = - ) Yim (Ziny) + fe (2: 


m#k . 


The iteration method can be applied to solve the system (24) 


VO = fe, 


———————— 
yPO=>> (—) HO ee PT ince: 


=¢4 
m#k & i 


The p-th approximation of the complex flux is calculated by formula 


2 
y?)(2) = > (—_) _ (5) + sz), zeD, 


m=1,2,3 \*— Gm 


where s(z) is given by (72). 


(78) 


(79) 


(80) 


(81) 
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Figure 2 describes the flux around three closely placed disks. It follows from 
computations that 6 iterations are sufficient to obtain an accessible result (the 
respective error on the boundary is 2%). 


8 Discussion 


In the present paper, we introduce the Poincaré a-series. First time, the a-series 
were used in [26] without their deep discussion to solve Riemann—Hilbert problems 
for an arbitrary circular multiply connected domain. The main difference in the 
methods [41] and [26, 34] applied to Riemann—Hilbert problems is that [41] is 
based on the Jacobi inversion problem and [26, 34] is not. But [26, 34] includes 
the a-series that coincide with the theta function of Riemann. Hence, the solution 
to the Jacobi inversion problem is implicitly included in the qa-series. It is worth 
noting that solution to Riemann—Hilbert problems in [41] and later investigations 
by this scheme are not completed. First of all, it was assumed in [41] that the 
Abelian integrals of first kind were known. Substitution of the Abelian integrals 
into the multidimensional theta series yielded the theta function of Riemann. The 
latter function was applied to investigate the Jacobi inversion problem. After this 
the Schwarz operator was applied to get the solution of the Riemann—Hilbert prob- 
lem. Construction of the Abelian integrals (harmonic measures) and the Schwarz 
operator in terms of the classical 6 -series of Poincaré [26, 34] could make this 
complicated scheme effective. However, the generalized Jacobi inversion problem 
cannot be avoided in the scheme [41]. 

Application of the a-series simplifies solution to Riemann—Hilbert problems by 
elimination of the Jacobi inversion problem and produces directly the theta function 
of Riemann. Moreover, the scheme [26,34] allows to constructively solve the Jacobi 
inversion problem as a separately stated problem. Bojarski’s linear algebraic system 
(see Bojarski’s addition to [40]) which describes solvability of the Riemann—Hilbert 
problem is explicitly written in terms of the a-series. The constructive method [26, 
34] is valid for the Schottky double. It is interesting to extend it to the general 
compact Riemann surfaces. 

Crowdy [8] stated open problems of the constructive theory of functions in 
multiply connected domains. In particular, Crowdy wrote [8] about Schwarz— 
Christoffel-type conformal mappings: “The history of this particular problem also 
presents a paradigm for a key message of this paper: that, given modern advances 
in computational capability and in light of modern applications, many topics in 
classical geometric function theory can (and should!) be revisited and reappraised.” 
I think that this phrase should concern the whole constructive theory of functions 
in multiply connected domains. In this paper, we answer some questions stated 
by Crowdy [8]. It is worth noting that these answers are not always complete and 
require further investigations. 
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Question 1 of Crowdy addressed to the infinite product representation (57) for 
the Schottky—Klein prime function which is always uniformly convergent. Some 
properties of the function were described by use of the absolutely convergent prod- 
uct (57), in particular, by changing the order of multiplication in this product that 
is forbidden for conditionally convergent series. In order to extend investigations to 
uniformly convergent products, one can use functional equations following lines of 
the paper [28] where the automorphic property (4) was proved without changing the 
order of summation. 

Question 2 of Crowdy concerned effective computational methods. Such a 
fast method is presented in Sect.7 and Appendix for a triply connected domain. 
Actually, it concerns only the Dirichlet problems with constant boundary values. 
Further extensions are possible by deriving computationally effective formulae for 
boundary value problems in doubly connected domains. 

Question 3 of Crowdy concerned the complicated scheme by Zverovich [41] 
used by many authors for Riemann—Hilbert problems. It is explained above in this 
section that the method [26, 34] based on @-series is constructive and simpler than 
the method [41]. 

Crowdy in Question 4 paid attention to an alternative class of canonical multiply 
connected domains introduced by Bell [2,3, 7,22]. It can be add to this that Bell’s 
domains have applications to neutral inclusions [20]. The latter problem is related 
to eigenvalue problems, Courant’s nodal domain theorem, the R-linear [33], and 
nonlinear Riemann—Hilbert problems discussed in [32]. It is interesting to study the 
R-linear eigenvalue problems for Bell’s domains in order to estimate the minimal 
size of the coating of invisible inclusions. 

Question 5 of Crowdy addressed to the Riemann—Hilbert problem (13) and 
eventual use of the classical Schottky—Klein prime function. As it follows from the 
result of this paper, the a-prime function (58) can be applied to (13) and it is rather 
impossible to solve the problem (13) in terms of the classical prime function (57). 


Acknowledgements The author is grateful to D. Crowdy and T. DeLillo for helpful discussions, 
E.A. Krushevski for discussions concerning the results [41], and A.E. Malevich for the help in 
preparation of the code (see Appendix). 


Appendix 


In this section, the code in Mathematica© is attached for symbolic computations 
used in Sect. 7. 
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ClearAll [21]; 
Z1[i_Integer, j_Integer, R_] := 


afi] + aljl R[(i]]7-R(C5]]? afi] - a3] 
Sonneries Sw or pele =a Sees sea 


Z1[i, j, R] = + 
2 2 Conjugate [a[j] - a[i]] 2 


(RE[#1]?-RO(3]1?)* — REtad]?+RE0511? 
Lg Sp 


Abs [ali] - aj]]* Abs [a[i] - aj]? 


1; 0<isNA0<4<K6N 


ClearAll [F]; 
(**#F[1,_,_]=0; **) 


F[k:1, R_, z_] :=F[k, R, z] = 0; 


1, ah 


z-Z1[3, 1, R] z-2Z1[1, 3, R]- 
1 1 


F[(k:2, R_, z_] :=F[k, R, 2] 


F[(k:3, R_, z_] :=F[k, R, z] 


z-Z1[2,1, R] z-2Z1[1, 2, R]. 
ClearAll [y]; 
w[0, k_Integer, R_, z_] := (W[0, k, R, z] =F[k, R, z]) /; 0O<k<wWN 


ClearAll [Inv]; 
R[[m]]? 


Inv[m_Integer, R_, z_] := [xv R, z] = ————— 
(z - alm] )* 


+ at /; O<m<Nn 
y[Step_Integer ?Positive, k_Integer, R_, z_] := 


N 0 m=k 
w[Step, k, R, z] = F[k, R, z]+ | R[[m]]? ¥[Step-1,m,R, Inv[m,R, z]]* | /; 0<k<N 
SOC url? 
m=1 (z-al[[m])? 
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MT[z_, R_] := Min[Table[Abs[z-a[[k]]] -R[[k]], {k, 1, N}]] 


ClearAll [%]; 


XN R[[m]]?¥[Step, m, R, Inv[m, R, z]]* 


@1[Step_, R_, z_] :=@1[Step, R, z] = 3 ae ee eg 
mal (z - afm] )? 
1 1 1 1 
— OF ht EC CF | 
z-Z1[3, 1, R] z-2Z1[1, 3, R] = 1,R] z-2Z1[1, 2, R] 


B[Step_, R_, z_] :=@%[Step, R, z] = If[MT[z, R] <0, 0, @1[Step, R, z]] 


GA [Step_, R_, z_] := G@A[Step, R, z] = Apart [#1 [Step, R, z] // N] // Chop 
IGA [Step_, R_, w_] := Jortster, R, z]dz/.z-7w; 


@[Step_, R_, z_] :=If[MT[z, R] <0, 0, I@A[Step, R, z]] 

u[Step_, R_, z_] :=Re[¢[Step, R, z]] 

d&[Step_, R_, z_] :=d&[Step, R, z] = @[Step, R, z] -Z[Step-1, R, z] 

q[Step_, R_] := StreamDensityPlot [{Re[@[Step, R, x+iy]], -Im[@[Step, R, x+iy]]}, 
{x, -1, 1}, {y, -1, 1}, Epilog > FigD[R], ColorFunction > "LightTerrain"] 


a[3, =N] 
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Inclusion Properties for Certain Classes 
of Meromorphic Multivalent Functions 


Nak Eun Cho 


Dedicated to Professor Hari M. Srivastava 


Abstract Making use of an operator J, ,,,, which is defined by using convolution, 
the author introduces several new subclasses of meromorphic multivalent functions 
and investigates various inclusion properties of these subclasses. Some interest- 
ing applications involving these and other classes of integral operators are also 
considered. 


1 Introduction 


Let X’, denote the class of functions of the form 
1 lo. 2) 
fo=—+ oa? (pEeN={1,2,...}), 
oP k=1 


which are analytic in the punctured open unit disk D = {ze C: 0 < |z| < 1}. If 
f and g are analytic in U = D U {0}, we say that f is subordinate to g, written 
f < gor f(z) X~ g(2), if there exists a Schwarz function w in U such that f(z) = 
g(w(z)). For 0 < n, B < 1, we denote by MS,(n) and MK,(n) and MC, (n, B) the 
subclasses of 2’, consisting of all meromorphic functions which are, respectively, 
p-valent starlike of order 7 and p-valent convex of order 7 and p-valent close to 
convex of order 6 and type 7 in U (for details, see, e.g., [5]). 

Let N be the class of univalent functions ¢ in U normalized by (0) = 1 for 
which #(U) is convex and Re{¢(z)} > 0 (z € U). 
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Making use of the principle of subordination between analytic functions, we 
introduce the subclasses M8 ,,(7, ¢), MK p(n, &), and MC,(n, B; &, ¥) of the class 
2, for0 < n, B < 1, and ¢, w € N, which are defined by 


1 / 
MS,(n; $) := if es (28 _ 


") < o(ainU} . 


1 ” 
Mtn: Om | Fe Eps SO (—f14 Tey -2) <oeoingy. 


and 
MC) (n, B: 6.0) := if eZ, : 3g € MS,(n; 4) 


(- ef") _ 
g(z) 


such that iB 6) < y(z)in ut : 

We note that the classes mentioned above are motivated essentially by the familiar 

classes which have been used widely on the space of analytic and univalent functions 

in U (see, for details, [2,6,9]), and for special choices for the functions ¢@ and y 

involved in these definitions, we can obtain the well-known subclasses of 7; [1,4,5]. 
Let 


1 
A@ = Paap (A >—p; z€D) 
and let /;,,, be defined such that 
= : Xr : 0; D 1 
AW * fu = PUP (A>-p; u>0;z¢€D), (1) 


where the symbol (*) stands for the Hadamard product (or convolution). Then we 
define the operator J), : 1}, — 2%’, as follows: 


Hyf@=(hurxf)@ (ff € 2p A>—-p; p>). (2) 


In particular, we note that Jp p41 f(z) = (zf'(2) + 2f(2)/p and [i p4i f(z) = 
F (2). In view of (1) and (2), we obtain the useful identities as follows: 


z(D4iwf@) =A+ playpf@—-A+2p)hsipf (3) 


and 


Z(apfO) = Lip f@—-h+ pPlipf®. (4) 


Inclusion Properties for Certain Classes of Meromorphic Multivalent Functions 855 


For p = 1, the operator J), is closely related to the Choi—Saigo—Srivastava 
operator for analytic and univalent functions [2], which extends the Noor integral 
operator studied by Liu [7] (also, see [8, 11, 12]). 

Next, by using the operator J) ,,, we introduce the following classes of meromor- 
phic functions for ¢, yw € N, A > —p, uw > 0, and0 <n, B < p: 


MS pA, ui 0 O) = tf € Xp i lyf €M8p(7; ¢)}, 
MK p(A, us 0b) = tf © Xp slay f © MKp(n; $)}, 
and 
MEA, ms 1.85 OW) = tf € Xp i huf €MCp(7, Bd, W)}. 
We also note that 
fF) €MK,(A, Ms mb) => -2f'(@)/p EMSAM mo). 5) 


In particular, we set 


1+ Az 
MS, (2.0 a: =) = MS,(A,u; 7; A,B) (-1< B<A<1) 
and 
1+ Az 
MK p (2.0 "Ty =) =MK,(A,u; 9; A,B) (-l< B<A<\1). 


In this paper, we investigate several inclusion properties of the classes 


MS,)A,u; 756), MK,A,us0¢), and MC,(A,u; 7, B; ¢.W) 


associated with the operator J, ,,. Some applications involving integral operators are 
also considered. 


2 Inclusion Properties Involving the Operator [7,, 


The following results will be needed in our investigation. 


Lemma 2.1 ((3]). Let ¢ be convex univalent in U with @(0) = 1 and 


Re{k(z) + v} >0 (k,veEC). 
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If p is analytic in U with p(0) = 1, then 


zp’ (Z) 
p@+ eee <¢() «eEV) 


implies that 

P(2) <i) (EU). 
Lemma 2.2 ([10]). Let ¢ be convex univalent in U and @ be analytic in U with 
Re{w(z)} = 0. If p is analytic in U and p(0) = $(0), then 


D(z) + w(2)zp'(z) < o(z) (cE U) 


implies that 


P(z) x o(z) (ze U). 


Theorem 2.1. Let @ € N with 


—n }d4+2p- 
max Re{¢(z)} < min Bea ee 
zeU Dp 


; A>--p; w>0;0<n< p). 
me] P-" 
Then 


MS,A,uH +1; 7; 6) CMSA, ms 1; ¢) CMS,A+ 1, ph; 7; 6). 


Proof. First of all, we will show that 
MSp(A, w+ 1; 9; 6) C MSp(A, Ms 0; 9). 
Let f € MS,(A, w+ 1; 7; ) and set 


1 wf)’ ) 
=> = = oY 6 
ae p-n ( Lu f@) m= 
here p(z) is analytic in U with p(0) = 1. Applying (4) and (6), we obtain 
Ty utif 
MT F@ (p—mp@—(ut+ p-— (7) 


Taking the logarithmic differentiation on both sides of (7) and multiplying by z, 
we have 
aa - 
p-n Ti u+i f@) 


zp’ (z) 
=—(p= pO +E Pp= 


") = p(z) + 


(z€U). 
q 
(8) 
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Since 


max Re{¢(z)} < ae ee 
zeu p-yNn 


we see that 


Re{—(p—)@@ + e+ p-ny>0 Ge). 


Applying Lemma 2.1 to (8), it follows that p(z) < $(z) for z € U, that is, 


f EMS), 1; 1; ). 
To prove the second part, let f ¢ MS,(A, w; 7; $) and put 


1 (ae _ ") 
ae That S (2) 


where s is an analytic function with s(0) = 1. Then, by using the arguments similar 
to those detailed above with (3), it follows that s(z) ~ $(z) for z € U, which implies 
that f € M8,(A+ 1, u; 7; $). 

Therefore, we complete the proof of this statement. Oo 


S(z) = 
P 


Theorem 2.2. Let ¢ € N with 


prepay ASIP = 7 


: (A>-p; w>0; 0<n <p). 
—n P-Y 


max Re{¢(z)} < min 


Then 


MK,A, +1; 93 6) CMK,A, ws 0: 6) CMK,(A + 1, ws 1; ¢). 


Proof. Applying (5) and Theorem 2.1, we observe that 
f(D) EMK,A,w +1; 0; 6) => —zf"(@—/p © MS8p~A,u +1; 7; $) 
= -zf'(2/p © MS8,(A, 4s 1 9) 
= Nuff €MXK>(n; $) 
<=> f() €MK,(A, un: ¢), 
and 
f(2) © MK, (A, ws ns) > —zf'@/P € MS,(A, Kn; o) 
=> —zf"(2)/p € MSA + Lu m >) 
= Nain f@) €MKp(n; $) 
<= faeMK,(A + 1,4; 7: 9), 


which evidently proves Theorem 2.2. Oo 
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Taking 


1+ Az 
1+ Bz 


$(Z) = Gla8<As1)z¢€U) 


in Theorems 2.1 and 2.2, we have the following result. 


Corollary 2.1. Let 


1+A _f{e+p-—n A+2p—7n 
< min > 


1+B p-n ° pn 


withh > —p; w>0;0<n< p; -1<B<A<1. Then 
MS,(A,u4+ 1; 9; A,B) CMS,(A, wu; 0; A,B) C M8,(A + 1, ws 9; A, B) 


and 


MKp(A,u +1; 9; A,B) CMK,(A, ws 0; A,B) CMK,(A + 1, pu; n; A, B). 


Next, by using Lemma 2.2, we obtain the following inclusion relation for the 
class MC,(A, wu: , B: ¢, W). 
Theorem 2.3. Let ¢, w € N with 


pe pHn Atr2pH=7 


, (A>-p; w>0;0<n <p). 
—n P-Y 


max Re{@(z)} < min 
zeU 
Then 


ME,(A, w+; 7, Bs.) C MCA, uw; n, Bb, v) C MC,A+I, u; 7, Bs ow). 


Proof. We begin by proving that 


ME,(A,u +1; 7,8; 6,4) CMC,A, pu; 7, Bs 6, ). 


Let f € MC,(A,u+ 1; 7, B; &, v). Then, in view of the definition of the class 
MC,(A,u +1; n, B: ¢, W), there exists a function r € MS,(n; ¢) such that 


1 (es F@) _ 
p= Bp r(z) 


Choose the function g such that J) ,41g(z) = r(z). Then g € M8,(A, w+ 1:7: ¢) 
and 


6) < ¥(z) (cE UV). 
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1 (San _ 


U). 9 
p-B DT u+18() 6) See " 


Now let 


Zapf @y _ 6) , (10) 


1 
PQ) = p-B ( hus®@ 


where p(z) is analytic in U with p(0) = 1. Using (4), we obtain 


1 (-Sat ()y' p) 
pap Th pts 


Za (—zf"(2)))’ Thy (—zf"(2)) 
4 hs@ 1 "th e@ 
5-8 eli u&@y ee 
Ee + tp 


Th wg) 


Since g € MS,(A,u4+ 1: 7: 6) CMS,(A, pw: 9; &), by Theorem 2.1, we set 


— 1 f_ ipg@y _ ) 
a@) = p-7n ( Th ps2) 


where q(z) < #(z) for z € U with the assumption for @ € N. Then, by virtue of 
(10) and (11), we observe that 


huzf'@) = ~- B)p@h ys + Bliyg2 (12) 


and 


1 (-an -6) 
pop Th +18 (2) 


Ta w(—ZP OW 4s (+ p\(p— B)p@ +8) 
1 Th yg (2) 


— — . 13 
p—B =(p=n)¢g@) + e+ p=7 B oa 


Upon differentiating both sides of (12), we have 


Zh yw (—zf"(2)))’ 


= (p— B)zp'(z) — ((p — B) pz) + B)((p — ng(z) +n). (14) 
Th wg (2) 
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Making use of (9), (13), and (14), we get 


1 (= -6) 


p—-B Ty ptig( 
zp’ (2) 
- U). 15 
IO Gaus aepay an 


Since jz > 0 and g(z) ~ $(z) for z € U with 


max Re{¢(z)} < ane a 
zeU =) 

Re{—(p —nq@)+u+ p—ny>0 EU). 
Hence, by taking 


1 
—(p—nq@+u+p—n 


o(z) = 


in (15), and applying Lemma 2.2, we can show that p(z) < (z) for z € U, so that 
fEMC)(A,u; 7, Bs 6. Y). 


For the second part, by using the arguments similar to those detailed above with 
(3), we obtain 


MC,(A, un, Bs o.v) CMC,A+ Iu: 7, Bs 6, ¥V). 


Therefore, we complete the proof of Theorem 2.3. oO 


3 Inclusion Properties Involving the Integral Operator F, 
In this section, we consider the integral operator F, [1,4,5] defined by 

FA = FNO= fe fod (FEE e>9. 6) 
Theorem 3.1. Let A > —p, > Oand let d € N with 


(c >0;0<7< p). 


max Re{g(z)} < ae a 
zeU —7 


If f € MSp(A, un; G), then Fe(f) € MSp(A, ws 1; ). 
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Proof. Let f € MS,(A, 1; ; @) and set 


— 1 (an ke(NO _ ) ia 
r= 55 (Roe 3) es 
where p(z) is analytic in U with p(0) = 1. From (16), we also have 
Zp Fe(f)@Y = chyf@ —(e+ Pla Fe(f)(2). (18) 
Then, by using (17) and (18), we obtain 
= Luft = = - _ 
Fhe (p—n)p() — (e+ p—n). (19) 


The remaining part of the proof is similar to that of Theorem 2.1, and so we may 
omit the detailed proof involved. oO 


Theorem 3.2. LetA > —p, uw > Oand let d € N with 
Crp 
max Re{¢(z)} < ————. (c > 0; 0< n < p). 
zeU —n 
If f € MKp(A, ws n; @), then Fe(f) € MKp(A, us 0; 9). 


Proof. By applying Theorem 3.1, it follows that 


fQEMK,A, ws 0: 6) —> -zf'(@—/p €MS8,(A, u; 7; $) 
=> -2(F.(f)(2z))'/p € M8,(A, ws 0; ) 
= F.(f)@) € MK, pu; 7; ¢), 


which proves Theorem 3.2. oO 


Corollary 3.1. LetA > —p, 4 > Oand 


(p =n) + A) 


< = >0; -l1<B<A<1;0<n <p). 
1+B cp p=H (eC < <n<p) 


Then if f € M8,(, pu; 0; A,B) (or MK,(A, uw; n; A, B)), we have that 
F.(f) € MSp(A, pw; 9; A, B) (or M8, (A, ws 0; A, B)). 


Theorem 3.3. Let A > —p, > 0 and let ¢, € N with 


(c >0; 0<n < p). 


max Re{@(z)} < el Set 
zeU —n 


If f © MC,(A, u: 7. B: &.W), then Fe(f) € MC, (A, 1: 7, B: ¢. ¥). 
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Proof. Let fe MC,(A, uw; 7, Bs , VW). 
Then, from the definition of MC, (A, w; 7, B; ¢, w), there exists a function g € 
MS,(A, 1; 7; @) such that 


| (S 7 
p-B Dh u8(@) 


p) < w(z) (€U). (20) 


Thus, we set 


eet Ce _ 5) | 


p-B Thu Fe(8)(2) 


where p(z) is analytic in U with p(0) = 1. Applying (18), we get 


(Hin 0 7 5) 


p—-B Th w8 (2) 
Zap F; (—zf’(2))@) Diy F, (—zf’(2))(2) 
4 heF@O@ 8 TP hy FOO _4| oy 
p=Pp 2a yw Fe(g)(2)) aes 
Dh Fe (g) (2) 


Since g € MS,(A,u; 7; ), we see from Theorem 3.1 that F.(g) € 
MS,(A, us 0; #). Let us now put 


peace (- ) 
p-n Th yp Fe(g)(2) 


where q(z) < $(z) for z € U with the assumption for @ € N. Then, by using the 
same techniques as in the proof of Theorem 2.3, we can prove from (20) and (21) 


F.(f) € MC,(, uw; n, B; 6, W). Oo 


Remark. If we take p = 1, A = 1, and yw = 2 in all theorems of this section, then 
we extend the results by Goel and Sohi [4], which reduce the results earlier obtained 
by Bajpai [1]. 
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A Journey from Gross-Problem 
to Fujimoto-Condition 


Indrajit Lahiri and Abhijit Banerjee 


Dedicated to Professor Hari M. Srivastava 


Abstract In the short survey we discuss the influence of Gross-problem on the set 
sharing of entire and meromorphic functions. We also see the impact of Fujimoto- 
condition on the study of uniqueness polynomials. 


1 Introduction and Unique Range Sets 


The value distribution theory is a prominent branch of complex analysis. In this 
theory one studies how an entire or a meromorphic function assumes some values 
and the influence of assuming certain values, in some specific manner, on a function. 
In other words, one studies the frequency with which a meromorphic function 
takes up different values in the complex plane. Perhaps the fundamental theorem 
of classical algebra is the most well-known value distribution theorem and the next 
one is Picard’s theorem. 

The uniqueness theory of entire and meromorphic functions has been emerged 
as an active subfield of the value distribution theory with distinguishable entity. 
This theory mainly studies conditions under which there exists essentially only one 
function satisfying the prescribed conditions. It is well known that in a given domain 
D only a single analytic function exists that assumes specified values in a sequence 
of points {z,} convergent to a point of D. This result completely characterises an 
analytic function in a domain D just by its behaviour in a small subset of D and can 
be regarded as the gateway to the uniqueness theory. 
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Let f and g be two nonconstant meromorphic functions and let a be a 
finite complex number. We say that f and g share the value a CM (counting 
multiplicities), if f — a and g —a have the same set of zeros with the same 
multiplicities. Also f and g are said to share the value a IM (ignoring multiplicities) 
if f —a and g —a have the same set of zeros, where the multiplicities are not taken 
into account. In addition we say that f and g share co CM (IM) if 1/f and 1/g 
share 0 CM (IM). 

Let S be a set of distinct elements of C U {oo} and 


E7(S) = J&: f@-a =0}, 


aes 


where each zero is counted according to its multiplicity. If we ignore the multiplicity, 
then this set is denoted by E /(S). If E(S) = E,(S) (E¢(S) = E,(S)), we 
say that f and g share the set S CM (IM). Evidently if S is a singleton, then the 
definition coincides with the definition of CM (IM) sharing of a value. 

In 1926, R. Nevanlinna proved that a nonconstant meromorphic function is 
uniquely determined by the inverse image of five distinct values (ignoring multi- 
plicities) in the extended complex plane. A few years later, he showed that when 
multiplicities are considered, four values are sufficient to determine a function. In 
this case two functions either coincide or one is a bilinear transformation of the 
other. The above two fundamental results, known as five and four value theorems, 
respectively, are the starting points of the modern uniqueness theory for entire and 
meromorphic functions. 

In 1977 F. Gross [9] initiated the uniqueness theory under more general setup 
by considering preimages of sets of distinct elements (counting multiplicities). He 
proposed the following problem which has a significant influence on the theory and 
popularly known as “Gross-problem”: 


Does there exist a finite set S such that for two entire functions f and g, Ey¢(S) = E,(S) 
implies f = g? 


In 1982 F. Gross and C.C. Yang [10] proved the following result: 


Theorem 1.1. Let S = {z € C: e© +z = 0} and f, g be two nonconstant entire 
functions. If E ¢(S) = Eg(S), then f = g. 


In [10], a set S is termed as a unique range set for entire functions (URSE in 
short) if for any two non-constant entire functions f and g, the conditions E ¢(S) = 
E,(S) imply f = g. Ina similar fashion one can define a unique range set for 
meromorphic functions (URSM in short). 

In 1997 H.X. Yi [20] called any set S C CU {oo} a unique range set for 
meromorphic (entire) functions with ignoring multiplicities (URSM-IM/URSE-IM) 
or a reduced unique range set for meromorphic (entire) functions (R-URSM/R- 
URSE) if E;(S) = E,(S) implies f = g for any pair of nonconstant 
meromorphic functions f and g. 
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The study of relationships between two entire or meromorphic functions via the 
preimage sets of several distinct values in the range has a long history. We may note 
that the URSE as obtained by F. Gross and C.C. Yang (Theorem 1.1) is an infinite 
set. Since then with the inspiration of “Gross-problem”, the continuous study of 
unique range sets (URS’s) is focused mainly on two aspects : finding a URS with 
minimal cardinality and characterising a URS. 

In 1994 H. X. Yi [17] settled “Gross-problem” affirmatively and exhibited a 
URSE with 15 elements. Just in the next year P. Li and C.C. Yang [13] exhibited a 
URSM with 15 elements and a URSE with 7 elements. H.X.Yi [18] also confirmed 
the result of H.X. Yi and P. Li-C.C. Yang for URSE. To study a URSE or a URSM, 
P. Li and C.C. Yang actually investigated the zero set S of a polynomial of the form 
P(z) = 2" +az"—" + b, where ged (n,m) = 1,n > m > 1 anda, b are so chosen 
that P has only simple zeros. When m > 2, then the set S generates a URSM, 
and when m = 1, then the set S generates a URSE. In 1996 H.X. Yi [19] further 
improved the result of P. Li and C.C. Yang by reducing the cardinality of URSM 
to 13. 

Till date the URSM with 11 elements is the smallest available URSM obtained 
by Frank and Reinders [6], which is the zero set of the following polynomial: 


n—1)(n—2 n(n —1 
P= Gees —n(n—2)z7 14+ n(n = 1) 2 —¢, 
2 2 
where n > 11 andc £0, 1. 
It is observed that a URSE must contain at least 5 elements, whereas a URSM 


must contain at least 6 elements (see [16, p. 517 and p. 527]). 


2 Anatomy of Polynomials Generating Unique Range Sets 


Before 1995 the investigations to determine a finite URSM (or URSE) were solely 
confined to that of finding a set with certain number of distinct elements. It took up 
to 1995 to realise the underlying importance of the polynomial backbone of a finite 
URSM (or URSE). P. Li and C.C. Yang [13] first highlighted the fact that a finite 
URSM (or URSE) is, infact, the set of distinct zeros of a polynomial, and equal 
emphasis should be given to the mechanism of the polynomial. 

The following two terminologies were introduced by P. Li and C. C. Yang [13]: 


Definition 2.1. Let S = {a),a2,...,d,} be a subset of C with finite distinct 
elements. If S is a URSM (URSE), then any polynomial of degree n, which has 
S as the set of its zeros, is called a polynomial of URSM (URSE). 


We call it a PURSM (PURSE) in brief. 
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Definition 2.2. Let P be a polynomial. If the condition P(f) = P(g) implies 
f = g for any two nonconstant meromorphic (entire) functions f and g, we say 
that P is a uniqueness polynomial for meromorphic (entire) functions. In brief we 
write P as a UPM (UPE). 


It is easy to note that every PURSM (PURSE) is a UPM (UPE). However the 
converse situation needs some special attention, which we discuss later on. 

Till date, to the knowledge of the authors, three types of PURSM (and so UPM) 
have been achieved. The principal mechanism of construction of such a polynomial 
is to ensure that it has only simple zeros and most importantly to choose the 
coefficients in such a judicious manner which ultimately yields the equality f = g 
under P(f) = P(g). The situation will be better understood if we discuss the 
anatomy of these polynomials. 


First Type: Let P(z) = z’ +az"~” +b, where n, m are mutually prime positive 
integers with m > 2 andn > 2m + 9 anda, b are two nonzero constants satisfying 
(n—1)°-) 4 b(—n/a)". The hypothesis ensures that P; has no multiple zero. Now 
following the method of H.X. Yi [19], one can verify that P; is a PURSM. Hence 
for any two nonconstant meromorphic functions f and g Pi(f) = Pi(g) implies 


f=8. 
Second Type: Let 


—1 
n(n ) #2 _ 


Px(zZ) = 5 : 


ei 2) — ve | f=n =2)2 + 


where n (=11) is a positive integer and c (4 0, 1) is a constant. Now, 


PL(2) 7 n(n — We —2) 


(z—1)*2"3. 
Clearly, P2(1) = 1—c and P2(0) = —c. So, 0 and | are the zeros of P2 +c 
and P; — (1 —c) with respective multiplicities n — 2 and 3. Therefore, we can put 
P(z) — (1 —¢) = (z— 1)? On—3(z) and P2(z) + ¢ = z"-?Q2(z), where O,-3 and 
Q>» are polynomials of degree n — 3 and 2, respectively, with Q,-3(1) # 0 and 
Q2(0) # O. Further, we note that all the zeros of 0,3 and Q> are simple. For 
otherwise P3 would have zeros other than 1 and 0. So for every d € C\{1—c,—c}, 
P, —d has only simple zeros. Hence P has only simple zeros. 

In 1998 G. Frank and M. Reinders [6] proved that the above polynomial is a 
PURSM and so it is a UPM. 


Third Type: Let P3(z) = az" + n(n — 1)z? + 2n(n — 2)bz— (n — 1)(n — 2)’, 
where 1 (> 6) is an integer and a, b are two nonzero complex numbers satisfying 
ab"? # 1, 2. Clearly, Pj(z) = (n/z)[az"” — 2(n — 1)z? + 2(n — 2)bz]. 
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Now at each zero of P; we get 


P3(z) = az’ — n(n — 1)2 + 2n(n — 2)bz— (n — 1)(n — 2)b? 
= 2(n — 1)2? —2(n — 2)bz—n(n — 1)2 + 2n(n — 2)bz — (n — 1)(n — 2)? 
= —(n— 1)(n — 2)[z? — 2bz + b?| 
= —(n —1)(n—2)(z—b)’. 


So, at a zero of Pj, P3 will have a zero if Pj(b) = 0. Since Pj(b) = nb(ab"~? — 
2) # 0, we see that P3 and P; do not have any common zero. Hence P3 has only 
simple zeros. Using the technique of T.C. Alzahary [1] one can verify that P3 is a 
PURSM and so a UPM. 


3 Uniqueness Polynomials and Fujimoto-Condition 


After introducing the idea of uniqueness polynomial in 1995, P. Li and C.C. Yang 
[13] studied some basic characterisations of the same. The results of Li and Yang 
[13] are worth mentioning as these inspired a lot of workers to investigate the 
uniqueness polynomials, thus opened a new avenue for research on uniqueness 
theory. The following four theorems (from [13]) may be considered as the initial 
characterisations of a uniqueness polynomial: 


Theorem 3.1. Jf P, is a UPM (UPE) and P2 is a polynomial, then P; 0 P2 is a 
UPM (UPE) if and only if Pz is a UPM (UPE). 


Theorem 3.2. Let P; be aPURSM (PURSE) and P2 is a UPM (UPE). If Pi o P2 
has no multiple zero, then P, 0 Pz is a PURSM (PURSE). 


Theorem 3.3. Any polynomial of degree 2 or 3 is not a UPE. 


Theorem 3.4. Let P(z) = z+ +4323 +4227 +.a,z+ dp. Then P is not a UPM. Also 
P is a UPE if and only if 


(G2) - 23 +a 40. 


A UPM (UPE) of degree less than five is completely characterised by Theorems 
3.4 and 3.5. The polynomials of higher degree require further considerations, which 
was first studied by C.C. Yang and H.X. Hua [15]. We now mention the following 
two results of Yang and Hua [15]: 


Theorem 3.5. Let P(z) = 2” + ay—1z""! +++: + a,z + ay (n = 4) be a monic 
polynomial. If there exists an integer t with 1 < t <n—2 and gcd (n,t) = 1 such 
that dn—) = +++ = a;41 = 0 but a, 4 0, then P is a UPE. 
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Theorem 3.6. Let P(z) = 2" + Gz" + ao be a monic polynomial such that gcd 
(n,m) = landa, #4 0. Ifn > 5 and1<m <n-—1, then P isa UPM. 


Considering m = n — | with a,, = —1, one can see that 
n—1 n—2 
pa dh! 
i=] i =0 
P|: —p|2 
n—1 n—1 
2 do hi 
i= j=0 


for any nonconstant meromorphic functions h (see [15]). So P(z) = z’—z"! +. ag 
is not a UPM. However, it is easy to see that P(z) = z” — z"~! + ag isa UPE. 

While searching a sufficient condition for a polynomial to be a UPM or UPE, 
H. Fujimoto [7] introduced a variant of the notion of the uniqueness polynomial, 
which is called by T. T. H. An, J. T. Y. Wang and P. Wong [2] as a strong uniqueness 
polynomial. 


Definition 3.1 ([7]). Let P be a nonconstant polynomial in C. If for any two 
nonconstant meromorphic (entire) functions f and g, P(f) = cP(g) implies 
Ff = g, where c is a suitable nonzero constant, then P is called a strong uniqueness 
polynomial for meromorphic (entire) functions. In short, we write SUPM and SUPE, 
respectively. 


Clearly every UPM (UPE) is a SUPM (SUPE), but, in general, the converse is 
not true. 

The key discovery of H. Fujimoto [7] is to highlight a special property of a 
polynomial, which plays a pivotal role in characterising a SUPM or a SUPE. This 
property was called by Fujimoto himself as “property (H)”. Later on T.T.H. An, 
J.T.Y. Wang and P. Wang [2] and T.T.H. An [3] referred this property as “separation 
condition” and “injective condition’, respectively. 

A polynomial P is said to satisfy “Fujimoto-condition (H)” if P(a) 4 P(f) for 
any two distinct zeros a, 6 of the derivative P’. Since the zeros of P’ are critical 
points of P, the same condition is called in [4] as the “critical injective property” 
and a polynomial with this property is called a “critically injective polynomial”. 

Let P be a nonconstant polynomial without multiple zeros. Suppose that the 
derivative P’ has k distinct zeros d,, do, ..., dx with respective multiplicities ¢,, 
q2,-+ +» dk. The following results of H. Fujimoto [7] give sufficient conditions for a 
higher-degree polynomial to be UPM and SUPM. 


Theorem 3.7. Let P be a critically injective polynomial of degree > 5. Ifk > 4, 
then P is a UPM. 


If a polynomial is not critically injective, then it may not be a UPM. In fact, 
for generically chosen constants a1, a2, ..., dy, (n = 1), a polynomial P(z) = 
Ob ayn? 4..++ dy_12? +a, has no multiple zero and P’(z) has 2n — 1 distinct 
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zeros, 0, +d), +d>,..., +d,_ 1. Clearly P(d;) = P(—d,) for 1 <1 <n—J1and P 
is not a UPM because P(f') = P(—/) for any nonconstant meromorphic function 


f (see [7]). 


Theorem 3.8. Let P be a critically injective polynomial with k > 4. If P is nota 


SUPM, then there is some permutation (t,, to, ..., t,) of (1,2,...,k), such that 
Pd) _ Pda) Py) 
P(d\) ~~ P(d2) P(dk) 


As a consequence of Theorem 3.8 we see that a critically injective polynomial 
with k > 4is an SUPM if P(d,) + P(d2) +---+ P(d,) # 0. Using this result one 
can improve a result of B. Shiffman [14, Theorem 3] to SUPM. 

For the case of three critical values, H. Fujimoto [7] proved the following 
theorems: 


Theorem 3.9. Let P be a critically injective polynomial. Assume that k = 3 and 
min{q1, q2,q3} = 2. Ifany one of the three values d\, dz and a3 is not the arithmetic 
mean of two others, then P is a UPM. 


Theorem 3.10. Let P be a critically injective polynomial. Assume that k = 3 and 
min {4,,9),43,} = 2. If P is nota SUPM, then, after suitable changes of indices of 
d;’s, either 


= d\ + dy P(d») _ P(d3) _ P(d,) 


ds 2 Pai) Pdr) Pd)’ 


In 2002 W. Cherry and J. T. Y. Wang [5] established a geometrical characterisa- 
tion of UPE and SUPE. The characterisation is important in the sense that it gives a 
necessary and sufficient condition for a UPE and SUPE. In order to understand the 
results of Cherry and Wang [5], we need some terminologies (cf. [5]). 

Let P be a nonconstant polynomial in C and S be its zero set, a zero being 
counted according to its multiplicity. A bijection T : S — S is called an affine 
transformation preserving S if T can be written in the form T(z) = az + b, where 
a (# 0) and b are complex constants. If a” = 1, then the affine transformation T 
is called very special with respect to n. The set S is called affinely rigid if the only 
affine transformation preserving S is the identity mapping 7 (z) = z. 

Let us consider two variables quadratic polynomial 


O(x,y) = Cage + Oy XY + ne HF Ay) X FMV + Ayo. (1) 


Let S = {51,52,...,5,} be the zero set of the polynomial P. We now define a 
transformation Tg on S as follows: 

If a,, A 0, then for each s; € S we define ¢;,; and ft; to be the two solutions 
in ¢ of the equation Q(t, s;) = 0; noting that in the case of repeated root, we might 
have tj, = t;2. Then we put Tg(S) = {t11, t2. t21, f22, ---. tn. tna}. 
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If a9 = 0, then O(t,s;) = 0 has a unique solution f;, say. In this case we put 
To(S) = {t,to,..- tn}. 

We call Tg the quadratic transformation associated to Q. One may note that the 
cardinality of Tg(S) is twice that of S ifa,, A 0 andis same as S if a, , = 0. 

We say that S is preserved by a quadratic transformation if one can find a 
quadratic polynomial of the form (1) such that Tg(S) = 2S if a,, 4 O and 
To(S) = S if a,, = 0, where Tg is the quadratic transformation associated to 
Q and 2S is obtained from S' by repeating its each element two times. 

A quadratic polynomial QO as defined by (1) is called special with respect to a 
positive integern > 2ifa,, = 1 and x7 +.a,,xy + ay” divides x” — cy" for 
some nonzero constant c. If we can take c = 1, then Q is called very special. 

Now we state the results of W. Cherry and J.T. Y. Wang [5] on characterisation of 
UPE and SUPE. 


Theorem 3.11. Let P be a monic polynomial of degree at least two in C and S' be 
its zero set (counted with multiplicities). Then the following are equivalent: 


(i) P isa UPE; 

(ii) The plane curve defined by P(x) — P(y) has no linear or quadratic factors, 
except for the (possibly repeated) linear factor x — y; 

(iii) S is not preserved by any non-trivial affine transformation very special 
with respect to the degree of P, and S is not preserved by any quadratic 
transformation associated to a non-degenerate quadratic polynomial Q(x, y) 
very special with respect to the degree of P. 


We, in view of Theorem 3.3, note that Theorem 3.11 is meaningful only when 
the degree of P is at least 4. 


Theorem 3.12. Let P be a monic polynomial of degree at least two in C and S' be 
its zero set (counted with multiplicities). Then the following are equivalent: 


(i) P is a SUPE; 

(ii) None of the plane curves defined by P(x) — cP(y) for all complex numbers 
c # 0 have linear or quadratic factors, except for the (possibly repeated) 
linear factor (x — y) whenc = 1; 

(iii) S is affinely rigid and is not preserved by any quadratic transformation 
associated to a non-degenerate quadratic polynomial Q(x, y) special with 
respect to the degree of P. 


In 2003 H. Fujimoto [8] obtained the following characterisation of UPMs for 
critically injective polynomials: 


Theorem 3.13. Let P be a critically injective monic polynomial in C. Further sup- 
pose that d,, do, ..., dy are the distinct zeros of P' with respective multiplicities 
1; G2, -»-, Qk. Then P is a UPM if and only if 


k 


y Gan > Yo (2) 


1</<m<k /=1 
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We note that ifk > 4, then (2) is obvious. Also (2) holds when max (41, 92, 43) = 
2 for the case kK = 3 and when min (q1, q2) => 2 and q; + q2 > 5 for the case k = 2. 
A precise characterisation of a gap polynomial (a polynomial with some terms 
missing) for SUPM was established by T.T.H. An, J.T. Y. Wang and P.M. Wong [2]. 


Theorem 3.14. Let P(z) = anz"+)-7_) aiz' (O< m <n, a; € Canda,,am # 0) 


be a polynomial of degree n. Let I = {i : a; # O}, 7 = min{i : i € 1} and 
J = {i-—1:i € 1}. Then the following statements are valid: 


(i) [fn—m = 3, then P is a strong uniqueness polynomial for rational functions if 
and only if the greatest common divisor of the indices in I is | and the greatest 
common divisor of the indices in J is also 1. 

Gi) [fn —m = 4, then P is a SUPM if and only if the greatest common divisor 
of the indices in I is 1 and the greatest common divisor of the indices in J is 
also 1. 


From the above result we see that the advantage of a gap polynomial over a usual 
one is that the gap polynomial enables us to avoid the critical injection hypothesis. 
In the future we shall note this fact again. 

In the next characterisation we see that the critical injection hypothesis is required 
when we do not consider a gap polynomial. 


Theorem 3.15. Let P(z) be a critically injective polynomial of degree n in C and 
P'(z) = A(z—a)"!... (2 — a)”, where X is a nonzero constant and a; # a; for 
1<i#j </.Then 


(i) P isa UPM ifand only if one of the following conditions is satisfied; (a) 1 > 3 
except when n = 4, my = m2 = m3 = 1; or (b) | = 2 and min{m,, m2} > 2 
except whenn = 5, m, = m2 = 2. 

Gi) P isa SUPM if and only if the set of zeros of P is affinely rigid and one of the 
following conditions is satisfied; (a) | > 3 except whenn = 4, my = m2 = 
m3 = 1; or(b)1 = 2 and min{m, m2} > 2 except whenn = 5, m, = m2 = 2. 


For polynomials of the special type (z — a)” + a(z— a)” + 5, the following 
complete characterisation is obtained in [2]: 


Theorem 3.16. Let P(z) = (z—a)" + a(z—a)” + b be a polynomial of degree n 
and 1<m <n-—1. Then 


(i) P is a uniqueness polynomial for rational functions if and only ifn = 4, 
n—m > 2, gcd(n,m) = 1 anda # 0; 
(ii) P is a strong uniqueness polynomial for rational functions if and only ifn = 4, 
n—m > 2, gcd(n,m) = 1,a 4 Oandb £0; 
(iii) P is a UPM ifand only ifn > 5,n —m > 2, ged(n,m) = 1, a £ 0; 
(iv) P is a SUPM if and only ifn > 5,n —m > 2, ged(n,m) = 1, a 4 Oand 
b#0. 


Though every PURSM (PURSE) is a UPM (UPE), the converse is not true as we 
see in the following examples: 
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Example 3.1 ([4]). Let P(z) = az+ b (a # 0). Clearly P is a UPM, but for 
f = -(b/a)e* and g = —(b/a)e~, we see that E ¢(S) = Eg(S), where S = {z: 
az+b = 0}. So P is not a PURSM. 


Example 3.2 ({15]). Let P(z) = z+ +22 - 97 —2z74+8= (z— 1)(z+ I)(z—- 2) 
(z+ 4). Then the zero set of P is S = {1,-1,2, —4}. By Theorem 3.4, P is a UPE. 
However, for f = 3/S5e° + i and g = 3/5e* + i, we see that EF ¢(S) = E,(S). 
So P is nota PURSE. 


H. Fujimoto [7] investigated the converse situation for a critically injective poly- 
nomial. Several extensions and generalisations of Fujimoto’s result are available in 
the literature, which we do not mention. In the following result of Fujimoto [7], a 
polynomial is called PURSM-IM (PURSE-IM) if it generates a URSM-IM (URSE- 
IM). 


Theorem 3.17. Let P be a critically injective monic polynomial of degree n 
having only simple zeros and its derivative P' has distinct zeros d,, dz, ..., dx with 
multiplicities q\,q2,...,4x, respectively. Suppose further that P is SUPM (SUPE) 
and k > 3 ork = 2 and min (q1,q2) > 2. 

Ifn > 2k +6 (n > 2k + 2), then P is a PURSM (PURSE), and ifn > 
2k + 12 (n > 2k +5), then P is a PURSM-IM (PURSE-IM). 


In 2011 T.T.H. An [3] also made an attempt to deal the converse situation 
with a polynomial which is not necessarily critically injective. As we have already 
mentioned, a gap polynomial extended the helping hand in this case also. The 
following two are the results of T.T.H. An [3]: 


Theorem 3.18. Let P(z) = dnz" + GmZ" + dm—1zZ"! +++» tao (1 < m < 
nN, Am % 0) be a polynomial in C of degree n with only simple zeros and S be its 
zero set. Further suppose that P'(z) has k distinct zeros and I = {i : a; # 0}, 
A=minti:i € 7}, J = {i-A:i € I}. ifn => max {m + 4, 2k + 7}, then the 
following statements are equivalent: 


(i) S isa URSM; 
(ii) P isa SUPM; 
(iii) S is not preserved by any non-trivial affine transformation of C; 
(iv) The greatest common divisors of the indices, respectively, in I and J are 
both 1. 


Theorem 3.19. Let P(z) = yz" + dmZ" + dm—1Z" 7! fee + Apz? + ao with 
n>m> p and andpdao F# 0 be a polynomial of degree n in C having only simple 
zeros. Let S be its zero setandn > 2m+8 and p = 4. Then the following statements 
are equivalent: 


(i) S isa URSM; 
(ii) P is an SUPM; 
(iii) S is affine rigid; 
(iv) The greatest common divisors of the indices in I = {i : a; 4 O} is 1. 
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A recent development in the uniqueness theory of meromorphic functions is the 
introduction of the notion of weighted sharing of values and sets (see [11, 12]). This 
measures a gradual increment from sharing with ignoring multiplicities to sharing 
with counting multiplicities. 

Let k be a nonnegative integer or infinity. For a € C U {oo} we denote by 
E;.(a; f) the set of all a-points of f, where an a-point of multiplicity m is counted 
m times ifm < k andk + 1 times ifm > k. 

If for two meromorphic functions f and g we have E;(a; f) = Ex(a; g), then 
we say that f and g share the value a with weight k. 

The IM and CM sharing, respectively, correspond to weight 0 and oo. 

For S C CU {oo} we define E (S,k) as 


E;(S,k) = |) eG f), 


aes 


where k is a nonnegative integer or infinity. Clearly E ¢(S) = E/(S,0o). 

A set S C CU {oo} is called a unique range set for meromorphic (entire) 
functions with weight k if for any two nonconstant meromorphic (entire) functions 
f and g, Er(S,k) = E,(S,k) implies f = g. We write S as URSMk (URSEk) 
in short. 

Let k be a positive integer or infinity. We denote by E,)(a; f) the set of 
a-points of f whose multiplicities are not greater than k, and each a-point is 
counted according to its multiplicity. For S C CU {oo} we put Ey) (S, f) = 


'o Ex)(a; f). The set S is called a URSM,) (URSEy,)) if for any two nonconstant 


aes 
meromorphic(entire) functions f, g, Ex)(S, f) = Ex (S, g) implies f = g. 

It may be noted that the proof of Theorem 3.18 contains a gap. However, if we 
change the gap polynomial, then an analogous but better result can be obtained 
(see [4]). 


Theorem 3.20. Let P(z) = a,z" + YS a;z/ + ao be a polynomial of degree 
n having only simple zeros, wheren —m = 4 and apay ¥# 0 for some positive 
integer p with 2 < p < mand gcd(p,3) = 1. Suppose that S be the zero set 
of P. Let k be the number of distinct zeros of the derivative P’. Also suppose that 
T={j:a; A0},A=minfj: 7 el}andJ ={j -A:j € I}. Ifn>=>2k+7 
(n > 2k + 3), then the following statements are equivalent: 


(i) P isa SUPM (SUPE); 
(ii) S isa URSM2 (URSE2); 
(iii) S is a URSM3) (URSE3)); 
(iv) S isa URSM (URSE); 
(v) P isa UPM (UPE). 
(vi) The greatest common divisor of the indices in I is 1 and the greatest common 
divisor of the indices in J is also 1. 
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The following example shows that the hypothesis of Theorem 3.20 does not 
ensure a polynomial to be a SUPM, rather, in addition, the condition stated in (vi) is 
essential. 


Example 3.3. Let P(z) = y2° — zgz!6 + 1 and P’(z) = z5(z* — 1) and 
{0,1,—1,i,—i} is the set of all distinct zeros of P’. Since P(O) = 1 and 
P(+1) = P(+i) = 79/80, we see that P has only simple zeros and P is not 
critically injective. Alson = 20 > 17 = 2k +7, but gcd(20, 16) = 4. So, by 
Theorem 3.14(ii), P is not a SUPM. 


From the above discussion it appears that a gap polynomial has the potential to 
become an alternative to a critically injective polynomial. Therefore, the properties 
of a gap polynomial should further be explored in the context of uniqueness 
polynomials and unique range sets for meromorphic (entire) functions. 

As it is a short survey, we cannot include a considerable number of results on the 
topic, which an interested reader may find in the literature. However, we expect that 
this article will give an idea of the stream of research done on Gross-problem and 
Fujimoto-condition. 
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